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ABSTRACT
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Eight, suggesting that although all students need to know about
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CALCULATORS, COMPUTERS, AND CLASSROOMS

Introduction

The developers of electronic chip technology may have dreamed about

revolutionizing the industrial world, but it is doubtful that they realized

0

the extent to which this technology would revolutionize the educational

world.. Nowhere does that revolution have more potential for impact than,in

mathematics classrooms from kindergarten to college. Paradoxically, these

silicon-based chips free us from routine thinking and stretch our minds to

new thinking patterns at the same time. This collection 'of readings explores

that paradox and points the way to the mathematics curriculum-of the c.uture.

The book begins by considering simple hand-held calculators, proceeds

to investigate programmable calculators, and concludes with an examination

of the educational implication of microcomputers. The distinction between

these three is often fuzzy and hard to discern. The reader should not be
5

overly concerned about forming fixed categories. Microcomputers do basic

four-function arithmetic just as hand-held calculators do. But both pro-

grammible,calculators and microcomputers do more than calculators. Calcula-

tors add, subtract, multiply, and divide. They may raise to powers, take

roots, find logarithms, and calculate trigonometric functions. To these

feats, the programmable calcuL-;or adds one rore: it can test an equality

or inequality to determine if is true or false. This is the basic step

for logical prnramMing and decision-making. To this extent, the program-

mable calculator is essentially a computer. But a microcomputer usually can

do one additional thing: it can operate with a programming language, using

numbers, letters, and/or symbols as commands as well as elements to operate



4' If there is a logical progression between these machines, there is

0

probably a logical progression (in a similar mannep) in the way the machines

may be usedsin classrooms. The Calculator can free students from routine

computation and enable them to focus upon results and relationships. The '

programmable calculatol-adds the aspect of logical testing and sequencing
0

to the realm of study. And finally, the microcomputer expands our capabili-
41

ties to give instructions and to study the instruction-giving process. Iron-

ically, this is a return to the idea of algorithm -- but algorithm on a

thinking, analytical level rather than on a routine, mechanical level. Thus,

the silicon chip both frees us from thinking and stretches our thinking re-

O

quirements at the same time.

The first section of this hook considers general implications for the,

mathematics curriculum implied by this calculator freedom. It is balanced

by Section Two exploring inappropriate ways in which c.21culaors can be

used. Freedom from thinking about routine calculations provides freedom

for thinking about problem-solving, the theme of Section Three. Section Four

concludes the consideration of calculators by including some specific lesson

ideas for using calculators in classrooms.

Section Five tontiders programmable calculators. Just as the program-

mable calculator is a bridge between calculators and computdrs, this-section,

is a bridge between the initial and final sections of the book.

Section Six considers ways in which computers can be introduced into

schools. As such, it is concerned with physical, economic, and even polit-

ical considerations. The following section (Section Seven) explores impli-

cations of the computer for the mathematics curriculum,oand considers not

only new topics, but new approaches to old topics as well. Computer literacy

is the theme of Section Eight. It is generally agreed that all students need

to know about computers; it is not generally agreed just what they. need

A



know in order to function in tomorrow's society. This section explores

questions of "need to know" and "nice to know." The book concludes with a

hint of the possible range of the use of, computers: the ability to simulate

real-world events: This ability to mimic change-and the change-process

opens new areas for mathematical exploration and makes them accessible to

all classrooms.

This book is a glimpse at the future. Lie.S quick glance, it may be

incomplete and perhaps even distorted in parts. But we think it is an ex-

citing glimpse, and we hope you will-share that excitement with ds.

= Jon L. Higgins

Vicky Kirschner

P
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CALCULATORS IN THE - CLASSROOM:

A PROPOSAL FOR CURRICULAR CHANGE*

Historical Perspective

A careful study of the history of mathematics educatior will reveal that

computation has always' been the focus of the elementary school mathematics

curriculum: In the 18th century, children were taught ciphering. Rote

computation was taught without any attempt to develop an understanding of

the process. During the 19th century a few persons, like Warren Coburn,

called for attention to meaning but the curriculum remained computational.

During the 1930s there was a movement toward social utility and developing

meaning in mathematics. Then in the period from 1958 to 1971 there was an

emphasis on teaching the structure of mathematics. Viewed from the

perspective of today, there was one unfortOate aspect of theso called

"modern mathematics" movement. Much attention was given to rationalizing

Algorithms.. Each of the complex,algorithms (e.g.,-the division algorithm)

was taught in great detail using a subtracting approach so that students

would understand why the algorithm worked. But computational algorithms

are nothing more than a set of rules for efficient paper and pencil

answer-finding.

While it is important for students to understand the mathematics they are

learning, time spent teaching children why algorithms work does little to

help pupils understand mathematics and its applications. Vestiges of this

unfortunate curriculum trend remain in. current textbooks. Since 1971 there

hasbeen a well-defined swing toward the "Basics." In elementary school

classrooms, this has been interpreted as more emphasis and time teaching

basic facts and computation with even less time for cdticepts and

applications.

Throughout the eras described above, the curriculum has remained

d'auputational. There is great contrast between the recommendations of

leading mathematics educators and practices in the classroom.

At the same time this country was experiencing a Back-to-Basics movement in

the 70s, aerances,in electronic technology were reshaping the mathematical

needs di! society. Today the availability of inexpensive calculators has

eliminated the need for complex computational algorithms. Before

calculators (B.C.) it was necessary to be proficient in computations to

apply mathematics. That hds now changed. Cash registers show the amount of

change and nearly every home and office has a calculator which can perform

complex computations rapidly. It is quite ironic that as the calculator

availability was reducing the need for computation, schools were increasing

their emphasis ,on paper and pencil computation proficiency.

Current Status of the Elementary School Mathematics Curriculum
0

A study of'currently available elementary school mathematics texts suggests

that the curriculum is computationallyoriented. A typical fifth grade

text devotes 139 pages (37%) to computation. However, tdaaters do not

teach all the chapters. For a number of reasons decisions are made to omit

certain chapters. Most classes'cannot finish the text in the time alloted

for mathematics. In practice,'the chapters omitted are usually

noncomputational. Chapteri covering geometry, measurement, probability.,

.13



statistics, and problem-solving are first targets for omission. The

highest priority is given to teaching computation. In fact, while certain

topics are omitted, daily work is supplemented with additional

computational worksheets. In many classes, computation completely

dominates the year's work. My experience and that of my colleagues
observing in schools almost daily for an entire school year suggests chat

computation is the major emphasis in nearly every classroom. Calls for

accountability and minimal competency testing have increased the time spent

teaching computation since parents and school boards want to be sure that

children know their "Basics." The newer texts reflect this trend.

The Proposal

1. Shift from a computation-based curriculum to a conceptually oriented

curriculum utilizing the calculator as an instructional tool.

2. Eliminate the teaching of complex computations in the elementary

school.

Rationale

1. We cannot afford the cost in time of teaching .complex computations.

Through surveying teachers, observing, and analyzing textbooks, I nave

concluded that of the first nine school years in studying mathematics

more than two years are devoted to teaching the division algotithm.

When the level of proficiency attained by the pupils is considered,

along with this information, I conclude that we can no longer afford to

teach complex long division. An analysis of other computational
procedures will reveal that the cost benefit ratio is far too high. The

time saved by dropping this topic could be devoted to applications and

problem-solving where the focus would be on when to divide, not how to

divide.

2. Complex computations by paper and pencil are no longer necess :ry.

3. A computationally oriented curriculum inhibits the development of

problem solving. A heavy emphasis on algorithmic thinking tends to

encourage the application of rule-seeking behavior, even when it is not

appropriate. Successful problem - solvers need to try a variety of

approaches, apply heuristics, and recognize that more than rule

identification is required. With a calculator to perform computations,

pupils are freed to focus on the problem rather than_ being distracted

by switching to algorithmic thinking to compute.

4. The NAEP data suggest that 13-year-olds are not proficient in complex

compu*ations, even with all the time devoted. An examination of the

National Assessment data (Carpenter et al., 1978) reveals that less

than two-thirds of the 13-year-olds could perform a long division

problem (three digit by two digit). Only 45% of the 13-year-olds

could solve a single-step word problem requiring single digit

division.'

14



5. Other topics are of more importance. In order to use mathematics

meaningfully in today's society an understanding of certain other
topics is important. More attention should be given to estimation,
interpreting data, geometry, measurement, and the use of decimals and

percents. Time will be available for these important topics only if
computation is deemphasized.

Recommendations for Curricular Mange

Specifically, I am proposing that the following complex computations be
excised from the curriculum.

I. Division with two or more digits in the divisor (e.g., 37.596).

This copic consumes more time than any other single computational topic
in the elementary school curriculum. On the other hand, the single
digit divisor algorithm is relatively easy to teach and could be

retained. It is critically important that pupils learn the meaning of

division. This can certainly be accomplished with single digit divisor

computation. While I am recommending that calculators be used to
perform complex divisions, attention should be given to interpreting
quotients and estimating results. It is essential that children

attach meaning to their calculator results. Calculator activities have

been published which focus on this objective (Vervoot and Mason, 1977,
and Reys, et al., 1979a&b).

462

2. Multiplication by two or more digits (e.g., x 89 ). Children should

gain proficiency-with,problems such as

326 39000

x 8 and x 4 .

3. Addition of fractional numbers with unlike denominators. This topic

has proven to be one the most difficult and thus timeconsuming topics
in the curriculum. The difficlty may result from the cognitive
demands of the task. Addition of fractional numbers requires formal
thought and most elementary school pupils have not reached this

cognitive level. This skill can probably be taught more effidiently if

begun in the junior high school.

4. Complex computations with decimals. Such tasks as 3.45 x .865 or

456.78 4. 6.7 are more appropriately performed on a calculator.

What Should We Teach?

I will not attempt to describe a new curriculum in detail but instead make
certain clarifying points related to the proposal.

I. Insist on mastery of basic facts.

It is,important that children memorize the addition and multiplication

1 5.



facts. As Professor Schoen has shown, the calculator can be quite

useful in teaching the basic facts.

2. Stress the concepts of addition, subtraction, multiplication, and

division. It will be easier to do this if less emphasia is placed on

computation.

3. Stres estimation and mental arithmetic.

With calculators used for complex computations there is much importance

in children being able to estimate the answer, and to judge whether the

result makes sense. 'Along with this, 'more time teaching mental

arithmetic would be quite useful.

4. Emphasize applications.

Mathematics is studied in large part because of its utility, yet the

curriculum has not included much attention to applications for two

reasons. We have reasoned that pupils need to learn to compute before

they can apply mathematics and time has not been available because of

the emphasis on computation. This must change.

5. Emphasize decimals.

6. Be sure that such topics as measurement, statistics, probability, and

problem-solving are taught.

These topics have appeared in elementary school texts but have been

given low priority. They should be considered as basic.

7. Include computer literacy.

Since computers play such a central role in today's society, children

should begin to learn about them at an early age.

The NCSM list of 10 basics (1977) should become the foundation for

curriculum development. Number five.on the NCSM list is "appropriate

computational skill." This paper suggests one interpretation of this

statement.

The Role of the Calculator

Although this proposal seems to stress the calculator as a substitute for

paper and pencil computation, the-calculator is actually a highly versatile

instructional aid. A calculator can be USed in concept development quite

effectively since many examples can be explored quickly. Considef the -

concept of prime number. A number can be eested,for primeness quickly by

dividing on a calculator. Pupils must-know what divisors to try but the

focus can remain on prime since the child does not have to take the time to

perform the paper and pencil division. The concept of decimals can be

introduced quite early and developed through calculator activities. More

realistic numbers can be used since the calculator-handles "grubby" numbers

r. 16



just as well as "nice" numbers. Many motivational calculator games develop

import nt concepts such as place value, estimation, integers, and

functional rules.

Summary

The curriculum changes I am proposing may seem radical but the mathematics

needs of society have changed in the last few years with the advent of

electronic technology and will change even more in the near future. A

compqtationally oriented curriculum is archaic and will not prepare our

students for the 21st century. We must shift the emphasis to applications

and topics that now are crowded out by the time spent on computation. Only

by excising complex computations can time be made available for,

applications, problem-solving, and other import4pt topics. Such changes,

have far reaching implications, from teacher education to textbook

preparation.

This document may be obtained from EDRS as ED 175 631.
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Towards a Definition of Basic, Numeracy
MICHAEL GIRLING

At a time when a cheap calculator can be
bought for the price of two good cabbages, we
need to redefine our aims for numeracy.

I suggest the following definition.

Basic numeracy is the ability to use a
four-function electronic calculator sensibly

If this definition is accepted- it is obviously
necessary to re-examine our objectives in the
teaching of calculation in mathematics, parti-
cularly where it is related to the paper and pencil
algorithms which form the core of this work in
primary schools.

The definition needs tightening up by expanding
what I mean by "sensibly". This seems to me to be
the crucial question, and I will try to define
"sensibly" generally and by giving specific exam-
ples. I will then consider the place ofalgorithms in
the scheme of our approach to mathematical
calculation.

1 We need to be able to check that we or the calcu-
lator have not made a mistake and giv a
wrong result. This checking can take severa
forms and, depending on the seriousness of o
concern in getting the correct. er (to e

necessary accuracy), we-may uscetne ' ore
of them.
a)-1-Does-the-answer make sense? (323.63 miles

is a long walk.)
b) Repeat the calculation in a different order,

using, .if possible, a different cperation, at
least three times.

c) Very rough approximation. (Is the decimal
point in the right place?)

d) Approximation to one figure accuracy (in
terms of salaries, say, £3,000 is very different
from £1,000 or £9,000).

e)

f)

g)

Use of pattern. (32 x87 should end in 4;
3002 x 9007 probably won't though!)
Work out intermediate results and use the
previous checks on them. (Mr. Hope-Jones,
when he was a master at Eton, was presented
with a rubber stamp by one of his sets which
said, "You have substituted for 1z too early".
This stamp is now obsolete!)
It is important to check that the input data
is reasonable. (9,291 boxes of chocolates at
3p each ?)

2 We need an understanding of the relative size of
numbers. What numbers are appropriate to
describe the number of pages in a book or the
number of words on a page, say. How long is a
million seconds; how short is a millionth of a
second? This skill is not easily acquired. We
would make a start if every calculation we asked
for, except for those needed to investigate
pattern and structure in the number system,
were related to a realistic problem. We should
never require a calculation for which "Does the
answer make sense?" is an irrelevant check.

I
3 We need to be able to perform mental calcu-

lations for speed, for convenience and so as to be
able to hold our own in the commercial and
industrial world. The standard of mental skill
we achieve will vary, and depend on our ability
and interest. The minimum should probably
contain:
a) the ability to give and receive change by

"counting on";
b) multiplying and dividing by 10;
c) addition facts to 20 (quick recall);
d) doubling and halving (varying degrees of

difficulty);
e) multiplication facts to 10 x 10 (abolish table

squares!).

Reprinted by permission from Mathematics Teaching 81: 4r5; December 1977.
,

19



The will vary mainly in the ability to
chain these processes together and in the speed
with which they are cperfornied. Speed should
always be considered less important than accuracy.
New strategies need to be devised to encourage and
promote mental work, perhaps a new campaign:
"Dont show your working" !!

Algorithms
I am not going to suggest that pencil and paper

algorithms should not be taught, but that they
should only be taught as part of the armoury of
techniques that we have to help in an under-
standing or number and not because they are useful.

This is not just a slight difference in emphasis but,
I believe,-has quite-dramatic consequences:-
a) 'The concentration is now unequivocally on

understanding the process involved.
b) There is a very clear advantage in studying as

many different algorithms as can be manu-
factured; for example all possible methods of
subtraction should be used!

c) The most refined methods of long division, for
instance, which may be the least illuminating,

, need not be taught at least not to everyone.
d) There is no need for anyone to be stopped in

their progress in mathematiclethrough being
unable to perform the useless algorithms we
now require.

It is perhaps worth adding that the time that
might be saved by cutting out the practice of tech-
niques could be well used by more attention to
a) increasing rental facility;
li) early introduction and manipulation of scien-

tific notation;
0 developing techniques of approximation;
d) serious investigation of pattern in number.

I, (Mr. Girling wishes it to_be_known that his views are
understood to be controversial, and are not necessarily
shared by his colleagues. The implications need to be
discussed not just by teachers but by employers, parents
and teachers in tertiary education.)
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Calculators in the
Elementary Classroom:
How Can We Go Wrong!

By Robert E. Reys

Hand-held calculators are widely
available. The 1977-78 National As-
sessment of Educational Progress re-
ports that 75 percent of 9-year-olds, 80
percent of 13-year-olds, and 85 percent
of 17-year-olds have access to at least
one'calculator. State and local surveys
document that this statistic increases
yearly.

The current proliferation of calcu-
lator-related activities for school pro-
grams are evidence of the impact of
hand-held calculators. Dramatic
changes have been reflected in basal
series and supplementary publications
that are being designed to take advan-
tage of the existence of calculators.
Thus the role of calculators in elemen-
tary school mathematics must be seri-
ously considered and raises a pertinent
question, namely, How. can we go
wrong?

We can go wrong by

1. Banning" tfie-use.of
calculators in mathemalics,
classes

A tremendous amount of inertia is to
be overcome if calculators are to have
an impact on elementary school
mathematics programs. Several things
contribute to this inertia.

(a) Few calculators exist in srbools.
Despite the fact that most children

either own or have access to a
hand-held calculator, only slightly
over 20 percent of Schools reported
having calculators (Wyatt et al.
1979).

(b) Basal textbook series have yet
to integrate calculators into -their
programs as an instructional tool.
Only 11 percent of the teachers re-
ported that their mathematics text-
books included activities written
for calculator use. Interestingly
enough, a majority of teachers
thought their texts should include
activities that use calculators (Reys
et al. 1980). Furthermore, few sup-
plementary materials exist that
provide pragmatic use of calcu-
lators with content typical of
today's mathematics program.
(c) Lack of familiarity with calcu-
lators. Only 4 percent of ele-
mentary teachers had attended a
calculator_ workshop, yet more
than two-thirds of them wanted to
learn ways of using calculators in

- their mathematics classes. (Reys et
al. 1986)._

This documents the need for a massive
transfusion designed to provide 'aware-_
ness and effective instructional uses of
calculators in elementary schools.

2. Forbidding the use of
calculators on standardized

Rabat Reys is a professor of mathernatLeduea.-------
glom at Atli! irerslitof-Milsouiiiit Columbia. More than 80 percent of the elemen-
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tary teachers said calculators should be
available to children in school. (Reys
et al.) This is a strong endorsement of
Calculator use, yet nearly all of the
teachers cited standardized tests as the
principal reason for not using calcu-
lators. Teachers feel responsible for
preparing students for these ,tests and
since computation is a separate strand
in almost every standardized test. em-
phasis is placed on paper-and7pencil
computation. The second mathematics
assessment by the National Assessment
of Educational Progress reports that
students using calculators do better on
direct computation, but the use of cal-
culators has little effect on problem
solving. (Carpenter et al. 1980)

Suppose your school uses calculators
the next time standardized tests are ad-
ministered. What would likely happen?
There will be a jump in computation
scores, with little change on other por-
tions of the test. Foul! Foul! you cry.
This isn't fairchildren aren't sup-
posed to uie'calculators on tests. Why?
The following problem is one selected
from the mathematics problem- solving
portion of a widely used standardized
text and slightly modified:

In servicing a car the attendant used
5 quarts of oil at 750 a quart and 15
gallons of gasoline at 86e a gallon.
What was thettotal cost for oil and
gas?

If a child were allowed to use a calcu-
lator to find the answer, would the cal-
culator do the problem for the child?
Does the calculator decide what keys
to punch? Does the calculator interpret
the result? Calculators don't think for
you; they only do what they are told to
do. Many employers recoenize this and
ask prospective employees to bring a
calculator to use on job application
tests.

Test developers are now preparing
forms with which students can use cal-
culators. If a few schools allowed stu-
dents to use calculators on standard-

ized tests, it would have a tremendous
impact on test development and accel-
erate the construction of assessments
using calculators. Calculator forms of
standardized tests would-soon appear.
Most importantly, when teachers know
that calculators can be used in all

stages of the learning processfrom
introductory development to evalua-
tionthey can concentrate on problem
solving and higher level mathematics
learning.

3. Failing to recognize the
intangibles associated with/
calculator use.
Dramatic increases in computation
performance are consistently associ-
ated With calculator use. Less objec-
tive. yet extremely strong evidence
suggests that pupils show more enthu-
siasm toward and confidence in solving
problems; greater motivation for learn-
ing, which is accompanied by a more
positive attitude toward mathematics:
greater persistence in solving problems,
which results in more time on th'. task;
recognition of different calculator solu-
tions to the same problem: and in-
creased awareness of weaknesses and
limitations of calculators, such as cal-
culators perfoilning only what the op-
erator keys in, overloading. stroking er-
rors, or mechanical errors that
sometimes occur in the calculator.
(Wheatley et al. 1979) All of these are
extremely valuable educational goals
and should be considered in evaluating
the impact of calculators in the class-
room.

4. Creating another false
dichotomy

In recent years, mathematics education
has experienced a number of false di-
chotomies such as new mathematics'
versus old mathematics. basic skills
vcrsus regular mathematics programs,
skill versus concept development, and
discovery versus expository lessons.

To consider calculator programs ver-
sus noncalculator programs is to create
another false dichotomy in mathe-
matics education. Calculators must be
viewed as another tool within the
mathematics program and used as
such. There are many topics appropri-
ate for calculator usage and others
equally inappropriate. These differ-
ences must be recognized and treated
accordingly in developing instructional
programs. Thus, the question is not
should calculators be used, but when,
where, and how can they be used most
effectively.
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5. Using calculators to
check paper-and-pencil
calculations.

Teachers ofteri cite checking paper-
and-pencil calculations as the best use
to be made of calculators by their stu-
dents. Over 85 percent of the elemen-
tary teachers indicated that calculators
should be used to check paper-and-
pencil computation. (Reys et al. 1980)
This is perhaps the most popular use of
calculators by teachers in elementary
schools today. Yet asking pupils to du
lengthy calculations and then asking
them to- check their work with a calcu2
lator is of questionable educational
value. Providing an easily accessible
answer key is a much more efficient use
of a- child's time. Furthermore: chil-
dren wonder why they should spend so
much time doing the paper-and-pencil
calculation if a calculator, is available.
This reinforces the notion that use of
calculators is cheating. a feeling that
should be avoided under any circum-
stances. If calculators are to be used to
check work, it is Jr a more realistic to
perform the calculation twice using the
calculator and to compare these an-
swers.

6. Emphasizing the
calculator in developing
paper-and-pentil
computation algorithms.

It has been suggested that paper-and-
pencil computation algorithms be de-
veloped with the calculator. For ex-
ample, the calculator could be used to
find the partial products in figure 1. but
why would you want to? This is a very
artificial use of a calculator. If you
have a calculator available, it is much
more reasonable to do the computation
with a single operation.

There are. of course, calculator al-
gorithms which are important and re-
quire explicit deyelopment. For ex-
ample,

1234567
x 7007

presents an interesting problem that
cannot be solved directly with most
calculators. Yet thoughtf.T.1 use of a cal:-
culator and a modification of the typi-
cal multiplication algorithm provides a
speedy and accurate solution. In fact.



the most appropriate algorithm for
many computational problems will de-
pend on the quantities and the internal
logic of the calculator. Our teaching
must be designed to help students de-
cide which algorithm or combination
of algorithms is needed to solve a par-
ticular problem.

Fig. 1

4 X 46.3

20 x 463

463
x 24

7. Using calculators
only after basic facts
have been mastered.

Many exciting ways of using calcu-
lators to help develop basic facts exist.
Research evidence indicates that the
development of basic facts is, in fact,
enhanced in the primary grades
,through calculator use. (Channel
1980). To unequivocally ban calcu-
lators or ignore their potential contri-
bution in the development and mastery
of basic facts is a serious error of judg-
ment.

8. Using calculators
or.: i after the concept
has been taught.

Calculators can be used to 'reinforce
and expand many mathematics con-
cepts that have been introduced. No
researcu evidence exists\ to support the
claim that concepts must be developed
prior to calculator use: (Suydam,
1979). The notion of developing under-
standing through examples, followed
by explanation and discussion is a
common technique in mathematics
teaching. Why shouldn't a calculator
be used to give pupils many examples
of concepts. such as negative numbers,
decimals, or exponents before, or at

.least in conjunction with formal in-
struction on these topics? This question
deserves careful discussion by teachers
and attention by researchers. In the
meantime, the use of calculators
should be used in all learning stages

and not arbitrarily restricted to con-
cepts that have already been taught.

9. Assume that concrete
materials or manipulatives are
less important in the learning
process.

With the increased computational fa-
cility among yot: ig pupils, it is tempt-
ing to bypass models (such as counters.
an abacus and multi-base blocks) in
developing place value concepts and/
or computational algorithms. Omission
of, or even less attention to such mod-
els would be dangerous and increase
the likelihood of mechanical rather
than meaningful learning. The chal-
lenge is to plan concrete models which
parallel and complement the calculator
experience.

10, Assuming that the
process of formulating
large numbers is
accelerated.

Calculators certainly provide many op-
portunities for experiences with small
and large numbers. Facility of dis-
playing or reading numbers may oe
falsely interpreted as understanding.
Research has shown that understand-
ing the formulation of numbers is a
delicate cognitive process and that it is
developed over a long period of time.
There is no research evidence to sug-
gest that this period of concept devel-
opment will be shortened or that any
stages will be bypassed through calcu-
lator experiences.

Where to from Here?
Much research related to the use of
hand-held calculators in elementary
schools has been complattd. Without
doubt the most important result from
this research has been its consistent
findings that "almost all of the studies
comparing achievement of groups us-
ing or not usinl calculators favor the
calculator 'groups or reflect, no signifi-
cant differences." (Suydam 1979). This
suggests that schools that have calcu-
lators have everything to gain in using
them as an instructional tool in their
mathematics program. At this stage,
the most clearly needed research is lon-
gitudinalat least several years in
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lengthstudies of students ...The, have
had sustained school experience with
calculators. In the meantime, we can-
not ignore *calCulators and simply hide
our heads in the sand.

As with any new technological de-
velopment, there are many things that
will change. As a resule`there are many
places to gosome right, others wrong.
The only clear wrong decision at this
time would be for teachers and schools
to ignore or ban hand calculators, thus
not considering them in future devel-
opment of their mathematics pro-
grams. It is clear that hand calculators
hold great potential as an instructional
tool for the elementary school. The ed-
ucational value has been proclaimed
by many, including the National
Council of Teachers of Mathematics
which "encourages the use of calcu-
lators in the classroom as instruction
aids and instructional tools."
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Calculators: buses and LIRAS

A look at much of the calculator material
currntly available for use in classrooms suggests
that we are in the midst of a fast growing. techno-
ogical 'movement, one which has not allowed us
much time to consider how best to implement this
technology. Calculator books and magazines are
in abundance, and rmuch of what appears in these_
supplementary materials represents merely play ":
activity, or worse forces the use of the machine
with little attention to the goals of school mathe-
matics. It is possifile to classify the most common
abuses (abuses in terms of the activities used as a
part of school mathematics, not necessarily in
terms of their potential interest to individuals)
into four general categories.
I. Calculations, often with awkwa'rd numbers,

for no apparent purpose other than to require the use
of the calculator. Some of the proposed calcu-
lations might be interesting or motivating to some
because of the chance to use the calculator, but a
full page of `birnumber' calculations looks formi-
dable whether or not the exercises are to be done
with a calculator. One can raise the question
regarding this type of abuse: Will such activity
create different attitudes towards mathematics?
Pupils will still make mistakes pressing the buttons,
and when practising in such situations may well be
inclined to say "So What".Jt is possible to use
some of the big number calculations which are
embedded in sd-called applications to develop
some tense of large numbers, but because of the
crude measurements and approxiMations which
must be used, most of these activities are more
appropriately estimation exercises rather than
calculator exercises. As an example, take the
activity about the length of the line if all cars in the
U.S. were lined up bumper to bumper, which
appeared in the article Calculations You .Would
Never Make Witicut a Minicalculator [1]; one might
suggest that the article should have been titled
Calculations You Would Niver Make.-
2: Gaines and puzzles with no apparent
mathematical objectives. This 'is not meant to
suggest that games and puzzles are not a valuable
teaching aid (in fact, the November 1976 Arith-
mak Teacher describes a number of such activities
which fit very nicely into a school mathematics
curriculum, and a great number of the calculator
games have a logical reasoning component an
important goal in school mathemittics), but
rather it is intended as a caution against an indis-
criminate use. So the listing of tbis as a category

DAVID C. JOHNSON
Chelsea College, London

of-abuses is not intended- to suggest that learning
should not be fun, but rather that such fun should
be used to advance our cause. This is particularly
important since an often heard teacher complaint
is that the curriculun. is already so full that they
are hard pressed to "cover the e;cisting material".
3,. Misdeal button pushing. One of the most
frequent abuses, and a good example for this
category, is 'making words by turning your calcu-
lator upside down'often a fun activity, but one
best left for home or pleasure. It represents just one
more attempt to coerce children into tiding some
basic operations with numbers, utilising a calcu-

,-lator.
The button pushing category also includes an

even worse abuse; children are asked to use the
calculator to perform some activity forwhich they
lack some basic prerequisite understanding. This
is not an argument for limited keyboard display, as
I do not feel there is any problem if a child just
wants to see what happens when certain buttons
are pushed. Rather, the concern is about requiring
responses or procedures for which the child lacks
the necessary background for 'understanding. A
good example of this abuse appears in a recent
U.S. calculator publication intended for use with
primary age children. Early in the first book the
children (aged 5 to 6) are asked to use their
calculator to count the ones in a display

11111
11111

11
by pressing 1 + each time they count. And
this is before _any consideration has been given
to the concept of addition or the `+' symbol. One
can reasonably ask what the author expected to
achieve with such an activityand whether there
are not better ways of doing this.
4. Checking answers. I expect to find con-
siderable disagreement with listing this category
at an abuse. However, why use the calculator to
check when it is usually the best device for per-
forming the calculations in the first place? 'Why
not merely give pupils an answer sheet for checking
answers; do we need a relatively expensive piece
of equipment for this task ? The Editor makes this
very point in the December 1977 .1/T [2].) For
those who welcome the motivational aspect of the
calculator, this may well become `old-hat' when
the curriculuin is finally revised to take full ad--
vantage of this device in teaching and learning.
It seems that with today's technology the more

Reprinted by permission from Mathematics Teaching 85: '50-56; December 1978;
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critical checking skill is the ability to estimate and
assess Ale reasonai*ness of answers' (More about

ne hates to begin an, hrtic e by listing.all the
this ter). 1 . . .

i" b
negative points, pz.trticularlr when, the calculator
offers so much'that,iS good. However, some Caution the number of possible bridgehands:
is called 'for before we go too far, We do not want

to leave a result in notcttional form, e.g.:
the number of posiible poker hands:

sscs - 52!
5 452 -5) ! ;

to be in a position where a critic questions our s: Cu 52.

of this device, demanding to know-svhfiliei it is ,
13!(52-13)!

not just another expensive' educational gadget,
and we are unable to supply,acceptable answers.
While it may be true that .Many of the current
educational materials tend to lack any firm philo-
sophical or pedagogical basis other than.an empa-
sis on the motivational aspect of 'calculator ,Use,
it is also true that the majority,of these materials
do contain a few, sometimes- Very few, gocci
activitiesor at least the basis for some good ones-. .
when reworked. a ,

While working with teachers in Minneapolis!
St. Paul, I have found it helpful first to establish
a scheme for categorising the different tfres of
calculator activities which at the same dine relates
these activities to the school curriculum. The
scheme has been particularly useful for assessing,
the potential contribution of published materials
and identifying areas which need development...,
(For an alternative list of categories, see [3].) The
plac'ement of a particular calculator lesson in one
or more of the categories is based on the purpose
of the activity. The categories are not intended
to be distinct or toepresent disjoint sets, but they
merely 'provide a structure for thinking about
-calculator activities: one should not get hung up
On whether a particular activity belongs, say, under
patterns or 44/oration. A consideration of these
categories should also enable a teacher to provide
some, balance in types of use. The category new!
renewed content is included to provide an opport-
unity to consider curricular changes or, the re-
newed emphasis which might be expected in
school mathematics because of the availability of

.calculators and computers.
The examples below come from a variety of

areas and are only intended to be illustrative of
the types of activities in each category.

Calculations
This is really the most obvioui category, and it

is usually ecasier to describe it last after showing
examples for each of the others. It is often the case
that mathematical ideas and procedures can be
best illustrated with small, easily handled, num-
bershence it may not be necessary or even des-
irable to change this just to make use of a calcu-
lator. It is important that we identify situations.
where the contribution is:rear ratherthan forced.

One_example-, for which the calculator's role is
primarily for doing the arithmetic. is in working
with the formula for the number of combinations
of n things taken r at a time. Ve are often forced

This may be pretty unsatisfying and pupils may
have littlefeel for the relative sizecof these numbers.
Do you? Guess which of the above you think is

-larger (,and how much larger) and then check
with your calculator. The calculator does not
remove the need.to be ablelo work with factorials
and to be able to represent the expansion in
reduced form, as 52 would involve a lot of button
Pushing and may overflow ihe'machine. However,
the calculator does remove the computational
drudgery involved in multiplying many numbers.
The answ.- s to- the two exercises' are 2.598,960

and 635,013,559,600 respectively, and the second
is considerably larger. Does this surprise you?)

Another example involve? the solution of trig-
onometric equations. If the equation has the
unknown in the denominator, e.g.,

tan 63°=22/x,
solving for x requires division by a four or five
place decimal, usually takth from a table or with
a shrewd 'manoeuvre, multiplication by a four or
five place decimal). Since the emphasis is really
on setting up the equation and using the appro-
priate trigonometrical function, the calculations
invariably end up getting in the way of the straight-
forward ideas. Examples from trigonometry really
require little discussion as it is readily apparent
that for such things as building a table for sketching
a reasonably accurate 9icture of the graph of the
sine or,cosine functions, and for applying the sine
or cosine law, the calculator can be an invaluable
aid. The availability of the calculator also suggests
that table-reading activities generally included in
certain mathematics courses can be considerably
reduced.

An entry under calculations has the characteristic
= that its primary purpose pis to remove comput-

ational drudgery and the actual input or output
is not intended to demonstrate or reinforce con-
cepts or have a strong application or problem-
solving emphasis. (In the latter cases the activity
falls into one of the other categories.) The need
for including this category will become more
apparent whcn thc examples fore the others have
been presented. It will also become, apparent that
the categories- are in fact somewhat hicrachial,
as it is generally the case that the calcuip.tional
aspect of calculator use will generally be a sec-
ondary purpose in activities listed elsewhere.
Remember that the key element in determining
where a particular activity or lesson tits in the
scheme is in terms of the primary purpose of the lesson.
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Patterns
This may well be considered a part of renewed

content or a type of exploration. However, since it is
considered to be an important mathematical
activity in its own right and a useful skill for
solving certain types of problems and for learning
new mathematics. it is listed as a separate item.
In this way it does not get slighted or lost. Many
of the articles and booklets which promote the use
of calculators make a big point of emphasising:this
activity; however. if one looks carefully at the
situations which are described, one finds that
typically they tend to emphasise the generation of
easily observed patterns, as opposed to generating
output which then requires some study and testing
to find a pattern. Thus, one might wish to divide
pattern activities into pattern generation and pattern
search. Bot,h have a role, but unfortunately the first
is often left without taking full advantage of the
setting. Consider the following. quite common,
example.

Complete the following.
37 x 1 x3=
37 x2 x3=
37 x 3 x 3=
37x4x3=

Is there a pattern? Use the pattern to complete the f.'s:

of chart. (And the children are asked to find the
results up to 37 x %x 3.)

While this might be interesting, the situation as
given does not go anywhere. The pattern is obvious
and one merely writes down the triples. Children
at an early level catch on very iuickly and com-
plete the items without much tought. When the
patterns are of such an 9bvious nature, one needs
to ask how the situation can be used to promote
mathematical thinking. One natural extension is
to ask the children to try to figure out why it works
In the example .the key is to notice that 37 x 3
=111. (One can extend this same example to more
of a pattern ;search activity by asking the child to
try to figure out the pattern up to 37 x 60 x 3. In this
case they will have to try to figure out how the
pattern seems to change in each decade. and "t
whit point. A pupil worksheet and accompan..:ng
teacher notes for the extenaed'calculator activity
was produced by a team of Minneapolis teachers
and included in a set of,materials called Calculator

Cookery. [4] )
If the pattern lessons are to be ;Irimarily pattern

starch, then the pupil should be involved in a
searching and testing situation, that is he should
be required t6 study the various' examples, to
hypothesise a relationship, to test or verify the
relationship. to modify on the baiis of new inform-
ation, et(. Esamples of this type of activity abound
in the literature, but are probably not as prevalant
as the first' type. Here are three examples which

-illustrate the type of problem-solving thinking
which must be employed to find the pattern.

I. Use the calculator to find the recurring cycle of digits
for 1/7, 2/7, 3/7, . 6/7 (and 7/7). What do you
observe? Try the set of fractions with denominator
13. Again, what cl. you observe? The decimal
expansions for some fractions like the 7ths are cyclic
in the sense that the repeating digits appear in the
same sequence, but with a different initial digit. The
set of fractions with denominator 19 are also cyclic.

Knowing this use your calculator to find the decimal
expansion for 1119.

(For a discussion of methods sec several MT
articles culminating in [5].)

2. Generalise: 13=
13+23=
Is+23+33.

13+23+33+ ... +n3=
Use your calculator to test your generalisation for

10.

3. The question to'be investigated is: If a is assigned
an integer value such that a is odd and greater than
1, is it always possible to determine integers b aact c
so that a2-1-b2=c2? Use the following examples.
1. 32+b2=c: 1. 52+ b2=c2
2. 32+42=52 2. 52+122=133
3. 9+43 =53 3. 25+122=133
4. 9+16=25 4. 25+144=169
Try these.
I. 72+b2=c2 1. 92+b3=c3
2. 2.
3. 3.
4. 4.
When you find the number write out ai the examples.
1. 112-1-42.c2 1. 132-1-b2=c2
Do you see a pattern? If so test your conjecture with
these.

372+b2=c2 992+62=c2 1512-14*=--c3

In each of these examples, the patterns are not so
obvious. While the role, of the calculator is still
primarily one of pattern generation, the major purpose
of the activity is the search itself. (Even in' the
decimal expansion for 1 /19 the task is not trivial
as the search involves looking at set's of digits, not

' just the single digit. Try it; the cycle has 18 digits.)
One further point should be made. There are

also many pattern search type of activities which
lead to the cliscovery_or generalisation of a 'main-
stream' concept or important and/or useful
mathematical relationship. These will generally
be listed under the category of exploration if they
have as a primary purpose that of the learning of
the specific piece of mathematics and the pattern
search activity is of secondary importance. This is
illustrated in the first example of the next section.

Exploration
This is probably the most fruitful and wealthiest
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area for calculltor activities, particularly in terms
of the usual mathematics curriculum. The main
feature of activities which are to be placed in this
category is that tfie pupil uses the calculator to
generate output with the put-pose that the output
will demonstrate a concept or relationship, or that
the actual generation of the output will se. e to
help reinforee a concept Which has been taught
previouily, or that the output will assist in solving
a mathematical problem. Thus the category really
has three somewhat distinct types of examples.

The example of exploration for concept..
demonstration is of decimal multiplication.
The traditional approach is to show how the
multiplication is done by a number of examples
in which the decimal fraction is first converted to
the standard fraction representation with denom-
inators of ten, hundred, etc. The examples are used
to justify the rule regarding the placement of the
decimal point (in terms of the number of decimal
places in each of the factors). Thus, the usual
pedagogical sequence is first to justify the new
rule and then actually to implement in practice
with decimals. For some reason, some pupils
overlook the justification stage and tend to con-
centrate on memorising the rule, leading to

errors later, on when practice with decimals
involves mixed operations, An alternative app-
roach using the calculator is given below. The
pupils are first asked to look for a, pattern when
the calculator is used to do some calculations the
pupils have noc yet learned how to do (discover a
rule), theit justify the result with a few, well-
chosen examples, and then practise. The emphasis

'is on finding the pattern and then asking why it
works (very much along the same lines as that
recommended as the extension to the common
pattern generation activities described in ,the
previous section). Also, in this example, students
are asked to concentrate immediately on what is
to be learned, rather than first look at a number
of seemingly less related examples and wondering
where the lesson is going.

Use your calculator to fine the products:
x 0.2

0.8 x 0.6
3.2 x0.8
2.2 x 64

0.02 x 0.34
241 x 1.22
0.72 x 0.6

0.026 x 0.003

(Approximately 15 -25 items, none with a zero as a
trailing digit in one of the factors, or a 5 as a
trailing digit when the other factor has an even
number as the trailing digit.)

What do you observe about the placement o .1 -the demol

point in the answers?
(Now the class can discuss any observations and

22

come to the generalisation. The teacher now asks
why this is so, and the justification should .be
readily apparent from a few examples with
fractions which illustrate that tenths times tenths
gives hundredths, tenths times hundredths gives
thousandths, etc.)

Now try the following with your calculator:
2.44 x0.35
126 x 045
3.60 x 0.40

(5-10 items which involve zero or 5 as a trailing
digit)

Does your rule still work? What's wrong?
(This is used to help reinforce the idea that the rule
still holds as the calculator suppresses the trailing
zeros in the result. Also this reinforces the idea that
two-tenths is twenty-hundredths.)

When a particular piece of mathematical content
has already been introduced and the calculator
activity is planned to provide an opportunity to
practise or apply what has been learned, this can
be thought of as exploration for concept-rein-
forcement. An example of this type of use can be
taken from elementary algebra and involves the
evaluation of a^ for various non-negative values of
a. taking n to have integer values from say I to 10
or 1 to 20. This can be given after the pupils have
been introduced to the idea of what is meant by
an exponent, and used to reinforce the idea that
the exponent says how many times a particular
number is to be used as a factor. If pupils are told
to consider a=0, 0<a<1, a =l, and a>l, then
some important relationships are also reinforced
(or demonstrated if the ideas are new); in parti-
cular the fact that for 0<a <1, a^ gets very small
quite quickly, even when a is close to 1, say 0.9.
This reinforces (or calls .to one's attention) the fact
that when one multiplies two proper fractions, the
result is always less than the smallest fraction.
The calculator use in this lesson illuitrates the
dynamic nature of the resultone of the real
advantages of using calculators. Of course, the
same example can be used to illustrate how quickly
the result grows for numbers greater Than 1. (Com-

., pare, say, a=4 with a=8; the successive terms for
the second are not just twice the first.) Thus the
activity can be used to provide an interesting first
exposure to the exponential function.

Another example of exploration for concept-
reinforcement is the calculator_ game Wipeout
(described in the Arithmetic Teacher, November
1976, p. 516). This is included here to illustrate
that there are some calculator games which have
the potential for a -very real contribution to the
learning of mathematics. The game involves
entering a given number, with all digits different,
and then asking the pupils to use subtraction to
remove a specified digit (i.e. replace it with a zero)
without changing-any other digit in the number.
For example, if the game is used to reinforce
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concepts of place value, one might start with
something like 834.562)9 and ask pupils First to
remoi, c the 2, then the 4, and so on. (This rcin-
forccs place value, since to remove the 2 requires
the subtraction of -002. However, note that this
should not represent the only place value practice
as it could become a rote activity of the form:
count the places, use zeros and subtract.) As
indicated previously, thgre are many games of this
type, which can be both motivating and also
contribute to the learning of mathematics. How-
ever, major consideration should be given to the
latter point in deciding whether or not to include
such an activity.

Exploration for problem - solving is gener-
ally concerned with questions of the form "what
happens if ", and examples for this category
abound in situations which involve formulas.
(Formulas are not the only examples, but these
easily illustrate the ideas.) One which is both
motivating and interesting is to consider the
formula (function) which relates temperature in
degrees Celsius to degrees Fahrenheit,

F.--.,-1C+32.
One can ask the question: When, if ever, are the
two readings the same? After trying a number of
values for C. and looking for a trend or pattern,
which is the way one would expect pupils At an
early level to proceed with the relationship as given,
the pupil should finally arrive at the result,-403.
(Of course at later levels one would expect pupils
to recognise that this problem is readily solved
without the calculator by solving an equation.)

Other interesting explorations for problem-
solving can be described for such topics as the

pythagorcan theorem: what happens with different
shapes on the sides and hypotenuse; area and
volume formulas: what happens if a certain dimen-
sion is halved. doubled. tripled. etc.; the classical
1 penny for the first day and double your salary
each day for a month; and so on.

Additional explorations can be found in number
theory activities as well as many of the classical
problems dealing with series and sequences.
Examples from this single category could well
make up an entire article.

ApplicationsConsumer
Since the applications area is so important if we

are to produce some level of basic -numeracy
(ability to use mathematical ideas and processes),
it is useful to separate the applications into two
different sub-categories. Consumer applications
are those applications which have immediate
implications for the individual in everyday living,
e.g., comparative shopping; personal consumption
of water, gas, and electricity, constructing or
making something; etc. Social applications are
more oriented to decision-making activities with
implications for benefiting society as a whole:
population growth; conservation of res-mrces
(water, fuel, minerals, etc.); health and health
care (e.g., smoking): inflation; and so on.

It is not diwlult to find ideas for consumer
applicationsthe real problem is in pr renting
these in a realistic fashion and in emphasising the
role of mathematics in decision-making. A nice
example of an activity (problem) which is stated
much along the lines as it might occur in real life
is in the booklet by Dolan [6), p. 38.

PICNIC HA MS

As chairman of the food committee for your club picnic,

it is your job to purchase the ham for the sandwiches.
the committee plans to make two sandwiches for each
person and figures 2 oz. of meat per sandwich. Assume

that the bone in the shank ham is 20% of the total
weight, and that there are 35 people in the club.
Which ham or hams would you buy to make the sand-
wiches for the least cost?
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Another, example is to use selected formulas to
calculate the cost of running certain electrical
appliances (or for lighting). The exercises can be
extended actually to figuring monthly bills, using
the graduated scale of pricing which is used by the
electricity boards, and finding out how one might
save by conserving. (What does it cost to leave a
heater on all night instead of for only one or two
hours in the morning? What would be gained by
changing all non-reading lights in your home to
25-watt bulbs?)

ApplicationsSocial
While it would be nice to include two or three

examples in this category, one problem is that they
generally take some space to develop. Hence I will
just describe briefly some of the characteristics of
social application lessons/ As indicated previously,
one key feature of most of such lessons is that the
pupil should use the mathematics of a given unit or
course to assist in decision-making or to compare
alternative solutions. Some lessons may not lend
themselves to actual decision-making, but rather
enable the pupil to investigate some real world
phenomena of an, impersonal -nature--e.g. develop
equations to predict future times for track and
field events, look' at the manufacturing of some
product, etc. However, it is problems of the
decision-making type which are sorely lacking
in most of the usual textbook applications; the
pupils are asked tb use their mathematics in what
appears at first glance to represent an application,
but it goes nowhere or has no apparent purpose.
We need to motivate pupils to want to use mathe-
matics and to recognise the value of using mathe-
matics to assist in making decisions. For example,
why should one support. or vote against. 'ban the
can' legislation (legislation concerning tih,posable
bottles-or cans)? What about the use- of certain
pesticides? One other-feature-of social applications
is that each usually involves, either a big problem
(for which one needs a reasonable length of time
for study) or consists of a number of ;elated
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exercises, instead of the typical single exercise
which culminates in a somewhat open-ended
question of a 'why' or `what' nature. Lessons could
be based on such topics as wildlife management,
camera lenses, predicting, birth rates. sound. etc.
(Lessons on these four topics appear in [7j.) The
main emphasis is on applying mathematical ideas
to real world situations. They involve either some
aspect of decision-making or the study of some real
world phenomena, and any mathematical results
need to be interpreted back to the real orld.This
is quite different from such questions as "How high
a pile would we have if all the McDonald ham-
burgers sold to date were stacked one on top of
another ? "; at best this is an activity for looking at
large numbers (number awareness, exploration)
and at worst it is merely a button pushing activity
which is probably a waste of time.

New/Renewed Content
As indicated earlier, this category is included

since it is related to today's technology:--and while
some of the topics do not necessarily involve the
actual use of the cakurator on any regular or
integral basis, they'd° in fact relate to the effective
use of this technology. The key topics are esti-
mation, errors, algorithms and iteration, and
mathematical modelling. (For a discussion of some
of these ideas see Michael Girling's Towards a
Drfinition,of Basic Numeracy (4) Each of these
topics easily warrants an article and it will only be
possible to touch briefly on some important ideas
here.

Estimation is probably one of the easiest to con-
sider, since it is already a part of today's curri-
culum. Current practices in many textbooks tend
to confuse estimation with rounding of and treat
them as if they arc the same thing. Even worse,
pupils are typically told what to round off to, so
they treat this as another mathematical procedure
to be implemented when instructed to do so. This
results in a failure to identify the procedure as an
aid in checking resultsand the pupils typically
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ask what they are supposed to do. With the avail-
ability of calculators, the skill of estimation is even
more important, but we no longer need the pre-
cision in our estimates which was often demanded
for checking hand calculation. In fact, to check a
calculator result one is primarily concerned with
orders of magnitude and hence the only real need
is the ability to do single digit arithmetic and work
with powers of 10. To estimate the product of, say;
567 x 6324 (for the purpose of checking a calcu-
lator answer) we need only think of this as 500 x
6000that is, we need only consider the leading
digit (rather than round), a much easier procedure;
the product then becomes 5 x 100 x 6 x 1000, or
5 x 6 x 100,000 or 3,000,000. Pupils will' soon
notice when applying this relatively straight-
forward algorithm that the resulting estimates are
often unsatisfying. This then motivates the need
for rounding off. (On the other hand, even if a
pupil is unable to round, the leading digit algo-
rithm is still a useful procedure.) After learning to
round off, the pupil may still wish to sharpen this
skill, and use some number relationship notions
and common sense to obtain better estimates. For
example, 65 x 14: using the initial algorithm we
estimate 600; using rounding of to the leading
digit we estimate 700; using some number sense
and thinking about the problem we see we can
consider 65 x 10, or 650, plus 60 x 4, 240, or a sum
of about 900 (and the correct result is 910). Notice
that with this threS stage approach, the pupil is

able to estimate at least the lowest level, and the
skill is developed as one feels the need.

The inclusion of the topic of errors should pro-
bably begin in the primary school. In general this
topic can be subdivided into two main categories,
one dealing with the concepts of error analysis
the mathematics of errorsand the second related
to ideas of checking answers through estimation
and on the basis of the reasonableness of the results
in terms of physical reality. These concepts are not
new, and in the past textbooks have attempted to
provide some instruction on the topics. However,
it seems that pupils today do not have much of a
feel for errors and it would be worthwhile taking
Inother look at what might be done. At the very
least we need to include more exercises of the type
where an answer is also given. and the student is

asked to determine whether or not the result is

reasonable (and why or why not).
The mathematical notions of relative and absolute

errors should probably be introduced .after pupils
have some facility with fractions. Pupils should
have an idea of the importance of these ideas and
how actually to calculate them numerically That
is, the pupil should be able to tell you tnat dropping
the 7 in 0.0067 is a large..relativeerror,..while. .

dropping the 7 in 0.6007 is small..(However, we
do need to be careful about "large" and "small"
as the context of the problem may demand a
certain precision.) For the two settings the absolute

error, in terms of droppii the 7, is the same.
Notions of errors of measurement, precision and
accuracy also fit under this topic.

The concc; of algorithm and the use of
iterative procedures are basic in today's
computer world. More needs to be done with these
ideas throughout secondary school mathematics.
Pupils need to be given the opportunity to design
their own algorithms or to modify existing
procedures to do new tasks. In order to develop
some appreciation of what an algorithm is, they
should be provided with situations which require
the following of a new algorithm. One interesting

. and useful algorithm bisection, for finding or
approximating zeros of polynomial functions; this is
definitely within the grasp ofpupils at an early point
in secondary school mathematics. The procedure is
a natural one foecalculator or computer use. (Since
this is another of those topics which could be the
focus of an entire article, the reader is directed to
two interesting papers, [9] and [14)

The final topic is that of mathematical
modelling. This involves notions of translation,
but even more important, the development of
equations if you will, which can be used to explain
known phenomena as well as predict. The
availability of calculators and computers will enable
a student to work with and modify models; such
activity has been hampered in the past because of
the excessive calculations usually encountered. The
NCTM 1979 Yearbook, Applications in School
Mathematics, treats this topic in some depth (see my
chapter).
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Every now and then a glimpse is caught by people
outside the field, of how much more there is to mathe-
matics than school arithmetic it is art and science and
it is creative, as well as logical and practical. And so it
is also true that there is much more to arithmetic than
computation. Since most people's math education was
nearly all computation, most people are unaware of this
broader definition. and the general public continues to'
demand that children spend most of their time learn-
ing the same complicated computational routines that
they themselves were forced to learn during their elemen
tary school years. In fact, this is now a waste of expen-
sive teaching resources. From now on, repetitaie drill
and practice with comptitation techniques will be as
worthless as they are demeaning. It should be clear
that all that time on computation denies teachers and
children a chance to participate in other areas of mathe-
matics which are less mechanistic, more creative and
far more practical.

In 1972, electronics companies introduced the
four-function hand-held calculator at retail prices
around S200. By 1976, the price of a calculator, now
a more durable model, had dropped to about S10. It
became an invaluable tool in business and at home. Its
portability and responsiveness, as well as the ease with
which it can execute computations, made its official
or unofficial appearance in school inevitable.

Reaction to school use of calculatorswas emo-
tional and divided. People favored total prohibition;
most who could countenance it at all favored control-
led and restricted use from fourth grade on, with lit-
tle if any use in kindergarten through third grade.
Very few people advocated unrestricted use of the
,machines. All in all, the calculator is having a hard
time making its way into the elementary classroom.

The reasoning of the prohibitionists seems to us to
be confused, short-sighted, or uninformed. Our guess is
that, not having used calculat irs themselves to learn arith
metic, people feel anxious about allowing their children
to use them because it seems to invalidate their own hard

work in learning arithmetic. It is our intention in this pa-
per to dispel anxieties. Perpetuated and unsupported
fears become myths. The following are some of the
most common myths about using calculators with
children. -

1. CHILDREN WILL BE HANDICAPPED BY THEIR
DEPENDENCE ON CALCULATORS.

a. Should we give children crutches when they don't
need them?

The calculator has been called a crutch primarily
because it enables people to do computations that they
are perfectly capable of doing or leaf ning how to do
without a calculator. We, however,have no objection
to this use of calculators because valuable time will be
saved. This will help ,nift major teaching-prioritias
away from-me chanistiCripetitivicalculation. Today,
most children leave elementary school with at least one
of two severe mathematical disabilities caused by the
current emphasis on computational facility. Calculators
can be a legitimate remedy for either of these.

The most common handicap is the inability to solve
simple real world problems, such as finding averages or
selecting necessary quantities of paint. (1) The reasons
for this handicap are not very complicated. Children
spend 75% of the tirst seven years of elementary mathe-
matics instruction learning and relearning the complicated,
step-by-step procedures (called algorithms) necessary to
do an addition, subtraction, multiplication, or division
computation quickly and accurately. Then they spend .
the tiny remainder of their math time trying to learn a
myriactof other things, including measurement, decimals,
estimation, geometry, logic, statistics, real world appli-
cations, mathematical games,-other-base numeration sys
tems, and set theory. The traditional high priority of
computation results in a population which is able to do
a computation when specifically told which operations
to perform on which numbers_ Yet these people lack
other mathematical competencies such as logical reason.
ing and the ability to apply that reasoning to the solving
of problems. (2) In today's perspective, this deficiency is

(I) CaspArtter, T. and T.G. Coburn and R.E. Revs and J.W. (2) Carpenter, T. and T.G. Coburn and R.E. Revs and J.W.
Mimi. Results from the First NattoPal Asseurnent of Wilson. Results ;tom the Forst National Assessment of

4, Educational Progress. (NCTM, 1978). Educational Progress. (NCTM, 1978).
.ts

Reprinted by permission from Calculators/Computers 2: 78-81; September/October 1978.
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a serious handicap. A ten dollar machine can perform
most ordinary computation, bUt society needs people
who are able to clearly define a problem and a method
of solving it.

The second handicap is the inability to do an arith-
metic computation even when the numbers and opera-
tions are specified. For example, some children cannot
successfully compute 346 x 28, 1869 4- 72, 4273 986
or 112.32 + 89. These children are doubly disabled if, as
is often the case, they also suffer from the first handicap.
Calculators offer these children a powerful remedial aid
or crutch. At least, if they are taught how to manipulate
the calculator they will be able to compute.
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For children, a calculator becomes a vehicle for communicating
about numbers. Here, two 2nd graders from Denton, Texas,
share a number discovery. (The boy on the left speaks little
English; he's from Mexico and nas been in the US. only a few
weeks.)

b. What if a child needs to do a computation and
doesn't have a calculator?

Consider what happens when you need to do an ex-
act computation and you have no pencil and paper. Ei-
ther you borrow them, or you save the computation until
you can get your own pencil and paper. Calculators are
now so inexpensive and ubiquitous that this analogy with
pencil and paper is reasonable.

Certainly all businesses which need to do any calcu-
lations have calculators available. Even street vendors use
them. It is just not efficient to do otherwise. On the other
hand, if exactness is not required, then an estimate is need-
ed, For this reason, we believe 'Iat the teaching of estima-
tion in all the grades needs to b given a high pr:ority.

c. What will a child do when the batteries die?

New types of calculators .1se far less energy. As a re-
Suit, calculators are available that have a lifetime of 10,000
hours. At five hours per day of continuous use, seven days
a week, that amounts to more than five years' time. More-
over, there are now slim, portable calculators with alarm
clocks and stopwatches attached that are never turned off.
The batteries are simply replaced on a regular schedule
about once a year. This we feel is little Maintenance for
such a useful tool.

2. CALCULATORS SHOULDN'T BE USED BEFORE
FOURTH-GRADE.

a. Young children's minds could atrophy if they use cal-
culators instead of thinking.

First, using a calculator does not diminish thinking. In
3rder to enter data into the calculator correctly, students must
think carefully about the related problem. 1 his has a higher
cognitive demand than does manipulating paper and pen-
cil algorithms by rote.

Second, this statement assumes that the brain is a
muscle that needs to be continuously exercised. Conse-
quently, it is thought that doing complicated algorithms
is good for the mind, just as lifting weights develops the
biceps or running exercises the heart. However, the brain
is not a muscle it thinks whether we are conscious of
thinking or not (for example, when we are dreaming).
We realize that practicing computation can result in _

faster and more accurate computig;_but- there4s-virtUallf-
no enhancement- of-other mathematical abilities as a di-
rect result of computational proficiency.

Further, it is commonly believed that whatever is
hard to learn must be good and valuable. and what is
easy to learn probably isn't valuable. We do not believe
this. It is true that people value those things in which
they have invested a great deal of time and energy. But
if the same things can be accomplished more effciently,
those long hours of work could be used on something
else. Now that we have calculators to do the routine
aspects of mathematics, it Will be more important than
ever to invest time and energy teaching creative thinking,

b. There are no good learning activities with calcula-
tors for young children.

s statement is usually based on the miscor: p-
ton that a child has to, or wants to, use a calculato as
an adult does as a fast and accurate computation ma-
chine. If you hand a calculator to an adult who has ne-
ver used one before, after a very few minutes of routine
manipulation that adult is bored. The feedback the adult
receives is nothing new. This is not the case with chil-
dren. For a child, a calculator is a responsive toy that
almost says, "Play with me". Because of this our devel-

opment group, EMC2, has devoted four years to research-
ing ways to use calculators with children of all ages. In
kindergarten and first grade, before many children have
mastered the fine motor skills necessary to write num-
bers with ease, a calculator makes it easy for them to
communicate with and about numbers. This is impor-
tant. Numbers become things with which they can do
enjoyable things. The calculator is a writing instrument.
for them and can help make *numbers more concrete and
less abstract. At this early age, children enjoy count-
ing with a calculator by I's, 2's, 3's .... Counting, then,
is a succession of "one mores", "two mores", "three
mores", and so on. Thus, beginning even in kindergarten,
counting can be taught as a foundation for addition and
multiplication, rather than as a rote chant. In grades two
and three, the calculator can help teach the similarity
between one-digit and multi-digit multiplication. The pa-
per and pencil ways of doing 15 x 8 and 15 x 24 are clit-
fecent, whereas the calculator methods are the same. In
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these grades, the connections between subtraction and di-
vision can be elucidated with a calculator. The relation-
ship between an operation and its inverse can also be ef-
fectively demonstrated. With practice, problems invol-
ving large numbers may be tackled. Up to now this has
been unrealistic. Finally. time can be devoted to solving
problems finding diverse solutions to one problem type
as well as diverse problems that are solved by one solu-
tion type. In other words, various problem solving tech-
niques and problem types can be examined if less time
needs to be spent on pure computation.

Some educators argue that children have to- under-
stand the concepts of addition, subtraction, multiplication
or division before they can be allowed to use a calculator.
Here again is the misunderstanding of what it means to
"use a calculator". We have noted several ways in which
the-calculator itself can help teach understanding of con-
cepts. The calculator is not just used to apply concepts;--
it is used to understand the concepts. Understanding is

--especially important now that it is no longer necessary
to focus solely on carrying out the operations.

Calculators might even allow teachers to look care-
fully at their children's private use of arithmetic and at
the informal, intuitive strategies that children have in-
vented or found outside of school. Recent in-depth in-
terviews with children indicate that they make use of a
rich repertoire of mathematical techniques to solve prac-
tical out-of-school math problems. (3) For example,
counting on fingers to solve addition problems is one such
technique which is, unfortunately, discouraged by most
teachers. Few, if any, of these techniques were learned
formally in school. These informal partial understandings
need to be given validity by teachers and_parentsrif-arith.----

metic-is-tcrbe-reallytrilful to children. While children do
use their incomplete understanding to do school math,
it is rare that children.rnake out-ofschool use of the com-
putation techniques they spend 75% of their in-school
math time mastering. If calculators were to be adopted
by teachers and parents as necessary learningidevices,
children would have a tool they could use easily, both
in and out of school. It would connect inschool math
with their out-of-school math. This could increase the
relevance and decrease the drudgery of mathematics
for children.

3. WITH CALCULATORS AVAILABLE, DECIMALS
WILL BE EASY TO TEACH IN THE PRIMARY
GRADES.

A calculator can display to any curious child num-
bers like 0.333 and 1.5. Thus, children will probably
ask teachers questions about such numbers and perhaps
be more motivated to learn about them.'

Also because operations with decimals resemble
operations with whole numbers, they probably will be easier
to teach them operations with fractions.

However, the part-to-whole relationship is easier to
visualize with fractional notation than with decimal nota-
ton: 1/3 represents one part of a'whole which has been di-
vided into three equal parts. The decimal equivalent, 0.333,
is not easily interpreted as the same thing.

Further, increased computational facility will not neces-
sarily enhance understanding of decimals. Ordering of deci-
mals, for,example, takes a good deal more understanding

of place value than most primary-age children presently
have. (Which is larger: 0.9 or 0.888?) Even with calcu-
lators, teaching decimals in the primary grades will require
new materials and careful thought.

4. WITH CALCULATORS AROUND, THERE IS NO
MORE REASON TO TEACH FRACTIONS:

Simple fractions, which become a part of our every-
day vocabulary very early, are used quite often in our
society and probably will continue to be used. "Half of
the pie", "a quarter of an hour", or "a third of the money"
are expressions which are not likely to disapoear with in-
creased use of decimals. Hence, even in the elementary
grades, we will need to maintain the skills of recognizing
writing and ordering simple fractions. --

algebra, when one is solving equations, computing
with fractions is as common as computing with integers.
Operations like addition subtraction, multiplication and
division with fractions could be performed more easily and
more accurately on a calculator. However, students will
still need to know when to operate on fractions, which
operations are to be used, and how to manipulate the
calculator to perform the operations.

It is true that most calculators display nonintegers
(like 2-3/4 and 1/6) as decimals. However, there are
calculators that display and compute with fractions in
either decimal or numeratorand-denominator form. If
fractional notation is really important to the general
public, all calculators could be manufactured with this
capacity.

5. CHECKING PROBLEMS YOU HAVE DONE BY
HAND AND DOING THE COMPONENT PARTS
OF A LONG PAPER AND PENCIL ALGORITHM
ARE VALUABLE USES OF THE CALCULATOR.

Using calculators to check hand computations
teaches the child little if anything about maiheMatics.
It does over emphasize the importance of the one right
answer. But it reveals no additional information about
the operation, especially since the calculator does not
demonstrate to the user the component parts of its in-
terne; algorithm and the role that each plays. This
repetitive process will only let students know if their
computation is accurate. If the intent is to increase ac-
curacy, then problems should be done on the calculator
at the start and hand computation should be eliminated
altogether.

Similarly, using the calculator to perform the com-
ponent steps of a paper and pencil algorithm generally has
little instructional value and is certainly not efficientior
computation. It is somewhat like using parts of a good
watch to make a sundial. Those who encourage children
to use the calculator in this way with the division algorithni
argue that understanding of the division process will be en-
hanced. However, simply ising the calculator for the inter-
mittent multiplications and subtractions which occur in the
long division algorithm Will not necessarily illustrate the
process of partitioning a set of objects, nor will it reveal the
place value Witem of numeration that helps explain why the
long division algorithm works.

6. THE STANDARD COMPUTATIONAL ALGORITHMS
ARE BASIC AND IMPORTANT AND SHOULD ALWAYS
BE TAUGHT.

(3) Ginsburg, Herbert; "The Psychology of Arithmetic Think-
ing' . The Journal of children's Mathematical Behavior,

-Urine 1977. prh1410.
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For hundreds of years around the time of Christ, pea.

pie used the Roman numeral system of naming numbers.
Anybody who needed to multiply whole numbers greater

than one hundred had to translate the problem from the
Roman notation onto an abacus-like device, do the com-
putation on the abacus, and carefully translate the result
back to the Roman system. This method was ingenious
but time-consuming to use and difficult to learn.

When the Arabic numeral system (our present base-10

place-value system) became known, the computational algo-
rithms became simpler to learn and use. Indeed, as we men-

tioned previously, most children can use our com_putational-- -
algoritms reasonably-well by-the-tirrifThey leave eighth grade.,

131-ktfii primary purpose of these algorithms has always been

to get fast and accurate answers to quantitative questions.
The calculator is a better algorithm in this sense than are any
of the paper and pencil algorithms we now teach, just as the
place value numeral system was better than the Roman system.
The calculator is faster and more accurate and it requires less

effort to learn. Some of the algorithms like the long division

or long multiplication algorithms are more difficult for young
children to learn than the actual concepts of multiplication
or division. Consequently, computational facility comes
only after.a number of years of learning and relearning. But,
most important, there is no indication that facility with an
algorithm enhances understanding of the related concept.
Listen to a child or to yourself as you go through a multipli-
cation procedure to do 365x 748: "Eight fives are forty,
put down a zero, carry a four; eight sixes are forty.eight and
the four makes fifty-two, put down the two, carry the five,"
eto.,_et.c.retc,-This-is-simpty-a Tetifiliiiii of a previously
memorized algorithm to do the multiplication. In fact, the
purpose of memorizing it so carefully is so we do not have
to reason our way through the algorithm each time we use
it. That's why algorithms are useful. We drill them into
ourselves (and our children) precisely because we want to be
able to complete the computation quickly and accurately
with as little conscious effort as possible. However, most
adults could not explain why and how the procedures work.
Thus, if they forget one step in the procedure, they may
have sufficient understanding to reconstruct for themselves

the procedure needed. ,

We must conclude then that what is basic and im-
portant is understanding of the problem and possible
ways of solving it, rather than understanding of the
specific algorithm. If computation is necessary for deter-
mining a solution, then a calculator can and should be
used.

Cot elusion

We have stated some of the common fears that pre-
vent school use of calculators and we have mentioned a
number of positive wayszalculators can be used in the
primary grades to teach new concepts rather than simply

to reinforce those already learned.

No longer does arithmetic have to be synonymous
with paper and pencil computation. In fact, all hand com-
putation probably will be replaced by calculator compu-
tatkin soon - if not in one year, then in fifteen years.
The implications of these facts are that teachers need to
accept the reality of the calculator and to change their
emphasis and focus. Since it is known that computational
ability is not closely related to problem-solving ability, (4)
teachers have little to fear from using the calculator for
all computation, and good reason to look forward to
devoting more time totieveloping other mathematics`
skills and abilities. .

(4) Beale, Edward; "Some Lemon Learned by SMSG". The
Mathematics Teacher, March 1973, pp. 207.214.
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Using Calculators for
Problem *Solving

by JEAN B. ROVIERS
Jean B. Rogers is 'a member of the Executive Council of the Oregon Council for Computer Education

and is active in cr,mputer and calculator circles in Oregon. Editor

This unit is designed to present the user with information on how calculators can be used
in mathematical problem solving methods. The two techniques invo\ved are TRIAL AND COR-
RECTION and MAKE A TABLE, both easily andsommonly- used.

After completing this unit, the user:
a) will be able to apply two specified probkm_sol-ving-met ho-dctoippropriate problems.

is'usefLil when these methods are applied to mathemati-
cal problems.

The unit presupposes an ability to understand what a square root is, and the ability to cal-
culate simple interest. A basic four-function calcula,tor is the only tool required.

It is important to emphasize that the methods presented in this material are general prob-
lem solving methods, and not restricted to the specific types of examples given.

CALCULATORS AND PROBLEM SOLVING
A calculator is a tool that can increase the problem solving pO'wer of the user. There are

many techniques that are helpful when we approach a problem, be it mathematical or non-mathe-
matical, and knowing these general methods increases the ease ,with which we solve the problem.
A calculator can make some of these techniques even better when we are working on a problem
involving numbers.

TRIAL AND CORRECTION
One of the most commonly used problem solving techniques is called "trial and error",

but to take a more positive approach, let's call it TRIAL AND CORRECTION. A calculator -

makes it so much simpler to do the "trials" that this becomes a very efficient way to work out
a problem.

For example, let's look at finding the square root of a number. We know that we can
find a square root by using an algorithm (a step-by-step procedure that will determine the result),
if we can remember it. For square root it looks like this:

However, with a calculator to increase
our power, we could take a different approach:
TRIAL AND CORRECTION. To do this we
are going to use a machine with just the four ba-
sic functions on it. If yours has a square root
key, just ignoretit for now,

A way to find the square root of 3136: (V3-1Z
Choose a number, multiply it by itself, and if the result is 3136, that number is 3136.

15W2r
1 1

125
25 125

TRIAL NUMBER
50
60
55

** 56

TRIAL TIMES TRIAL
2500 Too little
3600 Too big
3025 Too little, but close
3136

After each trial, 1 used the information yielded by'my multiplication result, either too
little or too big, to correct my old trial so that the next trial is a better one. Thus we have the

TRIAL AND CORRECTION method.

Reprinted by permission from Calculators/Computers 2: 19-21; March 1978.
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tise,the TRIAL AND CORRECTION method to find: the square root of 729 .

the square root of 42.25

N.r7Y9-

TRIAL NUMBER TRIAL TIMES TRIAL

MAKE A TABLE
Another problem solving technique is to MAKE A TABLE, and this is also a place where a

calculator can be helpful. Having a table is very beneficial when values are changing while a process

is being carried out, or when there are many values that need to be available for comparison. Calcu-

lating interest on a loan or a savings account is a good time to use this method.
Suppose I make a credit purchase for $70 and pay it off at $10 a month. Since I must pay

Ph% interest on the remaining balance each month, only the remainder of my $10 payment is cre-

dited to my account.

TRIAL NUMBER TRIAL TIMES TRIAL

Month 1 Month 2 Month 3 Month 4 Month 5 Month 6 Month 7 Month 8

Balance $70.00 $61.05 $51.97 $42.75 $33.39 $23.89 '$14.25 $4.46

Interest 1.05 .92 .78 .64 .50 .36 .21 .07

Credited
to account

8.95 9.08 9.22 9.36 9.50 9.64 9.79
)

****

**** Last payment is balance'plus interest.

From this table we see that it will take 8 payments to pay the $70 debt. By summing the

entries in the Interest row of the table, we find the the total interest cost will be $4.53.

Make a similar table for payments of,$20 per month.

$2.48.

t

Month 1 Month 2 Month 3 Month 4

Balance $70.00

interest

redited
laccount

From your table you should find that 4 payments are required with an interest cost of
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Make two more tables, finding similar data for a $70 debt if the
interest rate is only 1% while the payments are again $10 per month and
320 per month.

ft

Now make a summary table that shows the interest cost and number of payments for the
four different circumstances we worked out above. This final table will give you an easy way to
compare the data on the four plans.

Total Interest Cost. Number of Payments

$10 payments at 11/2%

$20 payments at 11/2%
,

$10 payments at 1 %

$20 payments at 1 %

CONCLUSIONS

' We have seen-hoW a calculator can be used in two problem solving techniques,
TRIAL AND CORRECTION and MAKE-A TABLE-.'Remember that the examples we
looked at are only a few mkt of the many different types of problems to which these
methods can be applied, and that there are many occasions when these techniques can
help people increase their problem solving power. '
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Mini-Calculatots And Problem Solving

Joseph J. Shields
Deportment of Mathematics

Missouri Southern State College
Joplin, Missouri 64801

During the past five years, one of the most widely discussed topics at
any meeting where math educators gather has been the impact of the
minicaltulator on the classroom environment: "Do children become de-
pendent on calculators?" "How can calculators be used constructive-.
ly?" "Are calculators durable enough for classroom use?"

University educators were not allowed their leisure at coming to grips
with the problem. Manufacturers were producing hand calculators with-

, in the price range of many families in a short twa or three years alter the
questiori came to national attention. Students brought thern`to class and
teachers wanted direction immediately. Articles, pro-and con, appeared
often. State, Regional, and National meetings were filled with sessions,
workshops, debates, and research concerning the use of these tiny mar-
vels. The Board of Directors of the National Council cof Teachers Of
Mathematics adopted a pi:sition which read in part:

, Mathematics teachers should recognize the potential contribution of this calculator as
a valuable instructional aid. In the classroom the mini-calculator should be used in
imaginative ways to reinforce ,learning and to motivate the learner as he becomes pro-
ficient in mat/le-snacks. (NCTM, Newsletter. December, 1974)

The prodatnatich. Ikhich appeared less than' five years after the issue
became'zciininent, gave a great deal of support to the protagonists of
this device.

Today, most mathematics educators have accepted thii position
(some, less eagerly than others), either because of.continuing research
supporting the use of hand-held calculators, or because rejection would
be tantamount to burying .ones head in the sand. Several sttidiei (Rud-
nick and Krulik, 1976; Sehnur and Lang, 1976) have demonstrated that
students who use mini- calculators do no worse, and in some cases imr
prove significantly, in overall mathematical achievement than youngsters
who do not us* calculators. School districts'in IYew York, California,
Indiana, and other states across the Nation are putting calcnlators in a
number of experimental classes. Preliminary results seem to indicate that
students take an interest in using minicalculators and ,that pencil and
Oaper computational skill test scores are as high for students who regid-

, arly use calculators as those without access to these electronic instru-
ments.

Such widespread acceptance is by no means a fact of life among
,` parents. Rudnick and Krulik (1976) indicate that the majority of parents

O

dv.

Reprinted by permission from School Science and Mathematics

80: 211 -217; March 1980.
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whose children participated in their study Shad sincere reservations con-
cerning the use of haal-held calculators in the classroom. They reported
that parents were overwhelmingly certain that children would become
dependent on calculators with continued use.

In the last five years, authors and speakers have continued to suggest
Uses of the calculator in "imaginative and enjoyable" ways. Many of

these uses seem to 'focus on the motivational value of the calculator,
stressing games-or computations necessitating their use. Somewhat less is
said about their 'functional use (as a tool). A consensus among these
vocal leaders of 'the movement is that the word problems'in the texts be-
come 'almost trivial when calculators are used in place of pencil and
patter algorithms and echo theneed for more meaningful problem SON-

° ing-experiences. Indeed, widespread use of the hand-held calculator may
shrink the pencil and paper algorithm curriculum, but it will certainly ex-
pand the curriculum in the direction of real world problem solving.

Consider the model for human problem solving based ,on,an informa-
tional processing theory -which views problem solvingas sequencial proc-
ess. The solver defines the problem; decides on a plan of attack, carries
out. this plan and chooses the 'optimal solution. Ther^ is evidence
(Shapiro, 1973; Shields, 1976), to suggest that children clt. ..e problems-
using a discernible pattern, and that solutions to comprehensive prob-
lemsbecome more Yealistie and complete as age and problem solviii2 ex-
perience increases. Hence; it seems reasonable to begin comprehensive
problem solving practice in. the early=grades and continue such efforts
throughout the school experience. It is within the context of such practice
that hand-held calculator may have its most valued impact. Students
using calculators as their adult problem solving counterparts use them, as
a tool.

Consider the problem solving process in greater detail. During the first
step, the solver the question being asked and translates the
problem into terms that make sense to him. Step two, development of a
plan of attack, often involves the use of one or more generalized problem
solving strategies. These "rules of thumb" include working backwards,
using contradiction, identifying subgoals or looking at a related prob-
lem.

After the solver has sonic plan, he proceeds'with this plan to reach one
or more possible solutions. This thirdstep-hi:the-solving process involves
the use Pf a number of heuristics which are taught in the elementary
schools. For example, the solvennay make a list or table, guess and test
various hypotheset, use a graph or draw Nures and set up equations. It
is this step of the solving process in which the mini- calculator will aid
students_in_reaching more accurate and realistic solutions. In addition,
during the fourth step in thepRicess, selectiqg the optimal solution, the
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calculator can be used effectively to check the solution against given
information.

For rample, in one sixth grade class, a discussion concerning the
safety of an elevator in a nearby department store prompted the teacher
to challenge the class to determine the number of persons who could
safely use the elevator, which had a posted weight limit of 1600 pounds.
After some additional discussic,n, it was determined that the solution
depended on the "average" user of the elevator. Two days later, groups
of students posted themselves outside the elevator to ask users how much
they weighed: After several days and many weights, the average weight
was determined with the aid of calculators. The sample of over one

---.7_,hundred respondents was handled easily using calculators. An added
' borii-nt vas,that the youfisters were able to average after each group had

completed its quesiionffig,--and found that after the first fifty weights, the
average weight fluxuated very With additional data. (This is an

S,
excellent example of the Law of Large Numbers, that is, tends to

stabilize as n becomes large, which;an alert teacher could exploit to teach
some basic probability). After it was determined that ten and a half
"average" people could use the elevator, the discussion began to focus
on the accuracy of this solution. Some students noted that some indi-
viduals questioned did not respond; other students wondered about peo-
ple who lied about their weight. The consensus was that some safety mar-
gin should be allowed. Finally, the number of people, (men, women, and
children), was limited to ten, and further discussion was postponed for a
fewclays.

When they elevator problem was again raised; a young man suggcsted
that they, do some investigation, concerning weight variations for the
population using the elevator. Certainly ten businessmen could exceed
the 1600 pound weight limitation, whereas, this limit probably would
never be reached by ten, sixth graders: For this part Of the problem the
students used a table of heights and weights, rather than sampling indi-
viduals at the elevator. Using the range of weights indicated for the adult
male, female, and eleven year old boys,,and _girls, the students con-
structed :Confidence intervals for .ihe safe number of elevator users. Their
conclusiOns are shown in Figir 1.

.

Bois, 11 years old 117.251

0,;:s. 11 yearSol(. 117,241

Ad,it; females (10,13)
Muir isles 17,91 ,

FIGURE 1Confidence intervals for safe number of elevator users":
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The students could not use this additional information, except to agree
that a "surefire" safe limit could be set at seventhe minimum allow-
able riders for.the four populations studied.

This final solution to the problem gave rise to some additional ques-
tions: "Since we have a safety margin in our limit, did the elevator manu-
facturer also include a margin of safety iipthe 1600 pound limit?" Maybe
the elevator won't hold (accommodate) seven very large men." Dis-
cussion continued until the bell signaled the end of class. Interest in the
problem diminished and the challenge did not come up for general dis-
cussion again. Perhaps the students recognized that they had achieved
only a partial solution, but one they could live with.

This example provides several instances where the calculator instned
accuracy and, more importantly, prevented the solving prc,:ess from be-
coming "bogged down" in laborious algorithms. Often, young children
will spend a great deal of time on pencil and paper algorithms, and forget
the purpose of their calculations.

If our intent is to proVide experience in problem solving so that stu-
dents gain insight into the process, then we should minimize the number
of instances where children can becoine sidetracked. In our example, the
numerical solution is not nearly as important as learning that any law
which guarantees the safety of everyone in a particular instance can be-
come overly restrictive. This class was beginning to recognize this prob-
lem while being ensconced in the solving process. This type of insight and
involvement is necessary to provide for transfer to other similar problem
solving situations.

The kind and number of comprehensive problems which can be con-
structivelyundertaken by children is limited only by your imagination.
Some popular challenges which children enjoy are design problems.
Design a playground, park, or bike trail. Children may elect to improve
the lunch room service or the crosswalk in front of the school. Any prob-
lem which your students attempt to solve should embody the following
principles:

I. Itmot beof interest to youngsters so that they are willing to undertake the time con-
suming problem solving task..

2. It must be a situation or question for which the students do not already possess a
solution, or a direct method of obtaining the solution (e.g. soh c a readily available
equation).

.1. It must be solyable using previous learning.
4. !f possible. the solution should become reality.

The first three conditions insure that youngsters work at the highest
cognitive level creating something new i,) their experience. The fourth
condition is necessary so that children will accept future challenges. One
fourth grade class tried to solve the continuing logistics problem in the
school cafeteria and worked on the various aspects of the problem for
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about six weeks. The culmination of this work was a collection of pro-
posals which they expected would "improve the service in the cafeteria".
This list was taken to the principal who took a great deal of time to evalu-
ate, suggest modifications, and present the proposals to the required
administrative personnel. As a result of their work, several changes,were
implemented, and the students were anxious to attack other problems
they found around the school.

The Unified Science and Mathematics for Elementary Schools
(USMES) project has developed and tested several interdisciplinary units
centered on long-ra ° investigations of real and practical problems
taken from the local/L.,mmunity environment. Some of the units involve
challenges in advertising, bicycle transportation, designing for human
proportions, consumer research and soft di-ink design. These units, each
embodied in a teacher resource book, have been classroom tested by
teachers from all over the country during the past five years and have
proved popular with students and teachers alike. Any of these problems
or the comprehensive problems defined by you and your students will
provide hundred of computational task over the many weeks it takes to
reach a satisfactory solution.

Consider the following comprehensive problem which children enjoy:
Invent a new soft drink that would be popular and producedat a low cost
-(USMES, 1973). Typically, an intermediate grade or middle school class
will spend two or three periods per week, for several weeks, reaching
some solution to this question. During that time interval students will
conduct surveys on taste, carbonation; and price. They will test drinks
for individual preferences, and devise a rating system for soft drinks.
They must analyze taste results for intermediate and final experimental
drinks. In one particular class, the students used this data to find means,
variations percentages and cost analysis. In addition, two youngsters
tried to find an equation which predicted the cost-preference relation-
ship. Although their efforts were fruitless, their 'teacher reported that
they tried such a task because of their belief in the power of their calcu-
lator. Therein lies one of the most striking arguments for using hand-
held calculators in the context of comprehensive problem solving: the
solver learns the limitation of the computing device and begins to.under-
stand the need to organize and direct the, solving process. Indeed, one of
th° most crucial ingredients in effective problem solving is the organiza-
tion of, and inferences made from the given information.

How does the teacher plan her instructional sequence so that her class
is in a position to take advantage of the symbiosis of problem solving and
the hand calculator? Before any interesting problem solving can occur,
the student has to be conversant (with the calculator and the "fun time"
atmbsphere prevalent When calculators are first introduced must dimin-
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The student needs a little instruction and some time to practice
punching' the correct buttons. A successful way to provide adequate

. .
preparation is through games and large number calculations.' Concur-
rent With this practice, the tefther should supply some short puzzle pro-
blems from which their pupils can learn the organization of data and
generalized problem solving strategies.," This simultaneous practice may
continue'as long as your students enjOy and profit from'the experience,
but it sho\uld not keep you from getting into comprehensive problem
solving within a few weeks after the calculators are introduced into your
classroom.

Calculator instruction Short puzzle and
and practice problems and discussion

comprehensive problem solving
expe.ence

FIGURE Seciu.: ;ce for introducing problem solving using calculators.

Once a real world challenge is introduced, allow your'students to find
their own direction without letting them stray from their intended goal.
Most teachers find that class discussion prior to data gathering, compu-
tations; experimentations, etc., prevents the thrust of such work from
becoming divergent. Teachers should not discourage enthusiasm in a

, direction which is foreseen ,as an unproductive search. Failure in one
direction maybe as instructive as continued teacher engineered success.
Periodic work on the challenge should continue until interest begins to
wane in the majority of your youngsters.

Summary

Our focus, in this article has been to show that mini- calculators and
problem solving, two of the most topical issues in mathematics education
today, complement each other perfectly. The natural combination of
real world problem solving experience and the hand-held calculator pro-
vides an answer to the recurring teacher question, "Now that we know
how to push the buttons, what do we do?".

Comprehensive problem solving supplies many realistic computational
situations where youngsters can use their hand-held calculators. Further-

t. Many examples of these kinds of acurnies can be found in the Anshmetic Teacher. November. 1976: Vol 23. No. 7.
2. For example, see the Save ThutArni SktItSersts by Anna Harnacrek. hlidreu Pubbeations Co.. Troy. Michigan:

Irak
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more, in the context of this problem solving experience, children begin to
appreciate the strengths and limitations of the mini-calculator.

On the other hand, the calculator aids pupils in reaching accurate solu-
tions to computational questions quickly. This speed and accuracy helps

'Ahem get through the forest of problem solving, without getting side-
tracked while theyore working around a single tree. So waft no longer,
start using those miniature marvels iu meaningful ways through investi-
gations of long range comprehensive problems.
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Calculators: TheiroUse In The Classroom

Gregory Aidala
T !d Guilder Place

Ballston Lake. New York 12019

The use of pocket calculators within a classroom-setting has received a

great deal of attention in recent months. Briefly, the proponents of these
devices argue that calculators can: 1. reduce the time spent on tedious
and routine computation; 2. allow its users more time to focus on
problem solving techniques; and 3. provide increased motivation toward

the study of mathematics. . .

Opponents of the use of calculators in the classroom rear that these de-

vices may becoine a crutch and thus students Will become weak in their
ability to perform basic arithmetic computation. This philosophy pro-
Poses that students may become so dependent on their machines that

0 once removed, a student may not be able to independently execute basic

number skills.
The solution to this controversy rests with the. investigation and pro-

motion of various experimental programs involving calculators. Any
weaknesses or imperfections in existing programs must be ironed out so
that those with justified criticism can accept the use of calculators as a
worthwhile learning device in the classroom.

PURPOSE

In November, 1974 a proposal was approved by the Bethlehem Central
School District, thus inaugurating a program utilizing minicalculators in

mathematics class at the eighth grade level.
In accordance with the National Council of Teachers of Mathematics

policy statement on the utilization of calculators in the classroom, our
program was intended to reinforce learning and to motivate the learner
in the study of mathematid. The function ofihe calculators were: 1) to
provide continued and increased motivation toward the subject matter;
2)to furnish faster and more efficient ways of solving problems; 3) to al-

low problems of greater intricacy to be attempted; and 4) to contribute to
further applications and-eXproration-ofrelated topics._

It was our belief that the use of a calculator was both a faster and more
efficient means of achieving solutions to mathematical problems. How-
ever, the calculator was not meant to,be a substitute for skills which oth-
envise could be performed manually. In order to operate such a device,

the student must possess a basic understanding of the mathematical con-

cepts of addition, subtraction, multiplication., and division. Therefore,
the use of a calculator was not an end in itself, but a means to an end.
The emphasis in the classroom.was to improve the problem solving skill

rather than their ability to compute.

Reprinted by permission from School Science and Mathematics

78: 307-311; April 1978.
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'REPARATION.

Our program° proposal called for the purchase of fifteen Bowmar-25
calculators and adaptors. At the time of purchase in November 1974, the
cost of each calculator and adaptor was approximately thirty-five dol-
lars. However, present market prices of calculators have shown a sub-
stantial reduction dyer the past.two years. One calculator and adaptor
similar to the ones we have employed in our program can be procured for
under twenty dollars.

The physical requirements for calculators to be utilized in a classroom
setting were minimal. A locking two drawer,file cabinet was used to store
all equipment. The top drawer of the cabinet was divided into fifteen
numbered areas corresponding to the specific number on each adaptor.
Similarly, the bottom drawer was subdivided and labeled according to
the same number imprinted on each calculator.

In our program we opted for adaptors over the niore conventional re-
charging devices which other calculator programs seemed to prefer. We
felt that since we had fifteen calculators which were in operation during
five different-class periods in a school da adaptors would be more ad-
vantageous. Recharging devices could coigeivably lose their charge dur-
ing the day through overuse or misuse. It was our belief that recharging
devices would have been more valuable if the calculators were used by a,
small group of students. In our case, adaptors provided a continuous and
longlasting performance to a large number of Students.

Our final barrier in preparing the classroom for implementing calcula-
tor usage was solved with the assistance of our school electrician. The
classroom had only two electrical .outlets but our electrician designed
three twenty foot extension cords with outlets every four feet. Thus, each
extension cord was planted between a set of two desks and each cord pro-
_vided-five-extra outlets in the room from which a source of current could
be drawn.

CLASSROOM OPERATION

In utilizing calculators in a classroom environment certain regulations
were necessary to insure the systematic operation of the program. In our
program, rules and regulations regarding the me of the calculators were
specifically outlined and strictly: enforced. Students were fully aware of
their responsibility in taking care of their assigned calculator. This In-
cluded careful handling of the calculator and adaptor at all times. shar-
ing the calculator with a respective partner, and other applicable instruc-
tions. We found that students rarely took advantage of the situation
since misuse of a calculator resulted in a loss of privileges for those indi-
viduals.

In each mathematics class where calculators were employed. one re-
sponsible student was selected to assist the teacher in the distribution and
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collection of machines. The dual function of the student monitor was to
carefully distribute the appropriate calculator to individual classmates as
their number was called' by the teacher. Upon receiving each calculator at
the end of a class period, the student monitor returned each calculator to
its proper resting place and checked to see that all machines were proper-
ly turned off. The teacher was responsibleefor the distribution and collec-
tion. of Each adaptor.

The student monitor was an energetic contributor to the efficient func-
tioning and overall success of the calculator program. By having an able

-assistant,theteacher was in a _better position_to control the completion of
activities for that classroom period.

Utilization of calculators in mathematics class began with instruction
on how to operate the calculator. Initially, ten minutes of free time was
set aside for students to explore theicapabilities of the calculator.

As the popularity a calculators has continued, many:companies-have
produced various models. Ir. our program we had to overcome the fact
that a large, percentage- of students had accesslo calculators at home.
More often than not, differences did exist between the calculators stu--
dents had used previously and the Bomar-25 calculators. However, a
model calculator made of construction paper, (I V: feet by 3 feet) was em-
ployed to explain all canabilities and limitations of the.Bowmar-25.

Although many stuc. .nts claimed to be proficient in the of a cal-
culator; we found that at least two full class periods devcned strictly to'
problems in addition, subtraction; multiplication, and division were
necessary to insure mastery of fundamentals. In particular, division
problems proved to be most difficult for students to solve.'For example,

.3 FE, 432 or 432 =.3 all represent identical division problems bu:
.3

on a calculator many students often confused the order of imput. As a
result, a great deal of practice in addition, subtraction, multiplication,
and especially division was provided before proceeding to specific

problem solving situations.

USES IN MATHEMATICS CLASS

As we approach the end of our fourth year of using calculators in
mathematics classes, there does exist one method of operation superior
to all others. We have experimented with the use of calculators on a daily
basis for a short period of time, as well as the utilization of these devices
on a once a week basis. It seems that no matter how familiar students be-
cometwith the use of calculators, new material could not be presented in
a class period where the calculators were in operation. The level of ma-
turity of eighth grade students combined with the distracting powers of
the calculator presented too great a hindrance to allow normal learning
activities to take place. However, we did conclude that in order to profit
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most from the use of calculators in a mathematics program, usage of the
devices should take place once a week.

Usually at the end of each week, following a fifteen minute quiz re-
viewing the material for that week, the calculators were used to solve
Many related problems. In this case, any explanation of a problem by the
mathematics teacher could generally be bypassed since in the minds of
most students the material was very fresh. This technique prevented stu-
dents from becoming too dependent on the calculator's, but at the same
time provided increased motivational support for the required curri-
culum.

The eighth, grade curriculum at the Bethlehem Central Middle School
is composed-of many diversified topics epresenting various branches of
mathematics. Units of study coverea during the school year include

,probability, statistics, proportion, percent coordipate geometry, solid
gecimetry, and algebra. Within each unit there exists several exercises in-
volving the use of calculators which serve to reinforce learninoctivities .
from previous class periods.

By way of example from the unit on solid geometry, the volume of a
rectangular prism and the volume of a cylinder were studied during one
week of classes. In class on Friday students were tested via a short quiz
reviewing the material on volume covered during the previous four days.
In the remaining twenty to tw-nty-five minutes of class, students were
required to complete an exercise with the aid of calculators. The exercise
involved calculating the volume of two rectangular prisms and four
cylinders. Students were given the dimensions of each figure and
fcrmulas were written on the board for reference. The substance of that
exercise is summarized below.

FIGURE LENGTH OF WIDTH OF HEIGHT *VOLUME=

BASE BASE LxWxH

-V.

I) Rectangular .

Prism 19.85 ft 11.3 ft 7.7 ft 1727.15 cis ft

2) Rectangular
Prism 42,3 cm 39.6cm 15.5 cm 25.963.74 cu cm

. RADIUS HEIGHT VOLUME = nll'h

3) Cylinder* 7.4 in 16.7 in 2871.50 cu in
4) Cylinder 29.5 cm 52.8 cm 144.280.48 cu cm

5) Cylinder .54 m 1.6 m 1.46 cu m

6) Cylinder 72 ft 125.8 ft - 2.047.742.2 cu ft
'Students lb at instructed to round off sassier% to the newest hundredth place.

t "*.3.I4

The preceding exercise satisfies the, objectives stated earlier in this
article concerning the function of calculators in a classroom-setting. The
use of calculators to assist in problems on volume illustrates that more
intricate and exact dimensions of geometric figures which ordinarily have
not been part of the curriculum can be included as required classwork.

One of the goals of our progrim was to include exercises involving the
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use of calculators which reinforced recent classroom activities. In achiev-
ing thii goal, the facilitation of student interest in mathematics has also
been increased. The implementation of a faster and more efficient
method of problem solving' through the utilization of calculators sub-
stantiates still another advantage of our program.

SUMMARY

The use of calculators in the classroom' adds a distinctive feature to
any mathematics program. Based on four years of experience, it is the
feeling of the author that calculators have a definite function in a class-
room setting. At the eighth grade level calculators; if available, should be
an integral part of the mathematics program but only as a supplemental
aid to learning:

The following-list ,of guidelines is meant to assist those educators in the
process of initiating ayrogram involving the use of calculators.

1) The purchase of all calculators should include a one year ssarraitty to replace or re-
pair any malfunctioning toichine.

2) Distinct and permanent identification is necessary for all calculators and adaptors.
3) The authors highly recommend the use of electrical adapters as opposed to any type

of recharging device. Adaptors %sill provide uninterrupted and longer lasting sersiee

in the utilization of calculators.
4) A locking cabinet must be prolided to enhance the easy distribution, collection, and

protection of all calculators and adaptor;.
5) Designated calculators should be assigned to students so that a particular machine is

utilized by the same pair of students on a continuous basis.
6) Rules and regulations insolving the use of calculators must be clearly stated and en

forced so that students will exercise care in the operation of each calculator.
7) A trustssorthy student should assist the teacher in the distribution and collection of

calculators during a class period.
8) At least two full class periods of instruction should be pro% ided to all students %k-a-

vis methods of operating a calculator.
'9) Although educators should be urged to explore all asenues of incorporating-calcula-

tor Usage into daily lessons, we highly recommend that the utilization of calculators
not exceed one'experience pei week. The no% elts of calculators in a classroom en-
vironment can easily be eroded by oseruse that more importantly basic computa-
tional skills might esent ually become weaker.

Enrichment problems dealing with such topics as probability, statis-
tics, proportion, and geometric figures illustrate how easily calculators
can become a valuable tool in the study of mathematics. As an instru-
ment of great Motivational prowess, the incorporation of calculators into
a mathematics program is'rapidly and deservedly gaining prominence as
an essential resource. ^
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Section IV

USING CaeULATORS:

Suggestions froM Surveys, Research
and Classroom Trials
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During the 1976-77 school year, 560
hand-held calculators were introduced
into the mathematics instruction of
thirty-eight intermediate -level class.;
rooms in six Title I schools in the In-
dianapolis Public School System.
Approximately 1000 students were in-
volved and all teachers of fourth, fifth,
and sixthgrades in the six schools par-
ticipated in the project. The project
iris continued during the 1977-78
school year, but during the sect d year
teacher Participation was entirely vol-
untary.

The purpose of this project was to
investigate the possibility of improving
problem-solving performance and in-
creasing student interest in mathe-
matics by incorporating calculators in
the mathematics curriculum.

Classroom Materials and
Methods

To enhance the use of calculators:, a
variety of written materials was
provided to project teachers. A pub-
lication titled "How to Use,Your Mini-
Calculator" was prepared and distrib-
uted for orientation and familiarization
ofteachers and their students. Also, a .

guide correlating calculator use with
the adopted mathematics textbooks
was given to each teacher. The guide
proceeded page by page through the
textbooks and gave directions and ad-
vice on the many ways of using the
calculators as an integral part of in-
struction. The primary useSothe cal-
culators included reinforcement of

Glen Vannatta is supervisor of mathematics,
grades kindergarten thraugh twelve, in the In-
ilianapolis (Indiana) Public Schools. Lucreda
Hutton is an assistant professor of mathematical
Mentes at Indiana UniversityPurdue University

Induiniipohs. The authors were codsrecto of
terpropct reported In this ankle.

A CASE FOR THE CALCULATOR

By Glen D. Vannatta and Lucreda A. Hutton

computational skills, textbook problem
solving, supplementary practice with
large numbers, and extended out-of-
text problem solving.

In addition to the guide, a correlated
series. entitled "Problem of the Week."
was developed for calculator solution.
These problems concerned appli-
cations that were relevant and of cur-
rent interest to intermediate-grade pu-
pils. For example, dtiring the very cold
winter period, one problem concerned
earning money by shoveling snow.
The problems were graded in difficulty

Aso that fourth, fifth, and sixth graders
'could work on the same general topic
but at different levels of complexity.
Each "Problem of the Week ' was put
on transparencies so that teachers
could easily present the problem to an
entire class for discussion and calcu-
lator solution.

Teachers had considerable latitude
in the manner of their.use of the calcu-
lators. Pupils worked in pairs for most
calculator periods.,One pupil would
work a problem while the other ob-
served and niade a written record of
the work. Then an exchange was made.
In some activities the pupils played a
competitive game. For example, pupil
A would enter a multiplication fact
such as 7 x 9. Pupil B would have to
say aloud the product and then push
the = key to reveal the correct answer.
A point was scored for pupil B if he or
she was correct, or a point for pupil A,
if not. Pupils alternated in giving prob-
lems until a goal score was reached. In
this way skill in basic facts was devel-
oped or reinforced.

Teacher cooperation in the first year
of the project was highly variable. Al-
thoughhere was no open refusal to
participate, it was evident that a few
teachers did not support the premise of
`using calculators in mathematics class-
rooms to improve problem-solving

Reprinted by permis3ion,from Arithmetic Teacher 27: 30-31;
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abilities. Others were very ositive and
creative in fulfilling their obligations.
'One teacher developed a series of les-
ons on nutrition that involved prob-
lems about calories, vitamins, size of
servings, and soon. The integratidn of
subject matter was excellent, and the
calculators were used to arrive at con-
clusions that were interesting and
ineaningfuL

Equipment

The calculators chosen for the project
were basic four-function machines
with memory, percent, square root,
and sign-change keys. The keys were
large and color.coded. Wooden boxes
capable of holding one classroom set of
calculators in compartments were
made by the industrial arts depart-
ment. Each calculator was coded toin,
dicate school, teacher, and student.
Varying routines of checking out and
checking in the calculators from the. .

boxes were developed by the teachers.
The identification numbers and pupil
monitors proved very effective. The
matter of security was less serious than'
anticipated. Perhaps we were lucky;
but only two calculators were missing
at the end of the second year, and these
were lost in a school break-in, not as a
result of careless classroom manage-
ment. The calculator boxes were usu-
ally stored in a lockable cabinet or in a
closet when not in use. Only one calcu-
lator was damaged due to the extent of
malfunction by pupil abuse. About
four percent of the calculators devel-
oped malfunctions due to defective
manufacture and were replaced under
warranty.

Another concern centered on the
power source for the calculators. The
calculators used were powered by four
AA disposable batteries. Battery con-
sumption was less than anticipated. An
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estimate of battery cost is between $1
and $2 per, per calculator for mod-
erate or normal usage. As a backup.
AC adapters were included in the pur-
chase price of the calculators but were
not distributed or used. The specter of
a tingle of extension cords, the hazard
of electrical outlets in antique class-
looms, and security.problems limited
the usefulness of adapters in our judg-
ment.

Project Results

After two years-of operation ofthe
dianapolis PalicSchools calculator
project, we reached several con-
elisions, including the following: .

I. Management, Security, and power
source are minor concerns that can
be easily handled.

2. Most pupils are interested in and
motivated by calculators.

3. Most pupils can learn to use calcu-
lators quickly, carefully, and accu-
rately.

4. During the 1976=77 school year the
sixth-grade students registered a sig-
nificant increase in problem-solving
performance.

S. During the 1977-78 school year cal-
culator classes showed achievement
well above normal expectations in
both computation and problem ap-

. plications on the California
Achievement Test.

.6. Use oicalculators in intermediate-
level classrooms does not seem to
result in a decline in computation
performance. Although during the
1976-77 school year the fourth-
grade students registered a signifi-
cantly smaller gain in computation
performance than did the control
group, the 1977-78 results show no
indication'of a decrease. At the end
of the two year period, improved
performance was noted for most
classes,' r

The California Achievement Test
was administered to the calculator

:classes in September 1977 and again in
May 1978. For this period a grade
equivalent score difference of 0.8 could
'be expected in combined computation
And concepts/applications. The out-
COme observed was that 86 percent of

the calculator classes scored mean
grade equivalent gains greater than 0.8.
Actually, in 1977-78, computation
gains exceeded those for concepts/ap-
plications. No control group data were
available during the second year of the
program. The results were similar for
each of the three grades, fourth, fifth,
and sixth.

There are many factors that affected
student performance. It is not our in-
tention to claim that the impressive
gains were solely the result of calcu-
lator use. Other factors were present. as
in any typical school setting. During
the first year the research design in-
cluded a control sample. The Metro-
politan Achievement Test was admin-
istered for evaluation of computatiOn
and problem solving performance. The
second year did not involve a research
design with a control sample and the
California Achievement Test was ad-
ministered for evaluation of computa-
tion and concepts/applications. It is a
fact, however, that the calculators were
available and were incorporated into
the mathematics instruction cf these
classrooms and the students did show
very good gains on the California
Achievement Test iiibtests on compu-
tation and applications.

The teacher factor remains the most
important aspect of effective instruc-
tionwith or without calculators. The
teachers need and want curriculum
support from,the administration. In

fur opinion, a successful calculator
program must include effective teach-
ing materials correlated with the ongo-
ing mathematics program as well as
calculators..

If this study has value for elemen-
tary teacheri, it is the positive in-
dication that they can experiment with
calculators in-the classroom without
fear of endangering computational
skills, and thata thoughtful program of
instruction integrating calculators with
text material can be presented. The
only danger, it seems to us. is to place
calculators into a classroom and leave
the outcome to chance.

Editor's note: As this issue goes to press. the
authors report that the calculator project in the
Indianapolis Public Schools continues alive and
well. Three other Title I schools have been
added in an expansion of the project. Although
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no formal evaluation has been undertaken, feed-
back from teachers and standardized testing
gives evidence that the goals and approach are
effective. Another calculator project for high -

achieving pupils in grades four through six has
adopted some of thyame features and matenals
of this first project. The great importance of in-
service training of teachers in instructional uses
of calculators has also been demonstrated. 0
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CaleUlators
:What's Happening
in $chools Today?

By Robert E. ReYs,-Barbara Bestgen,
James F. Rybolt, and J. Wendell Wyatt

What's happening with calculators
in school's today? Are they tieing used?
If so, by wftat students? How do teach-
ers feel about usini,calculators in the
mathematics program? Should calcu-
lators be used on standardized tests?
Shdttld use of calculators be integrated
into basakmathematics textbooks? Ac-
curate answers to such questions are
essential in assessinh ae current status
of calcg:ator use in schools today and

Barbara te.agen is elementary mathematics sr!.
eialist for Parkway School District in St. Louts.
Missouri. Robert Reys is professor of mathematic:
education at the lni.iersity of Missouri--Colum
bia. James Rybolt is a ntathemtincs teacher at Es-
condido Nigh School. Escondido. California.
Wendell Wyatt as an assistant professor of educa-
tion" University Higf: School. Southeast Misiouri
state Uniyersit. Cape Girardeau. "Missouri.

more importantly, preparing for calcu-
lator usagt in the mathematics curricu-

lum during the 1980s.
During the 1970s many voices have

been heard debating the virtues and
dangers of calculator usage. A few
have cried out in fear that use of calcu-
lators will result in pupils who cannot
remember basic' facts or do traditional
paper- and - pencil computation. Teach-
ers, in particular. are concerned about
how calculators will affect students'
computational skills (Palmer). The
"rot-the-mind theory" has not been
supported by research (Suydam). Al-
though long-term effects of sustained
calculator usage are not yet known.
there iS ample.evidence that frequent
,use of calculators in elementary
:schools has no detrimental effect on

Reprinted by permission' from Arithmetic Teacher
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achievement in mathematics. Some
have proclaimed that the rapid growth
and sales of inexpensive calculators
and their consequent widespread avail-
ability to pupils demand that he
mathematics curriculum be reexam-
ined and that teachers use calculators
as an instructional tool. Still others,
through the NACOME Report (Gin-
ference Board of The Mathematical
Sciences 1975) and official poliq state-
ment by the National Council of
Teachers of Mathematics, have en.:
couraged schools to formulate calcu-
lator policies and to make these tools
available to pupils to be used crea-
tive and innovative ways of learning
mathematics.

;lea: for information about calcu
lator usage have been made at the

27: 38-4 3; February 1980.
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grassroots level by parents and teach-
en as well as by research groupsfor
example, the 'event Report of the Con-
ference on Needed Research and Devel-
opment on Hand-Held Calculators in
School Mathematics. One of the recom-
mendations from this conference was
to survey current instructional policies
to answer questio such as, How ex-
tensively are calculators being used in
classrooms? It is toward that end that
this trearch was conducted.

This Study

In the spring of 1979, A survey of class-
room leaders in Missouri was con-
ducted to Check the current attitude to-
ward and the extent of hand calculator
usage. Rather than mailing question-

-A

mires, which typically has less than an
acceptable rate of return, it was de-
cided to involve fewer teachers and to
interview each of them individually in
order to obtain more complete and ac-
curate information. Ten school districts
were randomly selected from the 1978-
79 Missouri School Directory. In order
to insure the representation of a variety
of school districts, two urban, three
suburban, three small co.nmunity, and
two rural school districts were selected.
The following criteria were used to
Characterize these four different types
of school districts.

Urban:. located in a metropolitan
area with a population ex-
ceeding 125 000.

Suburban: located in a municipality

56,

adjacent to an urban area or
within ten miles of an urban
area.

Small Community not suburban
and servicing a population
between'10 000 and 125 000.

Rural: not suburban and located in
a town with a population
less than 10 000.

Once a school district was selected. a
second stage of random sampling was
done to zhoose one elemertary, one
junior high, and one senior .o,h school
withili the district. The superintendent
of each district was contacted and
asked for permission to contact princi-,
pals within the selected schools. Eve 7S,
snptrintendent expressed keen interest
in the survey and agreed to cooperate.
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The third and final sampling stage in-
volved the identification of classroom
teachers. Every full -time mathematics
teacher in the junior or senior high
school was scheduled for an interview.
Two elementary teachers at each grade
level from grades I through 6 were
randomly chosen to be interviewed.

This procedure was used to schedule
interviews with 202 teachers in the ten
districts. Eight teachers were absent
when the interviews were conducted in
their schools. It was not feasible to re-
schedule these interviews so the results
of this survey are based on information
gathered from 194 teachers. Thirteen
percent of these teachers indicated they
were members of the National Council
of Teachers of Mathematics. Each in-

terview followed a similar set of ques-
tions and required from 10 to 25 min-
utes to complete. The questions used in
the interviews addressed key issues re-
lated to calculator usage. The protocols
were developed with the help of local
classroom teachers, mathematics coor-
dinators from several school districts.
and several mathematics educators.

Prior to the interviews, the teachers
were asked to survey their classes to
determine bow many of the children
had calculators available at home.
SixtY-eight percent of the students re-
ported having access to at least one cal-
culator. This percentage ,varied little
when looking at the data by grade
level. These percentages are she. (ly
below those found idthe 1977-78 Na-

tional Assessment of Educatibital Prog-
ress, which reported that over 75 per-
cent of the nine-year-olds, 80 percent
of the thirteen-year-olds, and 85 per-
cent of the seventeen-year-olds had ac-
cess to at least one calculator.

The opportunity to sit down with
teachers individually, outside the class-
room, allowed for gathering not only
factual information,`but also teacher
insights, questions. and concerns re-
garding calculator usage in the schools.
Highlighted here are several of the
questions used in the interview, along
with a description of the teachers' an-
swers ind comments.'

Does your school (school district)
have a calcularor policy?

An.overwhelming majority of the 194
teachers interviewed said no current
calculator policy existed in their dis-
trict. Seventeen teachers reported their
school had a calctflator policy, but the
exact nature of this policy was never
determined. The confusion among -

teachers' regarding this question appar-
ently stemmed from what,they thought
constituted a policy, whether it be writ-
ten or perhaps what their principal or
another teacher might have said to
them informally. Some Actual teacher
comments illustrate this uncertainty:-

"I don:t know if we have a policy
but I have heard we are not sup-
posed to use them."
"1 think our policy.prohibits calcu-
lator use."
"They can be used in the senior high
but our board policy'prohibits us
from using them in the junior high."
"Qur principal doesn't want calcu-
lators used in mathematics classes."

After talking with the teachers, in-
terviewers frequently contacted princi-
pals, curriculum coordinators, or dis-
trict superintendents in an effort to
track down specific policy.-In no case
were they able to locate a written pol-
icy formulated by a Board of Educa-
tion, superintendent, principal, or
mathematics department..

The interviews revealed that some
schools are beginning to prepare a pol-
icy or identify some guidelines for cal-
culator usage. If such a policy reflects
teacher input, it will be very flexible.
Of the teachers interviewed, none felt a



school policy should unequivocally
ban calculator usage and there were
none who felt it should be required.
The overwhelming feeling was that cal-
culators exist, that there are many ap-
propriate places for using them at all
levels of the mathematics curriculum,
and that the type and extent of this us-

_ age-should_be left up to the discretion of
Me individual classroom teacher.

This provides a background for the
questions that follow and the specific
tgatistics that are reported in table 1.
Although percents are reported in table
1, color coding is also used to provide a
visual interpretation of the results. Dif-
ferent shades, from light (0-20'0) to
dark (81-100%), suggest some trends
and patterns. Statistics are reported for
the whole group and for each grade
level. In some cases, totals for a given
question do not add to 100 percent.
This is due to rounding and in part to
some teachers not answering certain
questions. A careful examination of
table I will provide insight into inter-
preting the results of this survey.

Should calculators be available to
children in school? If so, to which chil-
dren? At what grade level?

Eighty-four percent of the teachers said
Calculators should be available to chil-
dren in school. Many were careful to
add that supervision by the teacher
should be an important element. Table
I shows a breakdown as these teachers
characterized which children and at
what grade levet calculators should be
used. There are certain trends in-
dicated by these data. One interesting
trend is that. in general. teachers are
likely to say calculators should be
used, but they shc,uld be uscd in higher
grades. For example. often fourth-
grade teachers would say calculators
should be available. "probably in the
upper grades and high school. but not
in my grade." This feeling that "it's
okay for everybody except my grade"
may lit evidence of the teachers' lack
of confidence in using calculators as an
instructiona! tool. Teachers were more
favorable toward using calculators
with all children rather than with only
the best or poorest students. At the
higher, grade levels, how4, it was
common tot teachers to comment
stout calculators being a time saving.

more efficient computational device
than paper-and-pencil calculations for
the best students.

Teachers who had used calculators
were asked ifit had changed their em-
phasis on mathematics content. Many
commented that not only could they
work more problems if a calculator
was- available, but also they-actually

*covered more topics. ThPv also re-
ported dealing more witn concept de-
velopment and less with computation
during their mathematics class. Fur-
thermore, more than 80 percent of
them reported observing attitudinal
changel in their students. Without ex- .
ception these changes were positive'
and were Tharatterized by teacher
comments describing students as being
eager to attack problems. showing
greater confidence in ability to solve
mathematics problems. and becoming
more excited about doing mathematics.

Several teachers reported an inter-
esting psychological problem resulting
from calculator use, namely, con-
vincing children that calculators are le-
gitimate tools to use in a mathematics
class. Some children felt it was cheat-
ing to use a calculator and expressed
guilt feelings when they used them.
I hese teachers said they worked hard
to dispel' this notion and to nurture the
idea that use of calculators in mathe-
matics class was perfectly acceptable.

Can children bring their calculators to
your class and use them?

Forty-two percent of the teachers re-
ported that children could bring calcu-
lators to their class and use them.
Many teachers, however, said this
question had never come up. Their pu-
pils occasir,nally brought their calcu-
lators to school to show their friends or
for play during free time, but they had
never asked to use them during a
mathematics lesson. Primary, senior
high. and experienced teachers are
most likely to allow calculators to be
brought and used in their classroom.
Whereas, table I reports far less inter-
mediate and junior high teachers al-
lowed children to bring and use calcu-
lators. Why? One explanation is the
heavy emphasis on computational al-
gorithms that are introduced and prac-
ticed and practiced and practiced ...
during this time. Use of calculators
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could greatly alter such a mathematics
curriculum!

Have you used cakuliztors in your
math class? What for? Would you like
to?
The most frequent use of calculators
was reported at the senior high level.
with little being done at the elementary
level.teachers who had used calcu-
lators reported using them most often
with problem solving, word problems.
and basic facts. These teachers in-
dicated they had found the calculator
useful for developing certain mathe-
matical concepts as well as for compu-
tition.

Of those teachers who had not used
cnielilntfNrc. fnrtv-tn pPrcAnt thPii
would like to. By far. the most desire
was expressed at the senior high level.
Elementary teachers generally ex-
pressed caution, saying they would use
calculators if they were convinced cal-
culators were an appropriate instruc-
tional tool and if they could receive
proper training. Several also indicated
a concern for declining test scores if
children used calculators.

Is special training needed to ,use cal-
culators effectively?
Elementary and junior high teachers
were clear in expressing the need for
training. In talking with some teachers.
it became apparent that they under-
stood training to mean learning to op-
erate their particular calculator. They
had not thought of training in terms of
learning ways to use the calculator ef-
fectively and incorporating it in their
daily lessons as another instructional
tool. Only 9 percent of the entire
groupmostly senior high teachers
had attended a calculator workshop or
training session, although 67 percent
said they would like to attend such a
session. Palmer (1978). in a survey of
leadership pertonnel responsible for
mathematics instruction found this
same attitude: "Teachers felt that there
was a definite need for workshops to
help them develop and improve their
competence in th° use of calculators in
mathematics instruction."

Teachers cited several reasons for
their lack of use of calculators in the
classroom. Primarily. inservice training
was not available. They also men-
tioned that they saw little reason to get



Table 1: Percentage of Teachers of Mathematics Who RespCnded "Yee to Selected

Questions from a 1979 Calculator Usage Survey. (N = 194)

Chrgenon,"---

Should calculators be available
to children in school?

Which children:

Legend

0- 20%

Eli61- 80%

41- 60% El 81-100%

A
Inter- Junior Saribr

Whole Primary modiste high high

25

8

What grade level:

primary'

Intermediate*

junior high

senior high..,

Can children bring their calculator
to your class and use them? 42

Have you used calculators in your
mathematics class? 35

Would you like to?

Is special training needed to use
calculators effectively?

21 26 28

Have you attended a calculator
workshop? 2 6 13 17

Would you like to attend a
(another) calculator workshop? : .---

. ..

7

a

Should children master the four
operations of arithmetic'before
they use calculators?

Does use of calculators cause
children to rose ability to compute
or to remember basic facts?

Would you support calculator use
on standardized tests measuring
concepts or applications?

Does your mathematics textbook
have activities written for
calculator usage?

Should your text have activities
for calculator usage?

37 49

1;T

%poi% want of towhoei who responded yea to this question and the procook2g
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training in this area when no calcu-
lators were available for use in their
classrooms. Although about 35 percent
of the teachers reported calculators
were available for classroom use, fur- -

ther examination showed this typically
meant a few calculators were available
in a mathematics lab or Title I mathe-
matics classroom, or perhaps a set of
calculators was available on a check-.
out system. Rarely were there suf-
ficient quantities to provide a calcu-
lator for every student or even for
every pair of students in a classroom.
Often it was found that teachers within
a school where calculators were avail-
able were unaware of their existence.
In no instance were there sufficient
quantities of calculators available to
provide for two or,more teachers who
wanted to use them at the same time.

When asked what sr :cific informa-
tion or material should be included in
a calculator training session the teach-
ers identified the following as high pri%
orities: sharing of specific instructional
activities and lessons that use calcu-
lators; discussions with teachers who
had used calculators and who would
share their perceptions and experi-
ences; learning of effective ways to
communicate with parents regarding
the role and value of calculators in a
mathematics program; and reporting of
recent research related to calculator us-
age.

Should children master the four oper-
ations of arithmetic before they usecal-

culators?

Eighty percent of the teachers felt chil-
dren should master this material prior
to using calculators. Several indicated
that if this was not done, the calculator
would be a crutch and children would
have little incentive to learn to com-
pute. Other teachers, however, said
some of these skills could be developed
with the calculator. One teacher re-
marked that if students could not com-
pute, they probably would not be able
to use a calculator effectively either.

Teachers generally agreed that with
slow students or students at the senior
high level who had never learned to
compute, a calculator should be used
because these students would probably
never learn to compute otherwise. This
comment is in the same spirit as a rec-



commendation found in the Overview
and Analysis of the School MatheMatics
Curriculum, K -12 report. although
none of the teachers interviewed men-
tioned this NACOME Report. None of
the junior high teachers reported that
calculators should be made 'available

10-theirpoorer-students.-whichis in di-
rect conflict with the NACOME rec-
ommendation "that beginning no later
than the end of the eighth grade. a cal-
culator should be available for each
mathematics student during each
mathematics class. Each student
should btpermitted to.use the calcu-
lator during all of his or her mathemat-
ical work including tests."

Does use of a calculator cause chil-
dren to lose the ability to compute or to
remember basic facts?

Few teachers said they could answer
this from first hand experience. but.43
percent felt that using a calculator
would cause students' ability to com-
pute to decline. Twenty-two percent
said they were not sure but would like
'to know. The ambivalency of the're-
sponses to this question reveals the
need for dissemination of recent re-
search on calculator usage. One of the
.common findings among such studies
is that children with calculators avail-
able during mathematics classes do as
well on traditional paper-and-pencil
computation tests as classes who have
never used calculatOrs. (Wheatley, et al
1979)

If a calculator is made available to
each student, would you suppoit calcu-
lator use on standardized tests measur-
ing concepts or applications?

When this question was posed. teach-
ers were reminded that most standard-
ized tests have a computation subtest
along with portions measuring appli-
cations, concepts, or problem solving:
and furthermore, their answers should
be directed toward the parts of the test
not dealing exclusively with computa-
tion. Over 40 percent of all teachers
said yes to this question and supported
their position with statements such as
the following:

*This would provide a better mea-
sure of what they know."
"Calculators are not going to give

$

,

them any answers,:they will do only
they are told to do." e`'

"Calculators are a part of the real
world and Should be, used,"1--,e,,,
"Calculators area toollike a pen-
ciland should be available."
"Calculators allow more time to con -
t entrate on the process."

On the other hand. teachers who felt
calculators should not be used on these
tests commented as follows:

o

"How will we know what they
know?"
"Standardized tests should reflect
what students know without a calcu-
12tne."

"Using calculators is not fair. stu-
dents must do their own thinking."
"I want students to have the skills I
leumed."
"It's like digital watches, kids won't
know how to tell time any more."

Does your mathematics textbook
have activities written for calculator
usage? --

A review of current textbooks reveals
few activities explicitly written for cal-
culator.usage. The interviews confirm
this: only 11 percent of the teachers
said their textbooks had such activities
and most of those were senior high
teachers. Over half of theIeachers said
the textbooks should include instruc-
tional activities proyiding for calcu-
lator usage. Several teachers felt that it
should be their responsibility .o adapt
textbook activities for calculator use,
but the overwhelming majority in-
dicated that problems taking advan-
tage of the calculator's capability as
well as instructional suggestions should
be included in their mathematics text-
books. Some teachers also stated that
such activities should be an integral
part of the content being learned and
not simply tangential problems, chal-
lenges, or artificial uses for the calcu-
lator.

Summary
This statewide survey of calculator us-
age in Missouri schools provides much
food for thought. Here are four of the
juciest morsels to chew on:

I. Sixty-eight percent of students,
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grades I through 12. have at least one
calculator available at home..

2. Eighty-five percent of all teachers
said calculators should be available to
students in school.

3. Almost two-thirds of the teachers
said that special training was needed to
use calculators effectively.

4. Over half of the teachers would
.like to have calculator activities In-
tegrated within their regular mathe-
matics textbook.

There are many other interesting
findings but these four document that
teachers perceive the need for calcu-
lators within the school mathematics
program as well as their own need for
inservice training with them. Further-
more, a sizeable portion would like cal-
culator activities included within their
regular mathematics program.. Taken
collectively, these morsels as well as
the overall results from this calculator
usage survey suggest,that things are k'
changing; but ,much more leadership.
direction, and training is sorely needed
if calculators are to be used to, their
fullest potential.
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CALCULATORS IN THE ELEMENTARY SCHOOL:

----- A SURVEY OF HOW AND WHY

by

Leonard E. Etlinger and Earl J. Ogletree

The availability and decreasing cost-of hand-held calculators has put

pressure on educators Lid carefully consider the issues related to classroom

utilization of these devices. During a series of National Science
Foundatibn-funded activities* in Chicago and St. Louis from 1978-1980,

inforv'ation was CollectedY4rom more than 400 participants with regards to

how and why calculators shOUld be used in the classroom. The objectives of

the sessions were information spread and exchange, and facilitation of

decision-making: the participants included teachers, administrators, and

parents.

Opinions on the issues appeared to have a common consideration;71..e.,

implementation of hand-held calculator programs should be based on sound

policy, well-defined procedures, and the caution due any innovative

activities in education. 'The participants agreed that teachers need to be

aware of how, when, with whom, and under what conditions calculators can be

used in the classroom. They felt that calculators should be usd to

reinforce basic facts, discover new concepts, explore number patterns, play

instructional games, solve applicable problems, and aid in".a wide variety

of math, science, and other subject-matter learning The only significant

caveat developed by the participants was that

Calculators, like any educational
innovations--whether ideas, mater-
ials, or devices--can be misused
in the classroom. With calculators
suchrmisuse could be highly detri-
mental to the students' arithmetical

development.
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Findings

The participants first responded to a variety of questions in discussion,

debate, or panel response formats and later formed working groups for the

development of recommendations. Responses to selected questions and issues

are presented next.

*This material was prepared with the support of the National Science

Foundation Grant Number SER 77-20715. Any opinions, findings, concluSions,
or recommendations expreSsed herein are those of the authors and, do not
necessarily reflect the views of the National Science Foundation. In the

operation of this and other projects, Chicago State Universit. has not and
will nct discriminate against any person on the grounds of sex, age, creed,
color, or national origin.
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CALCULATORS IN THE ELEMENTARY SCHOOL:
A SURVEY OF HOW AND WHY

Can Children Learn Mathematics From Using Calculators In School?

Responses were almost entirely positive. Some typical responses were:

Children can explore the ideas behind arithmetic,
concepts of mathematicd, numerical patterns, very
large and very small numbers, etc.

Calculators can help with basic facts, multiplica-
tion and division, order of magnitude, intuitive
concepts, an0 motivation in math.

Children will learn more because it will be more.
interesting and fun.

Kids can work with very large numbers and experi-
ment with a variety of processes such as the square
and root of numbers.

Calculators can reinforbe place value and number
sequence. Approximation techniques can be
developed.

Should Students Be Permitted To Use A Calculator All Of The Time in School?

Probably Not! Children need to learn facts and'

basid skills without : alculators.

Math activities should be planned specifically
for calculator or noncalculator usage. Attention
should be given to the objectives of the activities.

Children in junior and senior high school should
probably be allowed to use calculators in most of
their school work and tests.

Very young children (kindergarten and-first grade)
should,only use calculators in a few carefully
designed instances.

Can Calculators Facilitate Creative Thinking In Students?

(.4

Most responses were affirmative. It was felt that calculators could
enhance creativity

There are many fine examples of activities where children
use their own creativity together with the calculator in
numerical exploration.

Pencil and paper calculation, particularly When not
mastered properly, restricts creativity.



Students are not limited to "nice" or "easy" numbers.

Decimals, nonintegral quotients, large numbers, and
negative numbers can More easily be used in problems

which are to be solved by calculators.

Some students will attempt difficult problems which

they would not think of trying without calculators.

The gifted or advanced student will be challenged to
explore sophisticated problems and concepts.

Should Children Use Calculators Before They Have Masteied The Basic

Facts?

Children must, eventually, be able to perform basic

arithmetic without calculators.

Calculators are motivational; this motivation may result

in kids learning basic skills.

Children should still learn,basic skills without calcula

tors, for the most part, and use calculators for other

types of math learning. This other math learning could,

in some instances, take place before basic skills are

mastered.

Possibly, older kids, who have still not mastered basic

skills can benefit by moving on in math and science

with the aid of the calculator.

Should Calculators Be,Used On Tests?

Clearly not on tests of basic arithmetic skills.

They probably should be allowed on most higher level

tests.

Tests should reflect real life needs. When appropriate,

test rules should be changed to allow the use of

calculators. National and regional tests, including
standardized achievement tests, college admissions

tests, and vocational aptitude tests, should be

reviewed n light of this changing technological

aspect of society.

The project participants also generally agreed on the following points:

Calculator activities must be carefully
designed if genuine learning is to take

place.

Teacher training will be critical to
proper school utilization of calculators.
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- Many math actiVities, particularly in the

prictiry grades, must still be done without

calculators.

- The greatest threat posed by calculators
is-that of misuse in the classroom. Poor

teachers might use calculators as an excuse
to avoid real teaching and learning.

- Continued exploration, research, curriculum
developthent, and policy formation Is needed.'

Recommendations

In a variety of working droups the project Participants developed the

following recothmendations and statements concerning school utilization of

calculators.

1., Primary Grades (K -3).

A.', Recommend usage of calculators to:

1. Develop an understanding of the number system

(a) provide additional practice with number sequencing and

number recognition
2

(b) develop place-value concepts

(c) provide additional drill with basic facts

(d) become more familiar with basic operations performed on

numbers and number patterns

(e) to aid in introducing the concept of fractions

(f) to help the student become proficient in estimation

(g) reinforce the base ten system metric, money)

2. To concentrate onTroblem-solving skills

3. To promote success in arithmetic for slow learners

4. To challenge the gifted student

2. Middle Grades (4 -i)

A. Reinforce and follow-up of ideas in grades (K-3)

B. Develop objectives for hand-held calculators in the curriculum at

each grade level
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C. Each grade level and/or department should

.., 1. Integrate calculators into the curriculum by means of various

topics, such as

- (a) Science - interpreting data
- measurement
- metrics

(b) Math - money, estimation, averages, place value, story

problems,

(c) Economics - consumer education

(d) Social Studies - map skills.

2. Utilize calculator activities that correlate with the scope and

sequence of their math texts

3. Grades (7-12)

Uses - In review for preparation for high school placement tests

- To reinforce-fractions, decimals, and related patterns

- Review concepts rather thad tedious calculations

- Formula work - quick calculation (e.g., areas and volumes)

- To promote creativity in students to develop their own games

and problems

- Creating math lab activities to reinforce concepts

Solve statistical 'pioblems and their application

- Use to aid in the solution of real life problems

To check answers and formulae of algebraic problems

= Introduction of programmable calculators to calculate

commissions, mortgages,taxes, and interest.

The following recommendations were made regarding teacher training.

- Staff Development

Staff dev opment program should be sufficient to meet the objectives

establishe for each of the grade and/or department levels: Primary,

Intermedia e, Junior High,"Senioi' High.

0



Suggestions include:

1. In-service workshops

2. In-servicecredit o41: payment for courses

3.' Funds for resource people, professionals, video-taped lessons

4. Released time to observe programs functioning

Facilities (beyond those available through an individual school district)

for providing in-service training should be:

(a) University and college, extension programs

(b) University and college short,toUrses

(c) Facilities such as a learning center or teachers tenter.
The teacher centers should provide facilities for staff

development in the use'of hand-held calculators.

5. Schools should train their own teachers to use calculators
proficiently and have one "very proficient," or troubleshboter

teacher, to helpout with teacher problems; could be another

professional, or a resource, to help with teaching problems.

6. Faculty must be supportive so there Is no one undermining the

program. School personnel (and parents) must be convinced.

7. Some guidelines should be established on use of calculators.

In addition to these'sUggestions additional research should be done to

discover the "best" we of calculators in teaching and learning. T

The participants in the workshop and survey.were asked to list materials

needed to implement and develop a Calculator program in their school.

Materials

'- Supply enough-calculators for largest class in school
(It is probably important that this set consists of

one standard model)

- ,Booklet with suggested outline format including con-

ceptual and skill activities appropriate to grade.
level

- Individualized packet for student enrichment

Teacher packets that can be used in classroom situ-

ations
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Identification of the use of the calculator in subject

matters other than math and science;..setting up pac-

,kets to be used

ro Identification of the model of calculator used

Identification of the updated resource materials

available

Learning Center activity books

This document may be obtained from EDRS as ED 191 741.
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Using Electronic Calculators With
Third And Fourth Graders:

AFeasibilityStudy*,

George F. Lowerre, Alice M. Scandura
Joseph M. Scandura, and Jacqueline Veneski

MERGE Research Institute
1249 Greentree Lane -

Narberth. Pennsylvania 19072

During the summer of 1974, a sequence of mini-experiments was con-
ducted by the authors,'exploring ways to use electronic calculators with
children ages 5-7. The results showed that the children responded en-
thusiastically to the calculator, and that the students who used them
showed considerable gairs in mathematics achievement.

As a sequel to this sequence of mini - experiments, a small experiment
was run using the hand held calculator with children ages 7-9. The exper-
iment was designed to help answer these questions for grades 3 and 4: (1)
which standard mathematics topics can be taught most effectively using
the hand held calculator? (2) What implications does the hand held cal-
culator have for problem solving situations? (3) What new mathematical
topics can be successfully introduced because of the availability of the
electronic calculator? For comparative purposes, a standardized mathe-
matics achievement test was administered both before and after the in-
struction.

Five third and fourth grade children participated in the study during a
ten week period in the fall of 1974. Three of the children attended regu-
larly and were given the Metropolitan Achievement Test, both before
and after the instruction. The other two attended irregularly, and were
not' tested. Instruction took place during 32 class meetings during the 10
week period, with each meeting lasting 30 to 60 minutes.

Among the topics which were introduced were the following:
Operation of the calculator.** '

Using large numbers on the calculator. The children discovered that
some large nuMbers, sucu as 180 billion, cannot be shdwn on the calcula-

.,

tor.

Writing numbers using only the 1, 0, + and = keys
Negative numbers (introduced using temperature and a 'number line

with space's to the left of 0); addition of signed numbers:
Internal logic of the hand held calculator; discussed visual appearance

and unseen memory of the calculator as a problem is entered.
Estimating: getting "ball park" answers for addition and subtraction

problems, then using the calculator tc check the estimate.

This mearch as supponed Inas instruments. Inc. orkna under contract wars the MERGE Instinne.

Texas Instrantenu Model Tf 2300+as used throughout 0:restudy.

Reprinted by permission from School Science and Mathematics

78: 461-464; October 1978.
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Number tricks (take a number with 3 different digits, reverse the
.digits, subtract the smaller from the larger, the sum of the difference and
the difference with the digits reversed is 1089)

Area
Decimals (introduction to tenths and hundreths using a square divided

into 100 parts; addition, subtraction, and multiplication of decimals)
Decimal-fraction equivalencies
Inequalities with decimals
Unit pricing
Flow charts for adding and multiplying using the hand held calcUlatot..
Prime and composite numbers; prime factorization of numbers up to

SO.
Throughout the ten week petiod, a great deal of time was spent review-

ing and practicing the arithmetic operations with whole numbers and
decimals.

For the three children who attended regularly, the results on the
Metropolitan Achievement Test (reported by glade level) were as
follows:

Before _.
litstruction

: After
Instruction Gain

Computation 4.3 6.2 + I yr. 9 mo.
A Concepts 7.3 7.7 + 4 mo.

(age 9) Problem Solving 7.0 7.0
Total 5.6 6.9 + I yr. 3 mo.
Computation 3.8 5.5 + I yr. 7 mo.

B Concepts 3.8 5.6 + 1 yr. ,tt mo.
-(age 7) Problem Solving 17 4.9 + (.yr. 2 mo.

Total 3.6 5.6 + ryr.
C.mputation 14 2.9 + 5 mo.

C Concepts 3.8 4.9 + I yr. I mo.
(age 9) Problem Solving 3.4 4.4 + I yr.

Total 3.0 3.7 + 7 mo.

While these large gains in mathematical ability are quite impressive,
several limitations must be mentioned. Small group, essentially indi-
vidualized instruction, is not typical, of the classroom teaching-learning
environment. In a one-to-one situation, a skilled and careful teacher can
immediately correct any misconception, and adjust work level to student
needs. For example, one child was given a quick review of subtraction of
whole numbers when he experienced difficulty in subtracting decimals.
Also, the Metropolitan Achievement Test relies heavily on accuracy in
addition and multiplication tables, and much time was given to practive
on tables, albeit with the calculator.

However, these facts are not enough to entirely discount the very real
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gains that were shown. Several of the children were in the upper range of
the scale origir ally, and the retest did not necessarily represent a real
power test for them. Gains in areas such as understanding of negative
numbers, comprehension of flow charts, real world problem solving
skills, and actual ability to compute with the hand held calculator were
not measured at all. Nor will they be measured in other standardized tests
generally in use.

SUMMARY

As a result of this study, we would like to offer these tentative answers
to the three questions asked about third and fourth grade mathematics.

Question 1: Which standard mathematical topics can be taught most
effectively using the hand held calculator?

a) The hand held calculator is especially useful for testing and practic-
ing place value skills with whole numbers and decimals. Quick, non-
tiring practice (as contrasted with written practice) can be given.

b) Negative-numbers hre discovered through just "playing" with the
hand held calculator. Formulas such as A <B A B = can be

-tried with-many-numbers so the child can See the pattern.
c) Decimal and metric measures,. including area and volume, can eas-

ily be taught.
d) Prime and composite numbers can be more easily identified, be-

cause of the capability of quickly and accurately checking factors.
e) The calculatdr is especially good for going from fractions to deci-

mals, but difficult the other way.
f) In general, a guided discovery method can be used because the

children can quickly try many examples and detect patterns and -algo-
rithms.

Question 2: What implications does the calculator hold ;or problem
solving situations?

a) The students are able to obtain much more practice with "real
world" verbal problems (which are closer to real life than typical verbal
problems are). The children do not have to write the equation, which can
be tiring, nor do they have to remember the numbers and operations
mentally.

b) One surprising benefit of using the hand held calculator in a verbal
problem solving situation was a test of how quickly different children
process oral information. A teacher can readily detect children with weak
listening skills and weak short-term memories by taking note of children
who continually need the problems repeated. In fact, practice with this
type of problem and increasingly longer and more difficult examples

, seemed to help the children gain speed in listenihg skills.
c) The children enjoyed and were highly motivated to try fairly com-



plex real world problems involving several operations. Teachers used the
calculator to explore large number, problems that occurred in other sub-
ject areas such as social studies and language arts. Students made up
their own problems and tried solutions, often discovering a need for
operations or algorithms which hadn't yet been taught.

d) Because the computation is done easily, the emphasis in teaching

can be placed on problem definition, delineation of relevant and irrele-
vant information, operations involved, formula and equation writing,
pattern recognition, and algnrithm formulation.

Question 3: What new mathematics topics can be successfully intro-
duced because of the availability of the electronic calculator?

a) In general, from the brief experience in this study (grades 3-4) and
discussion with teachers, the standard mathematics curriculum can be ex;

panded in computation to include use of numbers of greater magnitude.
A shift of emphasis occurs, so that estimating skills, the use of negative
numbers, and decimals occur at a much earlier time than normally taught

the standard mathemadcs curriculum. In other areas, such as pre-corn-
puter_skills, t he_use_of_fl zw charts_ and discoveryofJ_!ciebugging'_'_tech- _

niques become an intrinsic parfof the curriculum.
b) The teacher has an opportunity to spend more time on concrete

representations of concepts since she can check instantly for student
understanding by having the children show answers on the calculator.
Patterns can be more easily detected and explored. The children are not
tied to a writing surface when they explore mathematics.

c) The teachers expressed a desire for problems using large numbers.
As one teacher said, "a book of 'fantastic' large number word problems
is-needed. Things kids can relate to,-such as large number attendance fi-

,
gures as parades, fairs, or numbers of hamburgers or pizzas eaten at a

restaurant."
Finally, we should comment on one concern 'expressed to us by

teachers: How will students who have used the calculator do on stand-
ardized tests? Our strong, but tentative results should help in this regard.

In this study we incorporated many activities using the calculator to
"drill" the children in addition combinations and times tables. These
activities could easily be incorporated into any calculator curriculum.
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The Calculator in it

the Classroom
By Norma Zakariya, Margo McClung, and Alice Ann Winner

The hand-held calculator was intro-
duced into the mathematics Curriculum
of the United Nations International
School at the upper-elementary level
during the 1977-78 school year. The
new progra:n was inspired by a sum-
mer. workshop at Teachers' College.
Columbia University. Calculator in-
struction begari on an experimental
level in a fifth-grade class in November

Parma Zakariya has been teaching third grade at
the United Nations International School in New
York since 1975. Iler previous experience includes
teaching third grade in Scotland. fifth ETA, in
Venezuela. and grades three hr ^h seven m Ma-

laysia Margo McClung has been teaching fourth
grade at VMS since 1975,11er previous experi-
enceincludes teaching grades two through six rn

the Internatiowl School in Manilla. Philippines.
, and third grade in Columbia. Alice-Ann ginner

has been teaching fifth grade at VMS since 1976.
She previously :ought fifth grade at the American
International School is Henna, Austria.

1977. This was followed by instruction
in a fourth-grade class, and later in a
third-grade class.

The goal at the fifth-grade level was
enrichment of the existing curriculum
and instruction was organized to dem-

onstrate-the-use-of the calculator as a
learning tool for exploration of con-
cepts too difficultio<execute without it.
The main direction of the instruction
at the fourth-grade level was extension
and expansion of the existing curricu-
tun! , especially in problem solving.
\Lessons were developed, also. to dem-
onstrate the use of the calculator in
real-life situations.

The experiment was not begun in
the third grade until February 1978.
This was not by design, but happened
to be the point in the school year when
the experiment had already shown en-
couraging results in the twohigher
grades. It did prove, however, to be the
optimum time to begin: the children

Reprinted by permission from Arithmetic Teacher 27: 12-16; March 1980.
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had reached a maturation level in their
skill development that enabled them to
profit from calculator instruction. The
instructional emphasis was varied: re-
inforcement of basic concepts, devel-
opment of number sense, problem
solving, and a greater appreciation of a
mathematical system.

The parents were informed of the
program and the rationale behind it ei-
ther at the open-house at the beginning
of the school year. or by letter prior to
the start of instruction. The solid sup-
port of the administration and the en-
thusiasm of the children greatly con-
tributed to the success of the
experiment.

Three examples of lessons taught in
the various classes are described here.
These particular lessons are repro-
duced in this article to illustrate the
diversity of the program and not be-

% cause they are necessarily the best ex-
amples of the many lessons prepared.
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Third Grade

Subtraction with regrouping

Third grade children often have diffi-
culty in understanding the concept of
place value. Subtraction with regroup-
ing is, therefore, a process which they
frequently find hard to master. The
lesson in figure 1 was designed to help
them overcome their problems in these
two important areas.

The steps were as follows:

1. The child decidei if regrouping is -
necessary.

2. If so, the child regroups without
the calculator.

3. The child then enters the ele-
ments of the regrouped number on the
calculator to check that the regrouped
numt,er does equal the original num-
ber.

4. The child proceeds to subtract.



We found that those children who
had been unable to cope with the con-

, cept prior to instruction with the calcu-
lator were able to do so upon com-
pletion of these exercises. Even
children who had been successful be-
fore the calculator was used found this
lesson fascinating and developed a
clearer understanding of the operation.
We felt that the lesson not only facili-
tated the teaching of the subtraction-
with-regrouping concept, but also in-
creased the children's basic number
sense.

Fourth Grade

Estimation

Fourth-grade children frequently have
difficulty understanding the concept of
estimation and the value of this proc-
ess. The lesson in figure 2 was designed
to demonstrate that estimation is a us-
able, everyday process. It was plannedto
(I) broaden the understanding of esti-

mation;,
(2) give an added dimension to the use

estimation;
(3) show how estimation may be ap-

plied to everyday life.

The children were asked to bring a
grocery advertisement from a newspa-
per or a flyer from a grocery store.

The children found that the calcu-
lator freed their minds to concentrate
on developinia method of spending
the money within certain limits. In
problem D, the children faced a new
situation and found the calculator in-
valuable in finding the cost per ounce
and finding the better buy. The exer-
cise increased the pupils' understand-
ing of grocery shopping and the use of
She calculator in an everyday situation.
They thought about the problem to be
solved and not just the arithmetic.

Fifth Grade

Number theory: Quadratics

In this introduction to quadratic equa-
tions, the goals were to

(1) extend mathematics knowledge by
exploring new mathematical ideas;

Fig. I

Regrouping

Copy the examples and write the missing numeral.
Use your calculator to check your work.

For example:

988 8 18 0

Find the sum of 800, 180 (18 tens), and 8 ones. The sum 98
988 will appear, which is the number you regrouped.

1 . h t o 2. h t o 3. h t o 4. h t" 0

7 8 5 6 4 3 4 0 2 3 9 7
? 18 5 ? 14 3 ? 10 2 2 7

5. h t 0 6. h t o 7. h t 0 8. h t 0
2 5 9 0 7 5 3 2 3 1

2 4 ? 10 7 5 2

Subtraction (Regrouping When Necessary)

Do the following subtraction examples

E 260 2. ) 60 3. 87 4. 89
:-130 70 36 43

5. 106 6. -144 7. 129 8. 143
12 63 82 757

9. 474 10. 146 11. 243 12. 243
187 107 137 162

Now,use your calculator to check your answers. If you made an error, do you know what
you did incorrectly? Did you

(1) Regroup incorrectly?

. (2) Subtract incorrectly?

Try not to make the some error again.

(2) explore alternate methods of prob-
lem solving;
introduce, at a basic level, an alge-
braic concept as a transitional ex-
perience preparatory to formal in-
struction in the middle school.

(3)

The students were told that the exer-
cises would help them extend their
knowledge of mathematics by explor-
ing new ideas. They were given the ex-
amples in figure 3 with the information
that the numbers that were needed to
make each sentence true formed a type
of pattern. "They were challenged to
find the pattern, and asked if there was
more than one pattern.
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Conclusions

Questions have been raised in the re-
cent literature concerning the best use
of the calculator in the elementary
classroom. Should it be used as a tool
of the existing curriculum or should
the curriculum be Changed to imple-
ment the calculator? Both uses were at-
tempted at U.N.I.S. The third-grade
lesson on regrouping demonstrates
how the calculator can be used effec-
tively to promote better understanding
of a textbook lesson involving a con-
cept that many children find difficult.
The fourth-grade lesson on estimation
goes one step beyond this approach.A



Fog. 2

A. list the costs of six items on your grocery list in the column morked "real." Round this

figiire to the nearest ten (or hundred) and list the rounded figure in the column

marked "estimate." Then find the real total of your grocery list and the estimated,

total.
Real , Estimate

1.

2.

3.

4.
S.

6.

Total

What was the difference between the real and estimated totals?

B. If you gave the grocer $30, would you receive change?

C. You are in the grocery with 510. From your grocery list, estimate the cost of eight

items that you could buy with your $10 and hove the least amount of money left

over.
item - Estimate

1.

2.
3.

4.

5.

6.
7.

8. Total

D. You wish to buy an item that is sold in two sizes:

Size 1

Size 2

240 g @ $1.09

480g @ $1.79

Without using your colculotor, which one is the better buy per gram?

With the calculator, how much does a grom cost in each size?

Size 1 Size 2

Which size would be the better buy?
ings per gram be?

How much would your SONN

textbook topic was selected, but the
lesson was made more challenging.
The calculator relieved the children of
the burdensome calculations that more
difficult new material involves. The
fifth-grade lesson illustrates how the
calculator makes it possible to go
beyond the curriculum, studying a
topic not normally included in a fifth-
grade textbock.

New dimension

Concepts once thought too difficult for
a particular age group were explored
and understood with the help of this
new tool. The children seemed to de-
velope a much better number sense.
Problems that the vast majority of the
children were unable to solve without
the calculator became manageable for

all. It was possible to concentrate on
analyzing how to solve the problem
oncethe calculator relieved the chil-
dren of the cumbersome computation
involved in arriving at the solution. In
short, the calculator was not simply
used within the-limitations of the text-
book. Its use compelled the teacher to
rethink traditional ideas and added a
whole new dimension to the teaching
of mathematics.

Increased understanding
Many children elected to work in pairs
rather than individually. Invariably
this promoted discussion and increased
their uuderstanding of the ideas and
processes in their specific assignments.
which, in turn, meant an increased
level of interest and success. The work

Fig. 3
For each number sentence there is a .

number that will make the sentence true.
fincro number for each sentence. Do you .

see a pattern in the numbers?

1 (--._ X ___) (5 X _____) + 6

2. (........... X _____) (8 X _____) + 15 = 0

3 (...:_. X _......) (15 x ____.) + 50 = 0

4. (.___..... x ___) (13 x ____) + 22 = 0

S. ( x ........) (102 x _____) + 200 = 0

6. (..._ X _____) (37 X ......_) + 70 = 0

7. (.._ X _____) (108 X _____.) + 800 = 0

8 (.____ x ._) (7 X _____) + 10 = 0

9. (..... X _) (28 X _____) + 75 = 0

10. (_____ X ._._) (16 X _) + 55 = 0

From A Teacher's Notebook' Mathematics CoOrtight
1975 National Association of Independent Schools.

Used by permission.
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with calculators also established that
those children with a good visual mem-
ory found it easier to memorize com-
putation facts with the continued use
of the calculator.

Exploration and discovery

Some of the calculator lessons viere de-
signed so that the children were com-
pelled to explore and discover. In a
lesson on number theory, for example,
they were first asked to try certain ex-
amples. with the calculator. They then
had to solve similar examples. applying
what they had discovered. without us-
ing the calculator.

Expansion

Problems which the vast majority of
the class had been unable to solve
without the calculator now became
manageable for all. It was possible to
concentrate on analyzing how to solve
the problem once the calculator re-
lieved the children of the cumbersome
computation involved in arriving at the
solution.

Motivation

Without exception the children found
the calculator added excitement to
math lessons. The fact that the weekly
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7 7

calculator lesson was a class activity,
rather than the customary group or in-
dividual instruction. provided an inter-
esting change. Children with little prior
success in math were elated to find that
they could also attain success. The
more advanced pupils found the mate-
rial challenging. They were encour-
aged to assist any classmate having diffi-
culty. The children discovered that the
calculator did not lend itself to every
type of problem. but was invaluable in
the more complex mathematical opera-
tions at every grade level. The general
consensus was that the calculator is
"fun." 0
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We had just finished a semester of
using simple handheld calculators in
our fourth-grade mathematics class. I
had given every student a sheet of pa-
per and asked each to write what, for
them, was the hardest thing about us-
ing the calculator. I got a variety of an-
swerspushing t I wrong key and for-
getting to "clear" it, turning the
calculator off before a problem was
finished, making a mistake and having
to start all over again, and most reveal-
ing of all, "When you use a calculator
you havesto-think:,

Several years ago wethad secured
several old office calculators, the noisy
"clunkety-clunk" variety of the forties
and fifties. The kids had had a great
time adding and subtracting. But mul-

tiplying and dividing were more diffi-

cult since you had to wait for all those

Phyllis Meyer teaches mathematics in the fouith

rout fifth grades at the Watt Elementary School

in Denver. Colorado. She was involved in estab-

fishing the first public school mathematics labora-

tory at an elementary school in Denver. She has

alto had expertence in teaching computer pro-

yawn* in ice elementary school.

"clunkety-clunks." The paper-tape
adding machine was better, but still
multiplication and division were nearly
impossible for my fourth graders.

For several years the sixth-grade
mathematics students of our school
have operated a School Store that car-
riesschool supplies such as pencils. pa-
per, and so on, at a very low price.
Profits were accumulating and we de-
cided to purchase twenty-five simple
four-function, rechargeable, hand-held
Calculators. We had earned half of the
funds through the School Store and the
generous PTA donated the other half.
Having read many articles about the
advantages and disadvantages of hand-
held calculators in the classroomin
Particular, the November 1976 issue of
the Arithmetic Teacher, 'a special edi-
tion on minicalculatorsI was ready
to give it a try. My students were cer-
tainly eager to have "instant answers"
for their arithmetic problems.

I began by using a series of activities
designed to help'students learn the
function of each key. The + key was
easy, so was the x key; but the

tricky key sometimes gave you a ""
in front of your answer. We explored
to and why this happened and discov-
ered that zero was not the beginning of
the number linethere were negative
numbers. We worked with negative
numbers for a few days, trying. in par-
ticular, to understand when and why
they Might occur in everyday lifethe
thermometer, the family checkbook,
and your allowance when you borrow
on next week's allowance. We experi-
mented with using the function keys
with negative numbers.
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Some students discovered that push-
ing a function key more than once
would cause the calculator to keep re-
peating the process with the number
last entered. We used this with the x
key to talk about scientific notation
and powers of numbers. The key

gave us some very long. strange look-
ing answers, usually with a decimal
point somewhere in the string of num-
bers. Place value had to be rediscov-
ered. The ones column was not always
the column on the far right. Once the
basic understanding of place value was .
developed, students could easily con-
vect fractions to their decimal equiva-
lents and add, subtract, multiply, and

divide them.
Now that we knew what the function

keys would do, we could get started.
We played some simple games, with
the children playing .with partners. We

took the School Store price sheet and
"spent" all kinds of money. We bought
things &Om catalogs and "played
store," using the calculators. We dis-
covered that some numbers looked like
letters when we turned the display up-



si e down. We worked problems that
ga e us answers that would shell words

if v,, got them correct. Students wrote
thci own problems to give "word" an-

eswerf. Some of the problems came
quiteinvolved. with several t pes of

opera cons required to get the answer.
All of here activities aoquaidted the
studen with the capabilitie4 of their

t?calculat rs. as well as with same of the
hazards nvolved in,using them.

So far, all was a bed of roses. You
punched ertain keys and glt certain
answers. The game sheets alt had "+",
"", "x", r "+" telling yoti what to
do next. The buying activities were a
little harder but adding and sub-

-tfacting-sum of money was 'something
the children ere all familiar with, be-
sides being lo of fun. I

Probably th most valuable part of
our project in sing calculators wasin
-solving some q al" problenis. Now we
had to think. W talked about how we
would go about olving each problem.
We used role pla ing on some of the
harder ones. Did we want the answer
to be a "big" number or a "small"
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number? We began with some simple
problems, solving them Together as a

,Cass. After we had discussed the prob-
lem, the students worked it individ-
ually on their calculators. Then we
asked ourselves, "Does our answer
Make sense? Is it about the right size?"
If not, then we tried again. We learned
to roundnumblrs and to estimate. And
we discovered that we still needed to
know some basic arithmetic facts to do
this.'

We used our developing problem.
solving skills in consumer mathematics
situations with a variety of materials.
some even on the junior high level.
Sometimes the solutions got very in-
volved. Our simple calculators had no
memory and sometimes we had to use
our paper and pencil to "save" num-
bers we needed to use later.

I made up problems with outrageous
numbers to be computed. Students be-
gan to create their own story problems.
using a variety of operations required
for solution. Surprisingly. come of the
most successful pioblem solving was
done by the average students. The stu-
dents who could "reason" through a
problem and know what should be
done were successful because they
were not burdened or hampered by a
laci of computational ability. The cal-
culator could do that for them. The
frustrated students were the ones who
had always been told "what to do."
Even though they could recite all the
multiplication facts in two minutes.
their reasoning abilities had not been
developed. Soon, though. with much
encourageinent, these students began
to experiment: Will I get a reasonable
answer if I do this? No? Then I'll try
this. They began to reason and to
think, but not always before they
acted. If they did have to "try again." it

was not a defeating. laborious prObess

because the calculator; would do the
calculations for them. They began to
learn how to "reason through" a prob-

km.
A change in attitude was evident

very early in the project. Students who
had previbusly been of the "I hate
math" variety were now saying. "Do
we have to stop now?" We still had
some basic drill and practice, but the
drudgery was gone when you could
check the answer with a calculator and

2 .
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know right away if you were right or
wrong.

As I look back over my lesson plans
for fourth-grade mathematics, I won-
der what some stranger would say
upon seeing the results and outcomes
of the fourth-grade mathematics les-
sons. Students had had experiences
in

adding, subtracting; multiplying, and
dividing with negative numbers;
using powers "numbers in correct
scientific notation;
place value, including 8-place deci-
mals;
converting any fraction to its decimal
equivalent;
adding, subtracting, multiplying, and
dividing with decimals;
reasoning logically to solve com-
plicated story problems using two or
more operations with whole num-9'
bers, fractions, or a combination of
both.

Without the calculator. these processes
would not have been possible for an
average nine- or ten-year-old student.

The calculator is here to stay, at
prices so low that nearly every child
has access to some form of simple cal-
culator. Throbgh guided activities in

82,

the classroom, it can be a very valuable
teaching tool in exploring a variety of
mathematical topics. We used the cal-
culator in numerous ways and learned
many things. The most valuable bene-
fit to most students was'learning how
to reason logically through a problem
to reacka solution. We found that
when you use a calculator, you have to
think
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Calculators for Kids Who Can't Calculate*

Betty K. Lichtenberg
University of South Florida

Tampa, Florida 33620

It is not uncommon these days to find classroom sets of calculators
available for use in mathematics instruction. ** However, when mathe-
matics teachers at the high school level are asked what they do with them,
a common response is that they're used with the Trig class or other ad=
vanced mathematics classes. Thesestudents find calculation tedious and
a waste of time, and they certainly should be using calculators. (So do I
and so I do!) For the lower level mathematics students, though, some
teachers believe that calculators have no legitimate or appropriate use. If
lessons for these students consist of worksheets devoted to computation
practice, then this is true. Calculators turn such "lessons" into trivial
and illegitimate exercises. On the other hand, there are many instances
where calculators for these kids (who can't compute efficiently and accu-
rately, anyway), turn the lessons into stimulating mental challenges. The

--following collection of possible uses of the calculator provides some ex-
,

amples to try!

calculator Competition
One type of activity that can be used with almost any mathematics

topic you're teaching at:this level involves competitions with the calcu-
lator. Students without calculators are encouraged to compute arith-
metical expressions mentally more quickly than students who are us-
ing the calculator. The choice of suitable expressions is crucial to the
success of this activity. For example, you wouldn't use 497 x 368- -
The calculator would win handt down, but you can use 400 x 700.
Students who have had a brief review of multiplication of multiples of
ten and who know that 4 x 7 = 28 can determine that 400 x 700 is the
same as 28 x 100 x 100 or 280 000 nicker than another student who

is depressing 111 0 0 , , 0 0 , and Eon the cal-
culator.

The psychological advantages of this type of activity include immedi-
ate positive reinforcement. There is a high probability of success for the
students and their confidence will be increased. The competition is non-
threatening because they're playing against a machine and you'll rig it so
they'll win!

Paper Presented at the Annual Convention of School Science and Mathematics Association, Pittsburgh. Peansylva-

elk November. 1977.
' ma papa is a pmentation of some ideas and activnies that can be used with students ut general mathematics dais-

,
Int at the high school kvel. Munn 'modification will make them appropriate foe middle school or junior NO school au-

dos.

Reprinted by permission from School Science and Mathematics

81: 97-102; February 1981.
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Management of this type of activity will depend upon he number of
calculators you have available. With or two, or even one calculator
you can pit the Calculator-Kid(s) against tilt! Thinkers. Cards, regular
notebook paper ort_transparencies with expre.-Ainas written on them
should be prepared before class.

Expressions such as these can be used to review place value ideas:

70001-400 + 20 + 61 4x 100+ 3 x 1 145800 1001 10

You may want the students conclude on the list card that 104 is all
right the way it is (as ;ong as we're sure itis not 60 and is the same as 10 x
10 x 10 x 10 x 10 Y 10 or 1,000,000).

Other expressions that involve computations with whole numbers are:
140 x 60 1

4893 x 631 x 0

10 + 97642

91-9-7 185

11234 9991

5 x 2468

Using basic facts of multiplication and the associative and commu-
tative properties of multiplication, students can quickly determine
that

40 W 10) 10) 24 xx ;4 x 10) x (6 x = (4 x 6) x (10 x or
100 or 2400.

Recalling that for any whole number n, 0 x n = 0 makes this a
quick mental computation.
Remembering that for any non-zero whole number n. 0 n 0 en-

ables siudents w compute this with ease.
Using the idea that 185 can be renamed as 3 + 182 helps translate
this into an easier computation:

997 + 185 =
si
=

=

997 + (3 + In)
(997 + 3) + 182
1000 + 182
1182.

Using the principle that for any whole numbers a, b, and c
a b (a + c) (b + c)

yields (1234 + 1) (999 + 1) or 1235 1000, and an easier com-

putation to ca.-ry out.
Rethming2468 as 2 x 1234 gives

5 x 2468 = 3 x (2 x 1234)
(5 x 2) x 1234

- 10 x 1234,
a very easy computation.

Calculations Too Big for the Calculator

Using the most inexpensive calculators that can perform computations
11 in addition, subtraction, multiplication and division but do not have
scientific notation capabilites provides an opportunity to explore another
method for performing computation of large products. This method
makes-use-of the distributive property of multiplication over addition.
That is, for any whole numbers a, b, and c, a x (b + c) = (a x + (a
x c).

To establish the need for this approach to a particular computation
students should try to compute an expression such as 19 x 5,876,213
with the calculator. In some way the calculator will indicate that this pro-
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duct is too large to display. (Mine flashes on and off.) A quick estimation
discussion will reveal that the product is a little less than 120 million and
more than 100 million. Then you're ready to perform the computation
some other way:

19 x 5.876,213 = 19 x (5,876,000 + 213) , renaming the larger number as a
convenient sum

2. (19 x 5,876,000) + (19 x 213) using the distributive property of
multiplication over addition

It (19 x 5.876 x 1000) + factoring so that there is a power

(19 x 213) of ten in the first expression
(Powers of ten are "convenient"
in this method.)

Now using the calculator to compute 19 x 5,876 and 19 x 213 we
have

(19 x 5,876 x 1000) + (19 x 213) = (111,644 x 1000) + 4047-

= 111,644,003 + 4047
= 111,648,047

.

Students can make up their own computations, estimate the mu' 3,
carry them out, and then exchange with other students as a check on th
performance. They will be using some important mathematical ideas and
the calculator will be doing the "hard" part.

Square Roots, Cube Roots, etc.

The inexpensive four-function calculator can be used to find accurate
approximations for square roots, cube roots, fourth roots and so on. The
ideas are the same. The realistic interpretation of roots becomes apparent
with simple questions such as:

%AK What numbe; rnliltiplied by itself gives 46?
a What number used as a factor three times gives 58?

What number used as a factor four times gives 85?

Estimation that uses multiplication facts that are relatively simple
should be an integral part of exercises such as these. For example

6' st 36andr is 49 so6< Nr4377

or
r = 27and41 " 64 so 3 < 01---<4

At this point attention must be given to place value ideas related to or-
der and detimal representation of rational numbers. Selecting numbers
between 6 and 7, or 6.7 and 6.8 or 6.78 and 6.79 involves important skills
and concepts thatdeserve the review and extension that this type of activ-
ity provides. The following procedure is an example of classroom tech-
nique appropriate to determining a rational approximation forV1048:

,1.
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Consider V1048 10' = 1000
(without a calculator)

So 10 <'r8 < I I
Try 10.1' with a calculator

10.2' with a calculator
10.1 <Ma< 10.2
10.15' 1045.6783 in between
10.16' 1048.772
10.75 <Ma< 10.16
10:158' 1048.1528 in between
10.157' 1047.8432

So, correct to the nearest hundredth we can approximate the cube root
of 1048 by 10.16, which is probably close enough for practical purposes.
In the meantime sound mathematical principles have been reinforced and
the computation is a breeze.

So
Try

So
Try

11' = 1331
(with a calculator)

1030.301 (Not big enough)
1061.208 (Too big)

Prime Factorization

Loren Henry in the November, 1977 issue of School Science and
Mathematics pointed out that calculators can be used efficiently to deter-
mine prime factorization for large (previously unmanageable) numbers.
Again, review or reteaching of the prerequ.isite concepts is necessary,
particularly in general mathematics classes. The definition of a prime
number as being a whole number with.,exactly two !whole number factors
will determine the set d numbers from which to select trial divisors. This
should be followed by a discussion of the fact that any whole number can
be expressed as a product of prime numbers. Then students can partici-
pate in a sequence such as the following:

To find the prime factorization of 1066, we begin by considering the first prime num-
bs, 2. 1066 has 2 as a factor since the last digit of the numeral is "6".

1066 + 2 = 533, so 1066 = 2 x 533

Now we proceed to find prime factors of 533. Since '333" does not
cad in either "0," "2," "4," "6" or "8", 533 does not have 2 as a fac-
tor and a calculator isn't necessary to determine this.

Primes
2 533 + 2 2 is not a factor (not necessary to compute)

.3 533 + 331. 177.66666 3 is not a factor
533 + 5 5 is not a factor (not necessary to compute)

7 533 + 7'76.142857 7 is not a factor
11 533 + 11'48.454545 11 is not a factor
13 533-+ 13 = 41 13 is a factor
So 533, = 13 x 41. The other factor that was found is a prime number, as well, and
we're finished. That is 1066 = 2 x 13 x 41.

It is beneficial to point out to students that as the primes we divided by
became larger the results of the computation became smaller. This can be
used to determine where to stop in this procedure, and a quick glance at
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the calculator reveals that to us. When the number that we've divided by
is larger than the result of our division, we've passed the square root of ,
the number. Any factors that could be detected now would have been de-
tected earlier by smaller primes, just by looking at the calculator. Sup-
pose we're considering 521.

521 + 3 173.666666
521 + 74.428571
521 + 1 l * 47.363636
521 + 13 * 40.076923
521 + 17* 30.647058
521 + 19 k 27.421052
521 + 23 * 22.652173 We can stop here because

23 > 22.652173.

This procedure works well with some numbers, those whose factors
aren't obvious. However, students should realize that the procedure isn't
appropriate for a number such as 3;000,000.

3,000,000 = 3 x 1,000,000 by inspection.
1,000,000 has 10 as a factor six times.
Each of the six 10's has 2 and 5 as factors.

So 3,000,000= 2 x2x 2 x 2 x2x2x 3 x5 x5x5x5x5x5
= 2' x 3 x 5'

. . . without r. calculator at all!

Patterns

Many interesting number patterns can be discussed with general
mathematics students. If they are allowed to peform the calculations
with a calculator there is more time to be spent on forming generaliza-
tions and testing hypotheses. The following are examples of some pat-
terns for students to examine.

1. Products involving two 2-digit numerals where the numbers can be expressed ,s 10a
+ b and 10a +,(10 b) where a and b are natural numbers less than 10. The tens
digits are the same and the sum of-the ones digits is If).
For example, consider 76 x 74 = 5624.

The tens digit is 7 x (7 + 1)

76 x 74 = 56. 24

Sum is 10 6 x 4

Similarly, 48 x 42 = 2016 and 65 x 0 3. 4225.
A little algebra reveals that

(10a + b) x (10a + i10 bj) = 100a(a +.1) + b(10 b)
Thus65 x 65 .1 (100 x 6 x 7) + (5 x 5),

48 x 42 = (100 x 4 x 5) + (8 x 2), and
76 x 74 al (100 x 7 x 8) + (6 x 4)

The pattern can be used without being verbalized and it can be easily discovered by
students at this level. The calculator can be used to check the examples and to pro-
tide counter-examples for faulty generalizations.
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2. Patterns that encourage students to guess what comes next are fun to use in the class-
room. Some students will be able to provide a reasonable mathematical analysis or
justification. Others may not know why a pattern works, but, nonetheless, will be

- amazed that it does.
For example, consider the following patterns and piedict what comes next in each:

6 x 6 = 36 563- 45' = 1111

66 x 66 = 4356 5563- 4452= 111111

666 x 666 = 443556 55563- 4445' = 11111111

12345679 x 9 = 111111111
12345679 - 18 = 222222222
12345679 x 27 = 333333333

The preceding ideas are just a few examples of appropriate activities
for students who are often unmotivated and even unable to perform in a
satisfactory way. The calculatcir provides them with the opportunity to
explore mathematical ideas . . . successfully. Let's use calculators with
kids who really need them!
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Using Caiculators with Juniors

It all started with the class teacher saying she
would like to try something new! I had just been
to a workshop on the use of pocket calculators in
the classroomso we had a deal; although neither
of us realised how stimulating it would turn out to
be.

The first stage was to obtain the calculators.
The school only had two, so she asked the
children. All the children who had them at home
brought them in well in advance. One or two even
had them bought specially, and I was pleased to
see a dozen working calculators. The teacher had
even eone to the trouble of getting spare
batteries--an indication to the children of her
interest and concern. So we had one between two
childrenHust enough for the whole class to be
involved in some things, and enough for one each
in group work.

I thought we might start with a trick or two just
to demonstrate the 'number crunching' power of
the calculator.

Choose any three digit number, e.g. 365;
repeat it, i.e. 365 365;
divide by 13;
divide by II;
divide by 7;
and see if the answer is the number you started
with. (This also acted as a check to make sure they
were working properly.)

The children were interested and winked on their
own for some time, trying different numbers. This
gave us the opportinity to talk to individual
groups.

Could it be done with 2 digit numbers (put 0 in the
middle)? single digit numbers? 4 digit numbers?
(No!)

Next we started introducing games in groups of
about four. Although we had copies of
instructions for the games, by far the most
effective method was to introduce the game to a
group by playing it with them. The first one we
used,-and still one of the most popular, was simply
a "guess the answer" game, played in groups of
about four. One child makes up sum of any sort.
e.g.

346+ 48 + 274
or 36x 18
or half 3178,
or double 468, etc.

That child then writes it down on paper in the

BRIAN DAVIES
1.L.E.A.

middle of the table and the -other children write
down their guesses of the answer on the same bit
of paper., The child who invented the sum then
works it out on the calculator and whoever was the
nearest gets four points, the next three, and so on.
It is then the turn of the next person in the group.

Only experience can tell you the best way to play
this eame, but we found it best if the questions
were not made too hard, and if the group stuck to
one sort of operation at each session. Halving and
doubling big numbers went down particularly
well, giving an opportunity for talk about large
numbers.

Another popular gaine was "Zero's the limit",
played by two children with one calculator.

First player enters a two digit number;
second player punches minus, then a single digit
number, then 4=
each player punches minus, then single digit
number, then 4= ';
but each number must be vertically, or
,horizontally, adjacent to the previous number
pressed.
The '0' &anon may not be used.
The player who makes a minus sign appear on the
display is the loser.

The sort of games where you aim for a 'goal'
are very adaptable for use with a calculator. With
one group of four the goal was 29. We all sta:ted
with zero and could add any single digit number in
turn. If you were the one who ended up making
29, then you were the loser This game was very
popular and gradually the rules became more
complicated, highlighting knowledge of tables!

If you landed on an even number you lost a life;
if you landed on an odd number yo lost a life;
if you landed on the three times tabies you lost a
life;
if landed on the four times table you lost a
life;
if you landed on the three or four times ;able you
lost a life;

and so on, whoever lost the least number of lives
being the winner.

Although puzzles and games were popular and
greatly increased the children's awareness of
number, we both felt that if calculators were to
catch on and hold a permanent place in the
classrooni they should be of benefit for more than
just puzzles and games.
Could they help with the children's normal

Reprinted by permission from Mathematics Teaching 93: 12-15; December 1980.

? 89



mathematicsdecimals, tables, place value, four
rules?
Could they help with work from their maths
schemes?
Could they be used to enable children to tackle
real situations which would not have been feasible
without calculators, i.e, could they enlarge and

enrich the curriculum by
a) highlighting which arqhmetic operation

should be used in various circumstances,
b) allowing the children to tackle situations

where the numbers and calculations
involved would otherwise have been out of
their grasp,

c) throwing up answers which are not always
understood?

We decided to tackle the last first, wondering how
much of the previous would be used. 'We need not

have wondered so much- since, once the children
saw a need, they made great strides in their under-
standing of such things as large numbers, place
value, decimals and the four rules.

So, what situation.; could we see, within the
children's understanding; which would benefit
from the use of calculators? We sat and looked
around and talked to the children. Alas. nothing
came up, until I walked past the gerbil asleep in his
cage and noticed for the first time, how fast he
breathed. So this became our starting point,
although in retrospect I think there could have
been any number of them_ This started us on a
series of question and problems, some of them
quite eccentric, but none the less still holding a lot
of interest for the children.

How many limes does the gerbil breathe in a day?
How Many times does the gerbil breathe in a year?
How many times do we breathe in a day/year/
lifetime?
How many times does our heart beat in a day/
year/lifetime?
flow many seconds in a day?

With the help of calculators these problems came
within the children's grasp, although none found

them particularly easy.
For example, when they tried "How many

seconds in a day?" it highlighted first of all that
not all the children (fourth yearn knew how many
seconds in a minute, minutes in an hour, or hours
in a daythings that the teacher assumed they
knew! Then because nobody wrote down this
information, part of it was consistently omitted itt
the calculations and many did 60-x 24 = 1440

seconds in a day! Other children did not use the
multiplication function and just wanted to keep

on adding 60. They, of course, lost count of how
many 60s they had added.

Yet andther child did 60 + 60= 120 seconds in

an hour, then 120x 24= 2880 seconds in a day.
Another did 60+ 60= 120, then added 120 twelve
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times on the calculator to get 1440, then added

another 1440 to get 2880 seconds in a day.
Peter tried:

60 seconds in 1 minute
120 seconds in 2 minutes
180 seconds in 3 minutes
240 seconds in 4 minutes
300 seconds in 5 minutes
600 seconds in 10 minutes

1,200 seconds in 20 minutes
3,600 seconds in 60 minutes
7,200 seconds in 2 hours

14,400 seconds in 4 hours
28,800 seconds in 8 hours
57,600 seconds in 16 hours
86,400 seconds in 24 hours

These Sorts of problems highlighted three

particular kills:
a) solving a big problem by breaking it down

into manageable, steps:
b) selecting the appropriate operation on the

numbers;
c) interpreting your answer
e.g. How many seconds in a day?

Does 60x24 give us seconds in a day,
seconds in an hour, or hours in a day?

The sort of questions mentioned above seem to
hold their own intrinsic interest although, of
course, they would not be suitable for all ages. I
have come across other, perhaps even more weird
problems that have been tackled.

How many hairs on your head?
How many names in the telephone- directory?
How many blades of grass in a field?
How many wooden blocks in the hall floor?
How many words in a book?
How much does it cost to light the school each

year?
If 45,000 attend a football match and there are
nine sections, how many people in each section? If
there are 50 rows in a section, how many in a row?
One policeman is needed for each 400 people, how
many policemen needed for each section? How
many for the whole 'round? At £15.00 per
policeman, how much will it 'cost for the
afternoon? How much is that on each ticket sold?

This last story was tried because the teacher was
concerned about how the children tackled division
problems, and in fact her concern was most
justified, as illustrated by a single problem.

Share 48 sweets between I6, children.

Half of the class of 11-year-olds tried 48-i- 16 = 3

on the calculators, whilst the rest chose to do
16+ 48=-1 0.3333 . . . . Why? Because they really
did not understand the nature of division, or
because they are used to this notation:
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Whatever,the reason, the children seemed a lot
happier about operating division after further
problems of this nature and stories like the above.
(At one stage we actually had to get the Unifix out
to prose who was right. 48 Unifix shared out to 16
children gave them three sweets each. Half the
calculators showed not three but 0.3333 . . . .

Some children were so sure they had done the
operation the right way round that they accused
the calculators of not working properly!)

Two other areas of mathematics crop up very
soon after children start using calculators. They
very soon come across decimal points on their
displays and, equally as soon, come across large
numbers. Because of their involvement with their
investigation they can be motivated and there
exists an ideal teaching opportuni:y. Children's
reactions to strings of decimals are interesting,
varying from "The calculator has gone wrong" to
ignoring the decimal numbers altogether. In fact it
seems that children and adults can operate happily
with decimals without a real understanding of
what they are.

When decimals come lip for the first time with
Derek he asked what it was. I said,."It is a tenth.
Do you know what that is?"

"No," he replied.. "Is it something like a
quarter?"

Eventually he decided to ignore the decimals
completely in his calculations, although when he
pronounced his esentual answers he said, "Except
it's a bit more than that really!" ,

This is an important aspect of the use of
calculators in this sort of investigation. We found
that children already knew mathematics we had
not taught them, and also did not know things
that we thought they might or even should know.

One boy had wildly suggested, "How many
blades of grass on the field?" The teacher, never
one to miss a likely opportunity, said O.K. This
boy seemed to appreciate straight away the need
for sampling or grouping, i.e. he realised he could
not count all the grass and he thought quite
quickly of using a small square to start with. Many
children would not see tnis for themselves and it is
a key stage in investigations of this sort. He made
his sample in a square centimetre and then did a
second, only to find he had different answers. His
teacher suggested trying a few more, lie did 5 and
then added them up and wanted to halve the
answer to get a good number. However, when he
did thii he got a number far higher than any of his
original samples. His teacher. suggested dividing
by five. He did this and came up with a decimal he
could norunderstand. So two sources of work had
arisenaverages and 'decimalswhich could be
followed up in more depth at a later stage.

He eventually decided to ianore the decimal
fractionnot a bad deciSion considering that the
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whole exercise was one of approximationand
proceeded to a square metre. To his amazement
the teacher now found out that this boy, normally
`eood at maths', did not know how many
centimetres there were in a metre, let alone how
many square centimetres in a square metreso
out with the calculator and paper. Next came
measuring the field. starting with a trial patch "to
see if it would really work". It did, so he measured
most of the field but left out the awkward
bitsanother follow-Up for the teacher.
Eventually came the first calculation involving
multiplying by 10s, 100s. 1000s and he ran out of
space on the display panel. So he and the teacher
had a long talk about what happens to numbers
when you multiply by 10, 100, or 1000 and
es entually the child did the calculation without the
zeros.

At the end of this, she knew further work was
needed on decimals (w hen is it not needed!), large
numbers, averages and area, but at leait the child
had begun to see the need for such ideas. Further-
more he is now starting to compare fields and
lawns, under trees and in the sun, gaining some

: insight into what calculations are needed in real
circumstances.

A fterthe class had been working on these things
for about a month we wondered where tc go next.
I tried to encourage thr teacher to try the
calculator within the mathematics scheme.
However, she was still unhappy about the
children's use of the four rules of number. She
was still doubtful as to whether they could apply
them in real situationsa problem highlighted in
the recent APU report on 11-year-clds. Could
children actually construct the appropriate
mathematical model to help them solve real
problems?

We once again relied on the children for ideas
and this time we asked them to think of a 'how
many' or 'how much' type question that would
give them large numbers in the answer, and that
involved the school or the people in if. This time
there was more respOnse and the children
suggested problems that ranged from th quite
simple to the very complicated.. Some could be
counted quite eazil; others needed extensive use
of the calculators. All of them involved breaking
the problem up into manageable parts and
operating on these parts.

How much money did Alan, who bought a packet
of crisps and a bottle of Tizer each day, spend in a
week?
How much in four years in the Junior school?
What could he have bought insteada
motorbike?
How much milk gets drunk each day/year in the
school?
How many cows would the school need to keep?
How many exercise books in the school?
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One girl later branched out into
How many pages?
How many squares?
How much did they weigh?
How much did one square weigh?
How many squares made a gram?

How many bricks in a wall?
Later on a boy whose father is a bricklayer went

on to:
How long to make the wall?
How many journeys from the pile of bricks to
the wall for the hod-carrier?
How many lorry loads? .

How many bricks in d cubic metre?
How many doors in the school?
Then later:

How many hinges?
How many screws?

How much Jo the children in the school weigh?
Do they weigh the same as a double decker bus?
An elephant?

Does it give false confidence to some? Timothy
played the guessing game by himself, with a chart
like this.

NUMBER OPERATION GUESS CALCULATORC -CHECK

43 +1
+10
+100
+1000
-1
10
x1
x10
x100
+50
+150
+250
etc . . .

..

He was not guessing but simply working it out on
the calculator straight away. This seem -to be
where the teacher has to make a judgement, as she
has to about many activities in the classroom. as
to whether the calculator and/or the acti% icy is
suitable, for that particular child. It might well be
that a group game, played with children of his
own ability, could stop him 'cheating' and still
increase his confidence.

Thoughts after two months work
How exciting and interesting it has all been.
How it has converted the teacher to an imesti-
gational approach to mathematics.
What a liberating force the calculatth have
been, tnabling the children to tackle
calculations that vould have t len tedious.
time-consuming and error-prone without them.
How impOrtant is the teacher's attitude, giving

the children time, taking their ideas seriously,
taking time for discussion and being interested
in the process as well as the answer.
The importance of di -cussion about sampling,
and grouping, writing down the calculations
beforehand if. possible, so avoiding the
situation of

"How did you get that answer ?"
"Er, don't know, forgotten, er . , . think it
was . ."

i.e.,planning the investigation and breaking it
into manageable chunks.,
How it cnabled the children to thinkof a couple
of problems and gave them opportunities to
solve them.
How the less able children developed an
enthusiasm, especially with the games.
How, by watching the children use the
calculator, a teacher can check how sure a child
is with the operational side of the wOrk.

How hesitatingly are the buttons pressed?
Are errors made with x and ?

Are they fluent with the symbol?
How this is leading onto other things in that the
children are asking about the buttons which are
not being used (i.e. memory, r, Az, 00).

In fact it seems important to have calculators
permanently available as an essential tool to be
used as occasion arises in classroom discussion
and work.
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Calculator Use In The Middle Grades
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RATIONALE

The world is presently experiencing an explosion of electronic technol-

ogy which is threatening to render obsolete much of what we teach in

school mathematics. Electronic calculators, unknown in the early 70's,

are so prevalent'that they can be found in nearly every home or office.

Because of their low cost and widespread use in society, calculators have

the potential of reshaping the mathematics curriculum in our schools.

Schobl practices generally lag far behind societal changes and-the utiliza-

tion of calculators in schools is no exception. While on-the-job and in-

the-home use of calculators to perform complex computations is nearly

standard, schools have yet to incorporate Calculators into the mathe-

matics and science curricula. This must change.

When asked to identify problems in schools today, teachers quickly list

pupil apathy and lack of motivation as a major concern. Studies by

Wheatley ' and Wheatley et. al. show that the calculator is a highly

motivating instructional tool. Teachers report that pupils will tackle

problems_with the calculator they would never attempt otherwise. Activ-

ities presented later in this article provide examples of motivating mathe-

matical material made possible through calculator use.
Often students are not successful in learning and applying concepts be-

cause the need to compute with paper and pencil may obscure the tar-

geted mathematical ideas. However, with calculators to perform burden-

some computations, the learner can focus on concepts, applications, and

problem solving. The advantage is particularly evident for slow learners

who are greatly aided in learning by a computational device. Likewise the

more capable students can focus on problem solving heuristics and ad-

vanced topics. Teadhers can present problems using- realistic data (large

numbers, decimals) when calculators are available to perform complex

computations. These factors allow emphasis to shift from learning com-

putational rules to applying mathematics in meaningful contexts. Thus

we see that calculators in the clissroom can be highly motivating and fa

I. Viheatley. C. **Calculator Use and Problem Soleil%) Performance." Journal for Remark in Mathematics Edon.

tbs. 1. pas.
2. Marley. G.. Shumway. It. Coburn. T.. Reys. A.. Schoen. H.. Wheatley. C and Whne. A. 'Calcutalon m

EkattestearySehook."Anrionene Teacher, 27. (Septeraer 1979). pp. 1$41.

Reprinted by permission from School Science and Mathematics

80: 620-624; November 1980.
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litative of learning. As Phillips ' says we must, ". . . i udge a student
into organizing things in his head, putting the pieces together to build an
eerenlarging structured whole . . . ."

Described below are four activities which capitalize on the calculator
as an instructional aid. A brief description of each activity is presented
with suggestions for the teacher. These activities may be adapted to other
grade levels or ability groups.

,

CALCULATOR ACTIVITIES AND SUGGESTIONS
FOR IMPLEMENTATION IN THE CLASSROOM

Activity One: Estimating sums and addends
Purpose: To develop estimation skills and order relations
Grade Lthl: May be adapted to any grade
Procedure: 1. Present the problem using the diagram below.

440 470

137 + =
If theball must land in the range shown, what dis-
tance must the ball' be kicked? What number added
to 137 will put you between 450 and 470?

2. Write suggested answers on the board.
3. Encourage pupils to explore all possibilities.
4. List all answers.
S. Ask, "How many answers are possible? Why?"
Extension activity (Multiplication and division of whole

numbers) f9oa
1. Use the representation shown.

Present problem 56 + = _
Find a whole number which multiplied by i 750

56 puts you between 750 and 900..
2. Write suggested answers on the board.
3. Obtain agreement an the solution set.
4. Ask, "Why are there only three numbers

in the solution set?"
5. Supply students with similar prOblems to

solve.
56

3. 111:15ps. 3. "Go Sack`lo the (*.manias? Where's That?" School Snencr end Mathematics. LXXX (February 19110),

13L
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Activity Two:
Purpose:

Grade Level:
Procedure:

Activity Three:
Purpose:

Grade Level:
Procedure:

'Problem solving
To demelop problem solving skills, to reinforce the use
of metiic units, to illustrate the use of mathematics in
health education:
Grades 5 to 8
1. Present the problem.

Your heart usually pumps about 65 milliliters of
blood Per 'heart beat. If your heart beats 68 times a
minute, \how much blood is pumped in 1 minute? In
1 hour? In a 24-hour day? In 1 week?

2.* May supply hints below:
a. Could\'ou make a chart?
b. Try simplifying the problem,' e.g:, suppose the

heart beats 2 times a minute.
c. Is your answer reasonable?

3. When Paul is jogging, his heart beats !45 times per
minute. Howl much blood does his heart pump in 1
minute? In 16\ minutes?

4: Let students discuss their solutions.
5. Present a different problem such as:

Sarah's heart pUmped about 4.7 liters of blood in 1
minute. How manyiimes was he heart beating?

6. May supply hints befow:
a. How is this problem like the problems above?
How is it different')
b. Try making a, guess and checking it in the

problem.
c. Is your answer d,etween 60 and 90 beats per min-

ute? ,

7. Have students find their own pulse.rate. Ask, "How
much blood does your heart pump per minute?"

Application
To make comparisons usi g division, to reinforce the
use of metric units, and to develop the concept of rate.
Grades 6 to 8
1. Present the problem. W ose vehicle is the most en,

ergy efficient?
2. Discuss computation of kilometers per liter using the

formula below:
Kilometers 4- Number of liters used = Kilometers
per liter



4
3. Provide students with the chart below:

Distance
.

Gas Used

.

Kilometers
Per Liters

. .

Mr. Remo
Ms. Kessler
Mr. Carter

161 kilometers
435 kilometers
289 kilometers

.

11 liters
28 liters
24 liters

ActivityFour:
Purpose:

Grade Level:
Procedure:

4. Ask, "How does your family car compare?"

5. Challenge students to find the kilometers per liter rat-

ings for the leading automobiles.
Developing the concept of decimal

To develop the concept of .1, to compare decimals, to de-

velop decimal ordinal sense.
Grades 5 to 8
1. Teacher states, "Let's teach the calculator to count.

Press 1 + = = = ...."
(Most calculators have a constant addend and will

count but you should check the logic and keystroking

of calculators being used.)
"Count to 100 by ones."
"Now let's teach the calculator to count by tenths.

Press .1 = = = Count to 10. How many times did

you press = ?
Does 3.6 come before or after 3.4?
Does 5.1 come before or after 1.5?
Which is smaller, 6.5 or 3.7?
Where is 4.2 on the nutaberline?"

2.

0 1 '2 3 4 5 6 7 8

3. Have the pupils count by tenths. again.,Ask, "When

counting by tenths, what comes after .9?

2.0? 2.3? 2:9?"

4. Have pupils count back from 10 by tenths.

10 .1 = = ,

5. Ask, "What comes before 2.0? 3.1? _ .9? 10?"

6. The concept of hundredths can be developed in a sim-

ilar manner.
Many excellent calculator activities can be found in the sources below:
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IMMERUEL, G. Problem solving with calculator. University of Northern Iowa. Cedir Falls.
Iowa: Price Laboratory. 1977.

IMIELZEEL, G. and OCNENGA, F.. Calculator activities for the classroom. Book I. Palo
Alto, California: Creative Publications. Inc.. 1977.

1.14MERIEEL; G. and OCKENGA, E. Calculator activities for the classroom. Book 2. Palo
Alto, California: Creative Publications. Inc.. 1977.

kw. W. P. Problem solving kit for use with a calculator. New York: Science Research As-
sociates, Inc., 1977.

REYS, R., BF-570EN. B.. COBURN, T.. SCHOEN, H.. SHUmw AY. R.. WHEATLEY. C..
WHEATLEY, G., and WHITE. A. Keyitrokes, addition and subtraction. Palo Alto. Cali-
fornia: Creative Publications. 'Inc.. 1979.

REVS, R., SEMEN, B.. COBLhtN, T.. SCHOEN. H.. SHUNIwAY, R. WHEATLEY. C..
WHEATLEY, G.. and WHITE, A. Keystrokes, mul Iplication and division. Pak Alto. Cali-
fornia: Creative Publications. inc., 1979.

REYS, R., BESTGEN, B.. COBLN, T., t4.4Aacecci. R.. SCHOEN. H.. SHuml..y. R..
WHEATLEY, C. WHEATLEY, G.. AND WHITE, A. Keystrokes, exploring new topics. Palo
Alto. California: Creative Publications, Inc., 1980.

SUMMARY

Calculators' have the potential for reshaping our computationally
oriented curriculum. Its place in the classroom is presently unknown. But
it clearly has a place. The activities in this article suggest ways calculators
can be effectively used to develop four types of mathematical thought.
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CALCULATOR LESSONS INVOLVING
POPULAT1ON, INFLATION,
AND ENERGY

By ERNEST WOODWARD
and THOMAS HAMEL

Austi. Poay State University
71,137040 L,

One of the joys of studying mathematics
comes from the surprising results that are
often obtained. An example of such a situa-
tion is the Rule of 72. This rule states that.
if money is invested at r percent com-
pounded annually, the amount will,double
in approximately `72/r years. On the other
hand, if the interest is compounded semi-
annually, the doubling time is approxi-
mately 70/r years; and if the interest is
compounded instantaneously, then the
doubling time is approximately 69.3/r
years. In the interesting article "The Rule
of 72," which appeared in the November
1966 issue of the Mathematics Teacher,
Brown argues that these results are appro-
priate for "small" r. His argument, which
makes use of logarithms, is not reproduced
here.

The purposes of this article are (1) to
sbow how a hand-held calculator can be
used to help students discover the Rule of
72 and (2) to indicate how the Rule of 72
can be used to investieate problems in-
volving population, inflation, and energy

, reserves. The lessons described in this pa-
per are lessons that each author has used
individually v:ith both college and second-
ary students.

Lesson 1
The first lesson is introduced with the

story about the king and the inventor of the
chess game. The king wishes to reward the
inventor, who is also a mathematician, and
asks how he can do this. The mathemati-
cian-inventor asks for the wheat obtained

by putting one kernel of wheat on the first
square of the chessboard, two kernels on
the second square, four on the third square,
eight on the fourth square, and so on for
the entire sixty-four squares of the board. ,

The observation is made that the total
amount of wheat on the chessboard is

+ 2 + 2' + 2' + + 26'

grains, and

1 -r 2 = 3 = 2' 1,

1 + 2 + 2' = 7 = 2' 1,

1 + 2 + 2' + 2' = 15 = 2. - 1,
1+ 2 + 2' + 2' + 2' = 31 = 2' 1,

1+2+234-+2'

and thus,

1 + 2 + 22 + 2' + + 263 = 2" 1.

The statement is made that 2" kernels of
wheat is estimated to be approximately 500
times the total present yearly world wheat
production (Bartlett 1976).

The purpose of introducing this story is
to emphasize that in the case of a continu-
ous doubling circumstance, the numbers
get very large very quickly. Some students
are interested in determining how large a
number 2" is. For those students having
calculators with an x2 function, the calcu-
lation of

2" 1.8447 x 10"

is simple. Students are impressed by the
rapid change in the display from 216 io 2"
to 2".

Next, the formula for compound interest
with inte.,:st compounded yearly is devel-
oped. This formula is

Reprinted by permission from Mathematics Teacher 72: 450-457;
September 1979.
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p(I +
100

where A. represents the total amount at the
end of n years, p represents the principle,
and r percent represents the rate. f his re-
sult is derived in a typical textbook proce-
dure.

Next, inflation is discussed. The point is
made that a constant annual inflation rate
is an application of compound interest.
Students are asked what they think the cost
of a new bicycle would be in the year 2146,
assuming it now costs S100 and that there
will be a 6 percent annual inflation rate.
(Most students predict less than $500,
whereas the actual amount is over
$1500 000.)

No attempt is made to find the solution
to the problem of the cost of the bicycle in
the standard way, that is. an evaluation of

.= 100(1.06)'bs. Such an evaluation
would involve the use of logarithms (which
some students have not studied) or the use
of the exponential function y` (which some
calculators do not have); but these ap-
proaches would detract from a strategy that
is perhaps more important than the numer-
ical result.

The preferred solution to the bicycle
problem, and other similar problems. ne-
cessitates introducing the concept of dou-
bling time, that is, the number of years it
will take a certain ,amount of money to
double in value when invested at a com-
pound yearly interest rate Of r percent. Stu-
dents are easily convinced that the original
amount of money is arbitrary; therefore S1
is used. To find the doubling time, it is nec-
essary to find n such that

Agi= 1(1 4- (1
100 100

e-- 2.

Students then calculate n's for several
given possible r's. For example, if r = 6
percent, the following values are obtained
with the calculator showing that n = 12
when r = 6 percent.

(1.06)' = 1.06
(1.06)2= 1.12
(1.06)2=1.19

lob

(1.06)" 4-- 1.90
(1.06)12 -4-- 2.01

Thes 'ata are recorded in table 1. Circled
numerals are determined by the use of the
calculator and are integral approximations
for n. Next, the students are requested to
investigate this table. Some students will
indicate that in each case the product of the
percentage and the doubling time is 72.
This conjecture is checked by the class. The
question posed is How could we calculate
the doubling time. given the rate? Students
typically respond that the doubling time is
72/r.

TABLE I

Doubling Time in Years
r (Approximately)

3

4
6
8
9

12

18

24

Returning to the topic of inflation, stu-
dents are asked to help complete table 2.
The entries in the first two columns are
given and all others are completed (circled
numerals), assuming a 6 percent annual in-
flation rate. For this example, the doubling
period is 12 years (72/6). The entries in the
third column are double the corresponding
entries in the second column, since one
doubling period will have elapsed. The en-
tries in the fourth and fifth columns are de-
rived similarly. The date for the last col-
umn, 2146, is 132 years (11 doubling
periods) after the date for the previous col-
umn. Hence, the entries in the last column
are found by multiplying the correspond-
ing entries in the previous column by 2".

The world population in 1975 was ap-
proximately 4 000 000 000. or 4 x 10°. and
the annual population increase has been
fairly constant at about 2 percent (1976
Census, p. 866). Table 3 is then completed,
assuming the rate of increase in population
Will remain at 2 percent. Observe that the
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TABLE 2
Costs at a 6 Percent Annual Inflation Rate

Item 1978 Cost 1990 Cost 2002 Cost 2014 Cost 2146 Cost

Soft drink

Movie ticket

Bicycle

Compact automobile

Modest house

$4C70°

(549 15)

(51 638 40D

'16 000) 32 000) Q65 536 000)

120000) ($24000 491 52000)

doubling time is 36 years. As before, the
circled numerals are calculated by the
_ class. Next, the observation is made that
the total land area (including inland lakes
and rivers) is approximately 1.36 x 10"

square meters (1976 Census, p. 867). As-
suming a constant 2 percent population
growth, there would be approximately one
person for each square meter in the year
2515. A calculator is not needed to com-
plete this table but it does make the com-

putation easier.
A rather complete class development of

this lesson takes approximately one hour.
At times, only portions of the previous two
tables are completed in class, and the stu-
dents are asked to complete these tables as

an out-of-class assignment. (In one in-
stance this lesson,ivas used alone, without
the next lesson, when only one hour of
class time was available.)

The first class is ended by presenting the
students with the following problem:

Many years ago a fictitious , king had
2000 barrels of wine in his cellar. Given
that his court consumed 20 barrels of wine
last year, and past increases in consump-
tion would indicate a 12% annual increase,
how long will the king's wine supply last?

The students are asked to guess at a solu-

tion and then challenged to solve the prob-

,:.
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lem by whatever means they can devise.
Most students guess many years more than
the actual answer of approximately 22
years. Sometimes students are able to solve
the problem correctly prior to the next class

TABLE 3
World Population Assuming 2 Percent Growth Rate

Year

1975

2011

Predicted World Population

4 x 10'

2047 (1.6x 1010)

2083

2119

2155

2191

25/5

( 6.4 x 10)

(1.28 x 10)

(2.56 x 10)



meeting but only after considerable effort.
The difficulty they have solving the prob-
lem generates considerable interest in the
methods that are developed in the second
lesson.

Lesson 2
The second lesson is involved with the

investigation of problems concerning how
long energy reserves (coal and petroleum)
would last, assuming a constant annual
percentage increase in usage. These prob-
lems (e.g., the wine problem) are much

-more complex than the prolilem of deter-.

mining how much energy reserves would
be used in a given year (e.g.. the inflation
and population problems). In order to solve
these more difficult problems easily, let x
be the initial amount of fuel used, x, the
amount of fuel used in the ith year after the
initial year, and r = 6. Next, the data in
table 4 are presented, Of particular interest
is the fact that

and

24 12

E x, 2E.;
0.13 #.1

34 24

Ex, 2 E x,
i-25 I12 0.4

These data are determined by use of a
hand-held calculator. For example, x6 =
(1.06)6x. Many students recognize that the

numbers 1.06, 1.1236, 1.1910, and so on are
the same numbers that were obtained in
the completion of the doubling-time table
of the first lesson, using r = 6.

The observation is made that for 1 i
12,

.X..624 7E1 2,4142 4x, .

This result is to be expected since the dou-
bling period is 12 years when r = 6. Of par-
ticular significance is the fact that 2:1,2_,x, is
the amount of fuel used in the first dou-
bling period, that r,..4,3 x, is the amount 'of.
fuel used in the second doubling period,
and that r62,x, is the amount of fuel used
in the third doubling' period. Letting.

= y, the amount of fuel used in the
second doubling period is approximately"
2y, the amount of fuel used in the third
doubling period is approximately- 4y, the
amount of fuel used in the fourth doubling
period is approximately 8y, and the amount
of fuel used in the nth doubling period is
approximately 2-'y. These conclusions
suggest that it is important to develop ,a
technique for finding y without using the
rather tedious computation nresented
above.

A point is made that r2, x, is the sum of
the terms of a geometric progression and
that it is easier to approximate this sum by
using an appropriate arithmetic series. If
a, = x, a,2 = 2x, and d = 1/11(x), then

TABLE 4

x, ot 1.06x
x2 1.1236x
X3 a 1.1910x
x4 1.2625x
x2 1.3382x
xek 1.4185x

xls .1. 2.1329x .1. 2x,
x,4 2.2609x .1. 2X2
Xs,* 2.3966X .1. 2X3
X1 .1. 2.5404A .4. 2x4
x,21. 2.6928x *2xs
Xls .4. 2.8543x 2x6

x22 * 4.2919x .1. 2x,3 * 4x,
x24 * 4.5494X .1. 2x14 4X2

X27 *4.8223x *1-x,s 4x3

x22*5.1117x *2x104"4x4
x2, +. 5.4184x *2x,, +. 4x,
xx,* 5.7435x .1. 2x,2* 4x6

x2 I.5036x
x2 A. 1.5938x'

X19 .1. 3.0256x .1. 2x,
x20 * 3.2071x 2xs

xs, .1. 6.0881x +. 2x12 4x7

x32 .1. 6.4534x +. 2x20 4x2

x2 * 1.6895x x21 * 3.3996x 2x9 xss * 6.8406x .1. 2;21* 4x9

x10* 1.7908x X22 4. 3.603$.a +. 2.x10 x24 A. 7.2510X A. 2X22 4X10

xis .1. 1.8933x
x12 2.0121x

x23 * 3.8197x 4. 2x,,
x24 *,4.0489x ± 2x,2

X23 .4. 7.6861x *2X23.b 4x11
x36 * 8.1473x A. 2x24 4x12

x, 2. 17.8819x 35.9832x - 72.4042x
3J
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a1= 1:00x
th= 1.0x
a3=1.-i-gx
a.= 1.0x
as 1.1.6x

,a.= 1.713x
a7=1.31-1x

a.= -1.63x
a,=, LUZ

= 1 Ex
1.Mx

a12 2.00x

These values are corn-.
pared with the corre-
sponding values of x,
through X12.

44k= x + 2x 3
= (12) = x 12 = 18x.

2 2

Since E2,x, = 17.8819x and Dita, = 18x,
using E;;;,a, in place of r.2.,x, results in an
error of less than 1 percent,

.1181x
17.8819x

The important generalization is made that
y -÷- 3/2(xm), where m is the length of the
doubling period.

Purists are probably shocked that an
arithmetic series is used to approximate a
geometric series on thehasis of a single ex-
ample, but students are willing and able to

accept this obvious impreciseness for the
sake of convenience. Also, estimates of
available energy reserves are questionable,
at best, as a result of ecology constraints,
prices of a given resource, and tech-
nological advancements. As long as the
computed results are accepted for the
rough estimates they are, the authors feel

justified in using reasonable Mathematical

approximations.

The lesson is continued by
letting A be the amount of fuel available

(estimated reserves) and
letting n be the number of doubling peri-

ods the fuel will last.

The contention is that

A y + 2y + 4y + 8y + + 2"-'y
miy(1+ 2 +4 + 8+--+2"-')
- y(2"-+ 1).
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2" 1 and

y
r.-+1.

y
In 1977 the world petroleum reserves

were estimated at about 6.46 x 10" barrels,
and about 2.17 x 10,0 barrels were con-
sumed that year (Energy Statistics 1978).
Jointly, table 5 is completed (circled nu-
merals) using the information given in the
first three columns.

The only column in table 5 that is diffi-
cult to complete is the next-to-last column
giving values of n for which 2" = A/y + 1.
Some students have studied logarithms
previously and are able to quickly recall
that the solution is given by

log frt + I)y
it =

log 2
For those students unable or not wanting to
use logarithms, the graph of f(n) = 2" (fig.
1) is used. To make sure that the students
recall what the graph of f(n) = r looks
like, a few of the points are plotted before
placing a transparency of the graph on the
overhead projector. From the value of
A/y + 1 on the f(n) axis, students are di-
rected to go horizontally to the graph of the
function, then down vertically to find the
value of n such that f(n)= A/y +1. For ex-
ample. if A/y +1 = 1.55 then n ---a 0.63. The
values of t1 in the table are those found by
using logarithms; therefore, use of the
graph may result in values of n being
slightly different (but still within 0.1) from
those listed in the table. Errors caused by
the impreciseness of the graph rarely have
a significant effect on the value of mn.

The problem of coal resources is studied
next. In 1974 it was estimated that the U.S.
coal reserves were about 4.34 x 10" tons
(Coal Resources of the United States 1974),

and approximately 5.58, x 10 tons were
consumed in 1975 (Monthly Energy Review

1978). Table 6 is completed by the students
as a group.

Recent annual increases in usages have
usually been under 5 percent; however, it

appears this figure may increase to 10 per-
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TABLE S

Estimated
Petroleum
Reserves

A

Annual
Use Last

Year

x

Rate of
Increase

r

Doubling
Time

.-m
n
r

Amount
Used in

First
Doubling

Period

3P -I. (x) (n1)
A +I
Y

No. of
Doubling
Periods

n

No. of
Yrs. Fuel
Will Last

MR

6.46 x 10" 2.17 x 101° 0

6.46 x 10" 2.17 x 1010 2

6.46 x 10" 2.17x 1010 4

6.46 x 10" 2.17 x I0'° 6

6.46 x 10" 2.17 x 101° 9

6.46 X 10" 2.17 x I0'° 12

ft*

0 Q.I7 x 10"

9 (3:91 x 10)

0 Q.60 x 101)

® C .95 x 10")

f 0
0
0
0

Where 2' maA + 1
Y

Does-not apply

cent or above because of the shortage of
petroleum.

The last few minutes of the second lesson
are spent discussing some of the results ob-
tained and the implications of those results.
In particular,

I. if inflation increases at the present rate,
'the money system will probably need to
be replaced by another one prior to the
year 2100;

2. famine, war, disease, and so on will not
allow population to get to the level pro-
jected 'for 2515; and

3. as reserves of fuel become depleted, the
fuel becomes harder to get, thus driving
up prices and decreasing usage.

(The students were delightfully per-
ceptive, and a couple of their comments

and out."One student who had solved the
wine problem, after considerable effort,
said of the procedure developed in class for

it,,)
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solving such problems, "Boy, it's a lot eas-
ier that way." In a discussion about how in-
accurate the estimate of reserves might be,
the students deduced that even if there is
twice as much of a resource available as the
amount estimated, the fuel will be depleted
after only one more doubling period. After
considering this dilemma for a few seconds,
another student said; "Changing the per-
cent (rate of increase) is the only solution?'
That statement sounds a lot like the mes-
sage energy experts have been giving.)

The second lesson is closed with a hypo-
thetical example Albert Bartlett used in a
talk the authors heard him give. In his ex-
ample, there is bacteria in a bottle and this
bacteria doubles in amount each minute
and the bottle is large enough to last 'one
hour. If this situation originates at 11:00
o'clock, then at

11:01 lots of room;
11:02 still lots of room;
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80
O

.

:.-

70

60

. An)

,,

50

40

30

20

10

1 2

11:59 still lots of room
(only half full);

12:00 full.

3 4 5 6
n

Fig.'I. Graph of f(n) - 2".

' completed in about two hours. Portions of
the -tables could be completed in but-of-
class assignments, thus cutting down on
class time. For the most part, students who
were capable of understanding compound
interest seemed capable of understanding
the lessons. Students did react favorably to
the problems studied.

These lessons are recommended in that
they

Bartlett said that right now in the inflation,
population, and fuel situation, it is 11:59.

Evaluations and Conclusions
As indicated earlier, the authors used

these lessons with a variety of students
(both college students and high se; stu-
dents) and found that the lessons were

I
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1. concern interesting and vital problems,
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TABLE 6

Estimated
Coal

Reserves

A

Annual
Use Last Rate of

Year Increase
Doubling

Time
72-r

Amount
Used in

First
Doubling

Period

3
y -2-(x)(m)

A- +

No. of
Doubling
Periods

n.

No. of
Yrs. Fuel
Will Last

ntn

4.34 x 10" S.58 x 10* . 0

4.34 x 10" 5.58 x 10* 2

4.34 x 10" 5.58 x 10* 4

4.34 X 10" 5.58 x 105 6

4.34 x 101' 5.58 X 10* 9

4.34 X 10" 5.53 x lOs 12

° Where 2° -A + 1

6° Does not apply

IP

C)0 (.01 x 10")

(.00 x 1010)

(6.70 x to')

0 (5.02 x 1.0')

O
e 48

a

2. relate mathematics to evaluation of so-
cial and scientific problems, and

3. give an example of a situation where use
of a hand-held calculator makes the in-
terpretation easier.

The authors suggest the possibility of in-
vestigation of similar problems involving
the availability and.use of other natural re-
sources, such

coin
aluminum and copper.

Teachers coal! give students data on esti-
' mated resources,and current usage patterns

or ask students to find the information in
. the library.
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THE CALCULATOR,IN:THE CLASSROOM:
REVOLUTION OR REVELATION?*

I was an elementary s-hool student in the late 1930's and attended the
Ernest Prussing Elementary School in Chicago's farms northwest side. It was

a rather new school then. It liad'an ekcelleni reputation for achievement
'and, as I recaili-it was provided With-the best of everything that could be
provided during the great depression. We had one of the first "adjustment
teachers" in Chicago and I remember taking a lot of tests that ultimately
resulted in my skipping a grade. But what I noticed about the adjustment
teacher (apart from the fact that she was an attractive' young woman) was
that she used a stopwatch and a slide rule. It was the first time in my
life that I had seen such things:- I remember thetI had to build up my
Courage to ask her about them and, she demonstrated them to me. I had no
use for a stoopwatch, but a ruler that could do arithmetic seemed like a
miracle. I had to have one.

- Ted Stolarz

The microelectronic revolution is with us and the world will never be the
same as it was before it started. That megiC ruler that could io
arithmetic is now obsolete. The hand-held pocket calculator:car do
everything the slide-rule could and more. Calculators can do arithmetic,
algebraic, trigonometric, and statistical s computations and do them faster

'than they can be done by the algorithmS' most students learn in school.',
What is more, they operate with an amazing degree of accuracy.

Therere those who are disturbed by this and who feel that children should,
not be allowed to use calculators because if they' d6 they will not learn
the basic operations of arithmetic. The danger is there, of course, but
the calculator; when used widely under the direction of good teachers can
generate interest in learning the facts and skills of mathematics:1 irce
these skills are learned, the calculator,,especially the programmahle'one,
can take a great deal of the drudgery out of computation.

To illustrate this point consider the "ruler that could do arithmetic."
The slide rule, which has been available for more than 350 years, maKes a
number of calculations quite easy. And, until the recent advent of the
hand -held calculator, it was always standard equipment for engineering and
science students. The same fear that today accompanies the idea' of using
calculators in the classroom also was prevalent when the slide rule began
"taking over" the calculating process.

But the slide rule did not destroy students' ability to do fundamental
operations longhand. It did not destroy their ability to do computation
without it because to use the instrument skillfully, one had to know the
process. The slide rule simply gave an approximation to.. the answer without
some of the long computation.

Just as the slide rule did not destroy computational ability, the ,

calculator will not do so either if used Properly. Many facets of,
mathematics cairbe enhanced and supported by the use,of calculators,
especially the processes of estimation and approximation (for which the
slide rule was often Used).
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complicated 'sequence in which it does one part over and over a set number
of times or until a predetermined value has been raached and then goes on '
to do other things. It can store information in what are called memories
and recall whatever is needed for use whenev4i-Tt is needed. This means
that the programmable calculator, unlike the ordinary calculator, can do
sophisticated operations without needing the operator to initiate each
step.

_

MOWever, it does these things only if one can "teach" it to do so. One

must make the calculator "learn" the separate steps in a sequence. Every
mathematical step is possible on a nonprogrammable calculator. But the
adVantage of the programmable calculator is its ability to "learn" to do
many operations with processes not possible on a nonprogrammable
calculator. It is important to note that if one does not undqrstand the

.'process he is trying to program, the programing is a hopeless task. The

programmer must identify and plan sequential steps for solving the problem
as well as plan the order of arithmetic operations. Thus with the
programmable calculator, even more than with an ordinary calculator, the
thinking process of the user is primary if he is to build his own program:

Most of the applications of mathematics to real problems involve several
operations. The programmable calculator permits Is to address many
different real problems without spending hours and hours in longhand
computation. In addition, the use of,the programmable calculator helps to
develop skills in designing algorithms for the solution of problems which

o recur with different inputs. These skills wil be as essential as basic
arithmetic in the 21st century.

e4i
The programmable calculator or computer can also enable a person to, se a 0

special program (prepared by experts in a certain field) to do a complex
operation he cannot do longhand. For example, there are statistical
packages which can be very useful in providing results which are meaningful
to the user even though he does not have the statistical training to do the

computation or program thet.calculator.

The use of the programmable calculator in a creative way'(i.e., having the
user develop his own programs) is preferred over using the calculator or
computer to run existing programs. Several examples of creative uses of
the programmable calculator can be made. For instance, students can gain
several geometric insights by using a programmaitle calculator. Sappose

o there are youngsters at the level of using basic geometric formulae for
lengths, areas, and volumes.

Consider these problems for the student to explore:

1. How does the area of a circle of diameter d compare
with the area of a square of side d? Try several
cases and see if you can get a generalization. Look
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at the formulae and see if the generalization makes

sense.

d2/4 and As is (12

1r/4 < 1, therefore, Ac is a little more

than 3/4 of As

2. What happens_to the perimeter and area of a square,
rectangle, circle if all basic dimensions are

doubled? Tripled? ,Do the same for volume formulae.

3. If we have a rectangular box of
of sheet metal, what dimensions
the sheet metal a minimum?

4. You have a can in the shape of
sheet metal. If the volume is
height will make the amount of

fixed volume Made out
will make the area of

a cylinder made of
fixed, what radius and
sheet metal a minimum?

These problems can be quickly explored with the use of a programmable

calculator. First, the student must know how to use the formulae required.

Next he must tell the calculator how to use the formulae; that -is, what

sequence of steps it must take to arrive at a solution. Once-this is

achieved, the student experiments with different inputs to arrive at the

final conclusion.

-The programmable calculator should be introduced as soon as the child is

faced with problems which occur frequently or which require more than a

single step. This will happen not only in the computation but also in the

application of mathematics to real problems such as interest, installment

buying, cost compirisons, etc.

The use of the programmable calculator will not only make computation less

'tiresome, it will also allow -the- child to learn simple programming at an

early date. Computers and their programs affect everyone in many ways. In

the near future it will be as natural for one to understand how to use

programming as it is now to understand spoken and written language. In the

secondary schoolsit will become essential to give many, if not most,

students some hands-on experience with microprocessors. The present

generation of professional men and women, business people, and skilled

workers has-a handicap because the computer, its uses, and its languages

were not a part of their early experience. Those who have had to learn

this later have not had the advantage of'an_early introduction. Even more

serious is the problem of those who must blindly use the results without

any understanding of how they came about or, in the case of management,

make decisions affecting computer operations with only a smattering of

knowledge about what they do and how they do it. This generation, those in

school now, must be given some background on this tool which they find .

everywhere in their
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It is obvious that the calculator, especially the programmable calculator,

has much to offer mathematics students of any age. The following

recommendations are made to promote and encourage the use of the calculator

in the classroom.

It is recommended that:

1. Calculators be used in our schools.

2. School districts adopt a policy with guidelines in
regard to the use of calculators.

3. Calculators be used as tools to reinforz..e the
basic skills, not as substitutes for teaching the
basics.

4. Calculators be used:

to facilitate the learning,of basic arithmetic
skills at all levels,

to facilitate the use of comparison in problem

solving at all levels,

to facilitate the use of estimation in problem

solving at all levels, and

to facilitate problem solving in real life
situations at all levels.

5. Emphasis in calculator programs should be to teach
children critical thinking. .Calculators enhance
critical thinking by:

reinforcing the basic skills,

helping in the basic skills of reasoning,

reinforcing the thinking process,

reinforcing problem-solving ability,

promoting logical thinking,

encouraging creative usage,

providing stimulation and motivation,

helping to develop number sequencing concepts, and

aiding in discovering mathematical concepts.
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All of this has important implications for teacher education. It is
essential that those who will teach future citizens be prepared to
introduce them to the tools which they will use and which will affect their
lives in so many ways. It is suggested that elementary school teachers be
required to learn how to use a calculator and be urged to learn how to use
a programmable one. Secondary school teachers should understand how to
employ the programmable calculator as well as the microprocessor or
minicomputer.

The responsibility for this training will have to be assumed by the
universities. Although there will be specialists who can teach the
advanced material, most, if not all, teachers will have to have some
background,knowledge. At the moment it looks as though the universities
will have to be-sure that experience in the use of hand calculators,
programmable and otherwise, plus experience in the use of microprocessors
and mainframe computers is available to all who desire it. Further, it
will be the responsibility of the universities to encourage all students to
get at least minimal training with such equipment.

It is difficult to predict what the future will bring. The revolution in
miniaturization, along with decreasing costs, will undoubtedly produce new
wonders in the next few years. Whatever is made available in schools and
colleges should reflect what is available on the market and in general use.
The equipment purchased at the present should be minimal and consistent
with good usage so that schools can take advantage of new developments. In

short, we are entering a new age. It is hoped that in education we will
enter iL with enthusiasm and not be dragged into it reluctantly.

This document may be obtained from EDRS as ED 191 740.
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THE PROGRAMMABLE CALCULATOR IN THE CLASSROOM

Theodore J. Stolarz

Introduction

I was an elementary school student in the late 1930's and attended the

Ernest Prussing Elementary School in Chicago's far northwest side. It was

a rather new school then. It had an excellent reputation for achievement

and, as I recall, it was provided with the best of everything that could be

provided during the great depression. We had one of the first "adjustment

teachers" in Chicago and I remember taking a lot of tests that ultimately

resulted in my skipping a grade. But what I noticed about the adjustment
teacher'(spart from the fact that she was an attractive young woman) was
that she used a stopwatch and a slide rule. It was the first time in my

life that I had seen such things. I remember that I had to build up my

courage to ask her about them and she demonstrated them to me. I had no

use for a stopwatch, but a ruler that could do arithmetic seemed like a

miracle. I had to have one.

.I saved nickels and dimes for what seemed an eternity and finally bought a

wooden slide rule with "painted on" numbers and 4 little instruction book.

The slide stuck in the rule like glue on damp summer days and fell, out if

you tilted it during the dry days of winter. I remember how disappointed I

was when I found out that it could not add or subtract. But I was the only

student in the 8th grade that had one and I carried it with me wherever I

went.

Later on, at Carl Schurz High School an algebra teacher caught me using my

slide rule on an examination. Her scolding made me feel as if I were

?cheating." When I later found time to explain to hetmy reasons for using

the rule she stated that it was a "crutch" and that I was doomed to going

through the rest of my life carrying a slide rule. I had a nightmare where

someone stole my rule and I was unable to multiply 3 by 4. The truth is,

however, that she was partially correct. I have always had one with me

until I purchased my Texas Instruments SR-52 calculator. My expensive

Pickett slide rule'now sits in my desk drawer at the college gathering

dust.

Many educators, with good reasons, fear the use of electronic calculators

by children in the elementary and secondary schools. I am sure that many

of you have heard their arguments. They are often difficult to answer.

Last year I was grading a problem one of my students handed in for a

statistics course I was teaching. About half way through the problem her

numbers started making no sense at all. I couldn't follow her logic. When

I asked her to explain the logic of her solution she stared at the paper

for a while and'then said, "I think my batteries were getting weak." I
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confess to you that I did not know where to begin to help her. I was also

worried that a student might some day flunk out of college because a

transistor failed.

The Microelectronics Revolution

In reality, the "microelectronics revolution" is with us and the world will

never be the same as it was before it started. It is by no means over.

Whereas, in the past a teenager had to be able to add and make change to

get a job we now find that in the "fast-food" hamburger shops the

youngsters press buttons with pictu-res of hamburgers, milkshakes, and fried

potatoes on them and the microprocessor in the register totals up the bill

and indicates the correct change for the bills you offer in payment.

Within a decade or less most college students and many high school students

will have computers of their own with higher level languages such as BASIC

or PASCAL and graphics capabilities. The calculator is now virtually taken

for granted by children and versions'of Texas Instruments "Speak and Spell"

will be teaching vocabulary and spelling. The question is not, "Will ye

make use of calculators in the schools?," it is, "How will'we do so?" In

1971 I purchased one of the first "hand held" calculators (the Monroe Model

10) for $350. A much better machine can be purchased at Radio Shack or

K-Mart for about $10. I have in my home a personal computer system (the

Heath H-8) which is more powerful than the "MANIAC" computer which was used

to verify the mathematical equations for the first hydrogen'bomb which was

designed at Los Alamos, New Mexico, two decades ago. There is no turning

the world bac%.

The Programmable Calculator

We are concerned here, however, not with calculators and their uses, but

with programmable calculators. It is very important that we draw a clear

distinction between these two because, despite their obvious similarities,

they are-really very different machines. A calculator simply performs

operations that are familiar to the user and can be performed by the user

without the calculator. The programmable calculator introduces a new

mental process and A set of new concepts that must be learned. The

programmable calculator is a computer disguised as a calculator. The

"stored program" concept and the use of sequential steps following an

"algorithm" to solve a problem is a computer process. This 'difference

provides us with the opportunity to develop in our studem.s a method of

thinking that will prove to be of great value as they face the world of the

future.
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Let us examine this difference by reference to the diagram below.
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A calculator contains the features shown inside the dashed lines in the

diagram. All actual calculations are performed by the arithmetic unit

which sends the results to a display (light emitting diodes or paper tape).

Input of numbers (data) is accomplished using the keyboard. Certain

keystrokes require the arithmetic unit to address preprogrammed subroutines

which extract square roots, calculate logarithms or trigonometric

functions, or in more complex machines convert degrees to radians, solve

rectangular to polar coordinates, etc.. The analogy to the central

processing unit, input/output functions, and subroutine branches is obvious

to anyone with a passing acquaintance with computer architecture. The

similarity is even greater when we recall the fact that all operations are

actually done in binary code using such standard computer techniques as

two's complement arithmetic and the rule of Boolean Algebra. All that need

be added to build a complete "digital computer" is to provide a program

memory which is sequenced by a "clock" which feeds the steps to the

arithmetic unit at a speed within the limits of its capacity and a data

memory which can store numerical data on a "destructive read-in,

non-destructive read-out" basis. All-programmable calculators have these

features and they differ only in memory sizes, speed, provision of remote

recorded program entry, and the "richness" of the instruction set provided

to manipulate the various "blocks" shown in the diagram.

The key point is this. The logic or "mental process" used to program the

programmable calculator is identical to that used to program any computer.

In the calculator, programming is done by defining a series of "keystrokes"

that will solve a problem for the user. In computer languages such as

"assembler languages" or so-called "higher level" languages such as ALGOL,

BASIC, APL, FORTRAN, COBOL, FOCAL, PASCAL, etc. we use a fixed set of

written instructions in a rigidly defined syntax to solve the problem. The

mental process used by the programmer is fundamentally the same. It

involves developing an "al,orithm" which breaks down the solution of the

problem into a series of seqUential steps which must be executed in an

exactly defined sequence. `There is no room for ambiguity in either case.

.> 119

114



Planning Algorithms

The key to developing programs that will solve problems using computers or

programmable calculators is skill in developing algorithms. The

programmable calculator is ideal for introducing this skill because the

user can concentrate on the problem of how to accomplish a goal without the

added confusion of learning the syntax of a computer language. This is not

immediately obvious. I had the unfortunate experience of doing a:1 this

backwards. My first efforts at building algorithms were with the IBM 1401

computer which had a FORTRAN compiler.. I had little prior experience with

computers and no instruction in their use. I acquired the IBM technical

manuals and spent some weeks before Icould get any idea of how to get

numbers into the card reader and results out on the printer. During most

of this time I had to operate the computer myself and the sheer size of the

thing-was unnerving. The few programmers around the computer did not know

FORTRAN and kept trying to correct my, syntax, not my strategy. Most of my

errors were in program flow, not syntax. The compiler caught most of my

syntax errors. The computer was faithfully doing what I told it to do, not

what "'I wanted it to do.

After about a year of this experience, I was writing many successful

programs, but my efforts tended to waste a good deal of computer time and

printer paper. At about this time we acquired an early programmable

calculator in the psychology department. It was made by the Monroe company

and we had to punch octal codes into blue cards to represent keystrokes,

which was somewhat confusing at first. But I found that solving problems

with this calculator gave me much greater skill in writing FORTRAN programs

for the large machine. No one prior to this took the time to teach me the

fundamental process of designing efficient algorithms. I was too worried

about losing control of the high- speed- printer which could empty most of a

box of paper before the computer operator could stop it or in counting card

columns to construct input format statements.

Later on in this conference when we see demonstrations of problem solutions

using programmable calculators we should keep in mind that the process we

are using includes a series of concepts that are necessary for the

efficient planning of algorithms. The programmable calculator can be used

to teach and/or illustrate these as we develop.this skill in our students.

The following is a list (not complete, of course) of the kind of concepts I,

am referring to.

1. The use of a "program." The key concept which students may not
understand initially is that of using a "program" to solve a problem. The

programmable calculator has in common with the digital computer the fact

that using a supplied program allows the user to solve a problem which he

may not know how to give: Once a program is written it can be used many

times. A program I wrote for test item analysis in 1971 is, still widely

used at our university (and in many other places) to evaluate multiple

choice tests. It performs thousands of calculations using some rather

sophisticated algorithms. Most users are unaware of the statistical

niceties it contains. They do, however, understand the output it produces,

and that is all that matters. This is the "magic" of the computer;

programming languages are universal. Pre-written programs are available

for a]l programmable calculators and they are very useful.



2. Planning sequential steps for problem solutions. While some texts

start out with "flow charts" and diagrams which define an algorithm, the

student should first learn a fact of life. A computer can only do one

thing at a time. This is true of all computers, no matter how expensive or

sophisticated. We can, by clever programming, make a machine seem to do

several things at the same time. However, if we have one-central

processing, unit through which all data must flow, the computer has the

capacity of doing only dne thing at a time. This is very evident when

using a programmable calculator where tLe sequence of the keystrokes is

important and the task must be reduced to a finite number of steps done in

a certain order.

3. Planning the order of arithmetic operations.
6

While I am sure that

the teachers of mathematics present here today teach their students that an

algebraic expression or formula is merely a convenient "shorthand" for

specifying the order of arithmetic operations, some of my students act as

if they do not know this. Planning the series of keystrokes needed to

solve an equation can reinforce the student's understanding of the

importance of this order. For example: a + (b/c) # (a + b)/c.

4. Memory storage and retrieval. Skill in manipulating memory is a

mark of the good programmer. The concept of depositing intermediate

results into a memory "bucket" for later use is not intuitively obvious.

Less obvious is the pladement of a constant like pi or e into a "bucket"

for later use on a repeated basis. This is easier to see on a programmable

calculator than on a computer using a language like BASIC where we might

say, "LET X2=2.712828." The beginner does not see that the computer will

reserve a fixed number of binary digits in memory to hold the value of the

variable designated as X2. Most programmable calculators allow the user to

add to a memory location or subtract a value from its contents directly.

This is excellent practice.

5. Planning,input/output operations. The output of a calculator is

typically a number (or a series of numbers) on a lighted display or on a

paper tape. The builder of the algorithm must plan when the program is to

display these numbers and he must "document" his program so the user will

be able to identify what the numbers mean. He or she must also plan the

program so that it will pause so that data can be entered into the sequence

via the keyboard so that program flow can proceed. This is a skill that

has a positive transfer to the learning computer programming in the

future.

6. Branching forward or backward.
sequential the sequence does not always
Some parts,of a program may be executed
executed many times to accumulate sums,
easily accomplished by "labels" in many
allow the user to set "flags" which can
instructions which branch programs back

these techniques is very valuable.
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While program execution is
proceed in a single direction.
only one time while others may be
products, quotients, etc. This is

calculators. Some calculators
be tested .to bypass "GOTO"

over previous steps. Practice with
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7. Conditional branching. Most programmable calculators allow tests
3f the value in the "accumulator" or display register to see if it is,
positive, negative, or zero before branching to a portion of the program
occurs. The test for "greater than, less than, or equal to" a certain
value is easily accomplished. Such branching is so frequently used in
computer algorithms that it is actually difficult to write a program of any
complexity that does not use this technique.

8. Forming repetitive "loops." Using the above concepts it-is
possible to teach the construction of programs which "loop" through a
series of steps for either a fixed number of times or until a desired
result is accomplished. While this is planned for in programmables which
have a "decrement memory and branch when zero" instruction, it can be done
with any'programmable which provides for the "+-0" branch test. Learning
the concept of "looping" is difficult for many students who first attempt
it with "FOR-TO" loops in BASIC or "DO" loops in FORTRAN. It is one of the
most widely used techniques in the construction of computer algorithms.

4
A good exercise to teach this concept is to have the student write a
program to obtain the square_root of a number using the method of
Successive approximations suggested by Newton. This is how many computers
calculate square roots.

9. Clearing storage. The fact that memory locations can hold
ft garbage"_from previous program steps and must be "cleared" or set to zero
if they are to be added to or subtracted froth will become painfully clear
after students write programs that "bomb out." I violated this rile the
other day after over a decade of computer and calculator use and hundreds
of successful programs in use all over the country.

10. Overlaying memory. It is an excellent builder of mental
discipline to fit a large program into aG,machine that is limited to a small
number of memory storage locations. Clearing and re-using memory locations
builds good programming skills. I find myself sometimes getting careless
in this regard when using my home computer which has 24,000 byes of memory
which will soon be expanded to 40,000 bytes. Starting with a large machine
can develop bad habits.

11. Use of subroutines-Most programmables allow for construction of
subroutines to perform repetitive chores with economy of program steps and
memory storage. This is a concept that takes some practice before it
becomes a matter of habit.

12. Indirect memory addressing. Some programmables allow for-
branching to a program step specified in a memory location. This value can
be the result of calculations within the program. This is an advanced
skill but it is within the capabilities of bright students. It provides a
very powerful tool in the construction of some algorithms.
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13. Concern for program length and execution speed. There are, of

course, several ways to construct algorithms to solve any specific problem.

All of them are "correct" if they produce the desired results. The "best"

algorithm is the one that provides the result using the fewest program

steps or keystrokes. Since the "clock" in a programmable calculator is

relatively slow as compared to a computer "clock" this speed difference is

more obvious when using the calculator. The shorter program is also easier

to load since there is less chance for error.

The list is not complete. However, it does suggest how much a person can

learn from the use of a programmable calculator. The little machine that

fits into a pocket or purse is in fact an extremely complex marvel which

contains thousands of electronic components arranged so that they can be

instructed to solve a myriad of problems. In at least this one area, that

of teaching the building of algorithms, its use in the classroom is very

valuable. The positive. transfer of these learnings to future learnings

should be obvious. ,

Other Uses

While up to now my interests in computer algorithms, programming languages,

and digital electronics clearly have influenced my presentation of how

programmable calculators can be used effectively in teaching in elementary

and secondary schools, there are many other uses that can be found for them

that have educational value. It is a feature of this conference to explore

these potential uses through the exchange of ideas. The shared creativity

of many skilled educators can open up avenues and approaches that could not

be foreseen by a single person regardless how creative he or she may be.

Again I must reach into my 47n experiLnces which merely suggest how

fruitful the field is. I will illustrate a fe'w ideasthat I have. In most

of these the teacher does the "programming" but there is no reason why a

student or a group of students could not be involved in this effort.

1. Curve plotting. In teaching the concept of the "normal curve" to

my introductory statistics students I try to convey the idea that the curve

has no"standard" shape but is a plot of an equation involving certain

constants and variables. The constants are pi and e and the variables are

the mean, the number of scores, the standard deviation,-and the individual

scores in the distribution. By writing a program for the calculator which

solves for the height given the values of the variables previously

-Ifehtioned, I can plot the curve several times to show what effect the

variables have on the shape of the curve. Solving

S 2

-(X-M)2/2S2
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for h given n, S, M, and X fifty or a hundred times'is a prospect no man

can face with equanimity. A short program for my Texas Instrumqnts SR-52

gives the values of h in a few seconds and allows the curve plotting to go

on. In a secondary school class the "feel" for simple equations employing

powers of 2 or 3 could be of value. It might also be useful to plot lines

1.4) selected points in linear methods where a program for a "least squares"

fit of a line to a set of points Is easily written.

2.. Building tables. I have written simple programs using the

formulas for compound interest to determine how much I must save, given

current bank interest to have enough money to purchase additional memory or

peripheral devices for my upputer at a certain point in time. I also

calculated depreciation schedules for the SR-52 for my income tax form. I

can.see possible uses for this ISind of programming in teaching business

mathematics or even consumer education to students who will be users to

credit in a few years.

3. Science education. I received a "lunar lander game" program with

the SR-52 and I spent a feu, hours playing with it. Most of the time I

impacted the moon at various velocities and theoretically killed myself

several times. I can see, however, that the acceleration of a falling body

could be demonstrated, or the trajectory of an artillery shell estimated.

The ease of plotting data points gives a better feel for the dynamic nature

of what is happening rather than the static feel one gets when it takes

considerable time to establish a single data point. I have also used the

metric conversion programs when my favorite scotch suddenly appeared In

'alf-liter bottles and I wanted to calculate the price per fifth gallon.

4. Mathematics classes. The combination of the availability of

trigonometric functions and programming capability helped me verify the

correct operation of a "Biorythm Plotting Program" I placed on my home

computer and the'computer system used by.our university. The sine fundtion

iqrused to generate the-curves, of course,, but verifying the plotted points

in the computer program helped "debug" the operation of the program and

ensure that the leap years were handled properly. I can see many possible

uses for this kind of programming in courses. in algebra, geometry, solid

geometry, trigonometry, etc. My lack of familiarity with the secondary

curriculum in these areas, of course, limits me in,anticipating uses.

I will leave the rest to you and I am eager to lee how much -I will learn

before tomorrow is over. Thank you for your kind attention and I hope that'

you will find this conference to be of value in our common goal of

improving the mathematics skills of our students. ,

This document may be obtained from EDRS as ED 193 026.
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THE_ CAA_ FOR
PROGRAMMABLE. CALCULATORf

JoHn J. WAvRlic
With all the attention being given to computers these days, another quite remarkable insfiliment

often gets tweriooked: the prograMmable calculator. I don't wish to open a debate about whether or not
programmable calculators are computers. Let's assume that they are not. A programmable calculator has
many computer-like features, but it is basically limited in its innut and output: it accepts numbers and
outputs numbers. Most computers can process words as well as numbers. This can be very nice for games
(in one Star Trek version, if you accidentally destroy your own base, Mr. Spock will print you a message
telling you that what you have done "is not only illogical, it's stupid!") and for non-numerical information
processing tasks. Some computers can produce graphics displays, some can be used to control other'ma-
chines. Calculator's will only calculate. At the present time, though, they are better at this than modestly
priced computers. If "number-crunching" is your game the instrument of choice is a calculator rather
than a modest computer. If factors of cost and portability are thrown in, we find that calculators form a
distinct breed of machine that has itsAawn right to exist.

At the moment I find myself heavily involved with numerical work. I do have access to a large
computer system but find myself doing much of the work with a programmable calculator. It may be a
personal quirk, but I find it easier to devise and test algoritms using the calculator. In some cases, though,
the results that really interest me require, more storage and speed than the calculator can provide. In such
Mel the procedures I use are designed with the aid of the calculator but the computer does the firm! work.
It is true that computers run more qUickly'than calculators. Be sure, however, to count the time from
posing the problem to obtaining the solution! In many cases the computers intolerance for misplaced par-
entheses and omitted semi-colons-will make the debugging process far more time-consuming. If you work
with a computer center, do you have to,drive there to drop off a deck of cards and come back later for
the results? How long does it -take to enter a program and data into the machine? Of course, if you're
involved in-long range weather forecasting a calculator won't do (but neither will a S600 home computer!).

There is another area in which programmable calculators are useful: education. I am working with
a mathematics club for elementary school students in grader 4-6. In an effort to convey to students what
is involved in getting a computer to do what it does, demonstrated some simple programs with II Program-

msble calcu:ator. To my surprise, several of the students showed readiness to learn programming. Writing
original programs is an excellent problem-solving task for elementary school students. A pair of lourth gra-

ders who decided to write their own perpetual calendar program not only had :o do some research into
calendars and astronomy, but they also had to solve several technical mathematical and programming prob-
lems. The calculator is also useful in allowing the exploration of areas that would be less accessible other-
wise. A sixth grader, for example, used a random number subroutine to conduct experiments in proba-
bility and statistics. The use of the calculator also has provided insight into computers. Students have a
better appreciation of what is involved in computer prograrnining and of what computers can and cannot
do. Some have found it quite easy to learn a computer language after their experience with the calculator.

Learning doesn't takeplace only at school. Indeed if a student has a great deal of interest in a spe-
dal subject (like mathematics) it is unrealisticto expect any school to'provide the type of instruction such
a student really needs. Mathematically talented students have-needs, interests and abilities that no mass
education system can cope with. Such students should expect to do a great deal of their learning by pur-
suing their interests at home. To parents of these students I would seriously recommend the purchase of
a programmable calculator. At a cost of about S100 one can buy what amounts to a personal laboratory

for work in mathematics and computer science.

Dr. Wavrik is an Associate Professor of Mathematics at the University of California at San

Diego. He is the author of "Fi:,ding the Klingon in Your Calculator", CALCULATORS/COMPUTERS
Magazine, January 1978.
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A SUMMER COURSE WITH THE Ti 57
PROGRAMMABLE CALCULATOR

By ELI MAOR
University of WisconsinEau Claire

Eau Claire, WI 54701

Let me wish that the calculating machine.lriview
of its great importance. -may become known in wider
circles than is now the case. Aboi/e all, every teacher
of_mathematics should become familiar with it. and it
ought to be possible to have tt demonstrated-in sec-
ondary instructionr

Felix Klein
errilerring to the newly inven mechanical calculator)
in an address to high sc I teachers. Gottingen. 1908.

In the ew years since its appearance on
the arket, the programmable calculator
already has opened up an entire new di-
mension in numerical exploration. Hun-
dreds of problems from number theory., al-
gebra. and calculus. which until now have
required the use of computer facilities (and
hence the knowledge of a programming
language), Can now be programmed and
run on' one's own pocket calculator at
home, on a trip. or while on vacationpro-
viding many hours of reward and virtually
an endless variety of mathematical topics
to explore.

Thetefore, when 1- was asked by the
newly founded Eau Claire Association for

- High-Potintial Children. Inc. to plan a spe-
cial mathematics course as part of its sum-
mer program for 1978. my instant choice'
fell on the programmable calculator. The
proposal that subsequently .evolved called
for a six-week. three-times-per-week course
based on the Texas Instruments TI 57. The
chief philosophy behind the proposed prof- -
ect was to offer an enrichment program for
students of the upper elementary and jun-
ior high school levels that would enhance
their interest and motiviiion in mathe-
matics; consequently, the syllabus put

stress on ideas and Concept's, rather than on
techr.,ques and

of

learning. The course
was,to be one of fifteen courses-offered-by
the associationfoiits summer -program,
ranging in topics-from biology, and astron-
omy to art. Latin. and Greek mythology.

A grant enabled the association to, pur-
chase seventeen calculators. which in turn
determine d- the number of participants ,ine
the program: the plan called for every stu-
dent to have his or her 'own instrument,
thus eliminating some of the frustrations
that are common at computer terminals
where many users have to share the same
facilities. Two sections of the course were
offeredone for ages 8-11 and the other
for ages -12-15. There were no entrance re-
quirements, but the intention; was to offer
the course to particularly gifted and moti-
vated children; and this indeed turned out
to be the case.

The TI 57 programmable calculator was
chosen chiefly because of its simplicity of
operation. It has a modified algebraic logic
known as AOS (Algebraic Operating Sys=
,tem). which riot only enables algebraic ex-
pressions to be entered from left to right
exactly as written, but also "recognizes" the-
hierarchy among algebraic operations. If,
for example, we press the' keystroke se-
quence 1 + 2 ,x 3 =. most calculators will
display 9 as the result. because they per-
form the instructions sequentially as they
are entered, always completing the pre-
vious calculation whenever a new opera-
tion is encountered. The TI 57, on the other
hand, will display the correct result, 7, be-
cause it "knows" that multiplication must
precede addition. This feature...was consid-
ered to be of major importance; because of
the age level of the participants it was very
important to make the arithmetic as simple

Reprinted by permission from Mathematics Teacher 73: 99-106;

February 1980.
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gts possil;1$ and to avoid,any complications
due to different :logics." Also, the pro-

.gramming features of the TI 57 are just
about right for the level of the students in-
volved? the instructions are simple and
straightforward, eliminating the necessity
of learning any sophisticated programming
language. This meant that we could "go'
straight to businessconcentratinvon the
mathematics itself froth the very beginning

of the course.
Perhaps a brief descr:ption,of the pro-.

gramming capabilities of the TI 57 would
be in order.' The instrument looks very'
much like any other scientific calculatot,

but a special key denoted 1,111'.1 (';learn ")

transforms it into a "student" ready to re-
ceive instructions from us. the "teachers"
(this attitude, that the children: ate really
the teachers of their own calCtilators. was
"maintained throughout the entire course/.
The calculator is capable of receivinrupIp
filly program instructions, which is more
than sufficient for most elementary. pur-
poses. A "pause" key instructs the calcu-
lator to display any intermediate results

during program execution, whereas the
R/S ("run-stop") instruction halts the pro-
gram at any desired step. There are two de-
cision keys, x = t and x t, that compare
the current number x in the display-register
with a prestored number r in the test-regis-
ter and branch the program according to
the outcome of the comparison. Branching

can also be affected through the GTO ("go
to") and RST ("reset") instructions; the
former diverts the program to a specified

location ("label"), whereas the latter sends
the program back to the beginning. There

are several editing keys that enable one to
make corrections or changes in the pror
gram without keying in the entire program
again. The instrument has eight memories,

irl,which numbers can be stored, added to.
subtracted from, multiplied by, or diyided

by, as well aS exchanged with the display
value. Thus, the calculator has full "mem-

ory arithmetic" capabilities, a feature that

we constantly exploited in our programs.
The display itself has an eight-digit capac:
ity, but all calculations are internally done

-

with eleven digits that are then rounded off
foi displaying. Figure ) :aims the key-

board of the instrument.
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Fig. I, The TI 57 prograRmable calculator.

Description.of the Course
The course met for six weeks, three times

each week, in the seminar room of our
mathematics' department. There, sur-
rounded by books and periodicals, the pu-
pils were exposed to some of the flavor of
academic life at a university. They were
free to check out any books they wished,
and one of them asked tp take home the
thirteen books of Euclid! Whether he ac-
tually studied them I do not know, but the
incident shows something about the curios-
ity of these students to learn and explore
new ideas in mathematic%, a' curiosity that
persisted throughout the entire course.

Each topic of the syllabus was used as an
"excuse" to introduce a new concept, bring
in some novel idea. or point out some high-
lights from the history of mathematics
(table 1), In this way the students were ex-

. posed to the spirit and flavor of mathe-
matics even without having the more so-
phisticated tools needed fora fuller grasp
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of these concepts. For example, the multi-
plication table was used to discover various
"hidden"---mathematical. patterns, such as
irithmetit progressions (any row or column
of the table), the progression of squares 1,

4, 9, 16, 25, ... along the main diagonal, or
the symmetry of the entire table with re-
spect to this diagonal. The students them-
selves discovered thisefeatures in response
to my questions, Sand they were fascinated
to find out, that the boring multiplication
table has so many interesting secrets in it.

Next we learned how to "teach" the cal-
culator to.generate some of these patterns.
For example, to generate the progression of

TABLE )

Topics Covered in the Two Sections

Section 1 (ages
I. bitroducticn: hot+ to use your TI 57 program-

%able calculator.
2. Teach your calculator how to count (counting

by ones, twos, tens counting backwards).
3. The multiplication 'able on your calculator (all

muhiples of a Liven integer).
4 Sequences of numbers (all even numbers, all9 odd numbers. all squares).
5. Number Patterns (sum of the first n integers.

sum of the first n odd integers).
6. Arithmetic, geometric. and Fibonacci progres-

sions.
7. The prime numbers.
4. Introduction to algebra.,(letter numbers. arith-

metic sentences expressed algebraically).
9. ;Ififinity and limits (limit of (n + ) )/n as n co.

sum of the decreasing infinite geometric pro-
gression).

10. Games on the calculator (nonprogrammed and
programmed games).

II. The number e.
Section 2 (ages 12 -15):

1. Introduction: getting acquainted with your TI
57.

2. A quick review of arithmetic.
3. What is programming?
4. Scientific notaticr.. '4oit, to write large numbers.
S. Introduction to 1:Aebra.
6. Number progressions (arithmetic, geometric.

and Fibonacci).
7. The prime numbers.
S. Other number patterns (Ulam's conjecture.

happy numbers. Pythagorean triples).
9. EnlitS.
10. Newton's iterative method: finding the square

root-of a-number.-
II. Introduction to trigonoraeuy.
11 The number sr.
13. Calculator games.
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squares we key in the following program
("2nd" means an upper-case instruction).

LRN
1 we

SUMO
RCL 0

x2

2nd Pause
RST
LRN
RST
R/S

Again, it was the students who suggested
this program. When two different programs
were proposed for the same task, we would
write both on the blackboard and discuss
their relative merits or drawbacks; if both
programs worked properly, we would
adopt the one reqUiring fewer keystrokes.
Ultimately, some of the youngsters became
so addicted to programming that they
would come up with suggestions for mak-
ing even a very short program shorter yet!

We then moved to arithmetic and geo-,
metric progressions and their sums. We
mentioned some of the many cases where
these progressions occur in daily life and
naturestaircases, mile signs along a road,
the countdown prior to a rocket launch, the
petals of a flower, frequences of the musical
scale, and compound interest, to name but
a very few. We then recounted some fa-
mous anecdotes related to these progres-
sions. The 'students were fascinated by the
famous story of how young Gauss found
the sum of the first 100 integers in response
to his teacher's special assignment given lo
him so that he would not be bored in class.
Even more fascinating was the story about.
the inventor of the game of chess: When
summoned by the Shah of Persia and asked
what reward he would like for his inven-
tion, he merely requested to have one grain
of wheat placed on the first square of the
checkerboard, two grains on the second
square, four grains on the third, and so on
until the entire -board would be covered.
The Shah, stunned by the modesty of this
request, immediately called for a sack of
grain to be brought in, but it soon became
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clear that not even the entire grain in the
kingdom sufficed to fulfill the task. (The
name "chess," incidentally, is a distortion
of the word "shah.") This beautiful legend
never fails to fascinate novices when they
learn how quickly the sum of the progres-
sion 1 + 2 + 4 + 8 + grows. We wrote a
program that displayed the partial sums of
this progression and stopped after the re-

TABLE 2

1 -- Mo, MI, M2

Yes

Display M2

Increment Ma by I

Multiply M, by 2
and keep product in M,

Add M, to M2
and keep sum in M2

qui,ed number of terms had been reached.
To make things simpler. we contented our-
selves with a 5 x 5 checkerboard, so as to
avoid entering into scientific notation, with
which the younger class was not familiar.
The program is presented here as a flow-
chart (table 2) and in keystroke form (table
3). In the former. Al,, i = 0, 1, 2 denotes the
content of memory

The children were absorbed in anticipa-
tion for the calculator to halt the program
after twenty-five steps and display the total
number of grains: 33 554 431. (The pro-
gram can, of course, be considerably
plified if one dispenses with the halt in-
struction:)

TABLE 3

LRN
I RCL 2 2nd Lbl 2

STO 0 2nd pause RCL 2
STO I I R/S

2nd Lbl I SUM 0 LRN

SUM 2 2 RST

RCL 0 2nd Prd I 25

2ndx=t RCL I x tt I
GTO 2 GTO I , R/S

,Another subject that generated great cu-
riosity was the prime numbers. Most of the
pupils had learned about the primes in
school, but they were surprised to hear that
some of the simplest questions about them
are unanswered to this day: What is the
next prime after a given one? (In other
words, is there a prime-producing for-
mula?) Why are there so many "twin
primes" of the form (p, p + 2)? Are these
twins finite or infinite in number? No one
knows. We then programmed our calcu-

..,_lators to generate the primes in increasing
order (this program is not simple. so I gave
it to the class). We let three calculators run
this program continuously for twenty-four
hours, and at the next session there was tre-
mendous excitement as the children
crowded around the three calculators in
anticipation for the next prime to appear in
the display. The highest prime we reached
was 12 479. The TI 57 is so constructed that
the action inside the machine dimly shows
up in the display even without the "pause"
instruction, and so we could watch the ma-
chine generating each integer and trying to
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divide it successively by all smaller in-
tegers. (One needs, of course, to test only
the odd integers; also, it is snfficient to test
the divisibility only up to and including the
square root of the integer, a fact that con-
siderably,shonens the time of calculation.)
Finally, we let the same program run also
on the more advanced TI 58 coupled to the
PC-10 12/A printer, which enabled us to print
all the primes. We let that program run
uninterruptedly for about seventy-six
hours, and the paper tape gradually began
to fill the room. When we eventually
stopped the program, it reached a total
length of some fifteen meters, to the amuse-
ment of the children, reaching primes up to
30 000. We then carefully folded the tape
and put it into a box for permanent storage
so that no prime would ever be lost.

Another problem from number theory
that we explored was Ulam's conjecture:
(a) take any positive integer, (b) if the in-
teger is even, divide by two; if it is odd.
multiply by three and add one; (c) do the
same with the new number, and so on; (d)
ultimately you will reach 1. For example,
beginning with 12, we get the following:

12--06)3--+ 10-05-016) 8-44-42-01

(Of course, from 1 we can go on to 4, 2, and
then 1 again; so we'll stop whenever we
reach 1 for the first time.) That this is so for
every positive integer was conjectured by
Stanislaw Ulam (born 1909), but so far has
neither been proved nor refuted by a coun-
terexample. The number of steps it takes to
retch 1 varies irregularly from_ one number
to another and is difficultto predict; for ex-
ample. it takes only 12 steps to arrive at 1
from 106, but 100 steps to reach 1 from
107, reaching numbers well into the thou-
sands in the process. In programming this
procedure into the calculator, we have to
"teach" the machine how to distinguish be-
tween an even and an odd number. This is
done by dividing the number n by 2 and
taking the fractional part of the quotient
(there is a special instruction, denoted Int,
that takes the integral part of a number; its
inverse, INV Int. -411 take the fractional
part). This fractional part is then tested
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against zero and the program branched ac-
cording to the outcome (for details of this
program see Maor 1979). There was a great
curiosity to test various numbers and find
out how many steps it will take to reach 1
in each case (the number of steps was
counted by the program and could be re-
trieved at the end). We even played a game
with this conjecture, by choosing a number
n and then letting everyone make a guess at
how many steps it will take to reach 1; the
one making the closest guess was the win-
ner. The kids had special satisfaction in
trying out very large numbers, such as
99 999 999 or 12 345 678 and watching the
up-and-down sequence of intermediate
numbers until the final 1 halted the pro-
gram.

More than perhaps any other subject, the
notion of infinity, with its related limit con-
cept, enchanted the students and turned on
their imaginations. It is here that the pro-
grammable calculator exhibits its full edu-
cational capabilities. The limit concept is
nne of the most abstract concepts in mathe-
watics; and many students, even at the col-
lege level, are deterred by it. This is per-
haps because one cannot visualize this
concept in one's imagination and so it re-
mains a meaningless idea. With the pro-
grammable calculator one can at once see
hOw a progression tends to a limit as more
and more terms are calculated. A simple
example is the progression 2/1, 3/2, 4/3,
5/4, , whose general term is (n + 1)/n.
(There was a problem with decimal frac-
tions, with which some of the younger stu-
dents were not yet familiar, so I gave a very
brief introduction to this topic.) The pro-
gram for displaying the members of this
progression is very simple:

LRN

SUM 0
RCL 0

RCL 0

2nd pause
RST
LRN
RST
R/S

(This program can be shortened to nine
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steps by writing (a + 1) /n = I + 1/n, but as
moscof the children were not fluent in al-
gebraic techniques, I preferred the longer
program). It was an exciting experience for
the kids to watch the numbers in the dis-
play gradually apt., each 1; the question
that loomed on everyone's mind was, Will

they ever reach 1? With the calculator. of
COMIC, the answer is yes; when'the differ-
ence between the current value and the
limiting value becomes smaller than the
smallest number the calculator can handle.
the current number is rounded off to the
true limiting value. But the students had rio
difficulty in understanding that this is so only
because of the technical limitations of the
calculator (as also of a computer); they all

agreed that in theory the number I can
never actually be reachedonly ap-
proached as closely as we wish. Thus, in
One stroke, they grasped the true nature of
this important concept. Other explorations
with the limit concept were performed,
such as the sum of the infinite decreasing
geometric progression 1/2 + 174-+ Mir+
1/16 + , which was first explained in
terms of eating one-half a cake, then an-
other quarter, then another eighth, and so
On ad infinitum. To :he question whether
one will ultimately eat up the entire cake,
the class responded with a resounding no.

The last session of each week was de-
voted to playing games. We played many
games, some of them nonprogrammable,
such as Give-Take where the objective is to
reach 999 999 by taking turns in adding
and subtracting nuiribefs from the display
(see Schlossberg and Brockman 1976, pp.

20-21), others programmable. such as Hi-

Lo or On Target (see "Making Tracks into
Programming"). On other occasions we
solved simple crossword puzzles. using the
fact that certain numbers in the display.
when turned upside down, form various
letters and words, such as 14, which turns
into hi (see Oglesby 1977).

In the upper section, algebra rather than
arithmetic was stressed. At this age level
the students are mature enough to use some
of the tools of algebra and do some more
advanced mathematics. First we discussei
the so-called "scientific notation for repre-
senting very large or very small numbers.
using the EE key for this purpose. We de-
signed a model of the universe in which the
earth is represented by a cherrystone 3 mil-

limeters in diameter (our own sun will then
be a football-size sphere some 38 meters
away). The class was then asked to place in
this model the nearest star, 4.3 light-years
away. This task made them acquainted
with the notion of scale. After some strug-
gling with the huge numbers involved. we
finally came up with the answer: the near-
est star would be some 10 000 kilometers
awayabout the distance from the equator
to either pole! That gave the class some
means to visualize the enormous distances
among the stars in our galaxy.

An interesting topic from number theory
is the Pythagorean triples. These are triples
of integers (a, b, c) such that c: = a= + b=
that is, (a, b, c) form a right triangle with c
the hypothenuse and all other sides having
integral lengths; (3, 4, 5) is an example. The
Pythagoreans-were fascinated by such
numbers and attached mystical significance
to some of them. The search for all such
triples continued for many years until a
procedure was found to find them: take any
two integers (u, v) such that u > v; then the
numbers (a, b, c) given by t

a=u=-- v2,b= 2uv,c =u2 +v2

form a Pythagorean triple, as can easily be
checked. (For a _proof that this gives all
possible Pythagorean triples, see Courant
and Robbins, pp. 40-42.) It is easy to write

a program that,will display the members of

132

126



the triple for any choice of (u, v). and the
class was given this task as an assignment. I
then asked them to modify this program so
that even if by negligence we interchange u
with v (i.e., u < v), the program will still
work properly (this makes use of the ex-
change key). The students enjoyed disCov-
ering more and more of these triples. They
soon realized that not all pairs (u, v) give
essentially new triples; for example, u = 2,
v 1 gives the triple (3, 4, 5), whereas u =
3, v = I gives the triple (8, 6. 10). which is
not essentially different from (3, 4, 5)the
two triples represent similar triangles. In
order to get only essentially' different trip-
les, (u, v) must not both be, odd and must
pot have a common factor.

The final two sessions were devoted to
the number 17. This number always carries
with it a certain mystique to those who
learn about it for the firsttime: why should
as common and perfect a figure as the
circle be related to such a strange number?
We first discussed the fact that r can only
be defined as a limit, which in turn means
that we can only approximate it. never ac-
tually find its "true" value. We followed
Archimedes' method of approximating the
value of Tr by a sequence of regular in-
scribed and circumscribed polygons of
more and more sides. This method requires
a little elementary trigonometry, so we first
defined the trigonometric functions sine
and tangent. (These were very easily un-
derstood by all students: it must be said, in
this connection. that the recent tendency of
many textbooks to glorify trigonometry by
defining first the circular functions, then
the..trigonometric_ functiOr_157.. 444 view
them as separate entities. has done a lot to
complicate a subject that really is very
simple in nature.) We then programmed
the method into our calculators for poly-
gons whose number of sides increases in a
geometric progression beginning with n = 3
and doubling it again and again. The kids
were fascinated to see the numbers in the
display gradually approach the "true
value of

We then examined some of the >other
methods av: ilable to calculate the value of
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some of which mark milestones in the
history of mathematics, such as the Greg-
ory-Leibniz series

Tr

4

1111
1 3 5 7

(see Courant 1947, pp. 318 -19, 352, 440,
443) or Euler's series

n2 111
+ + + + - -

6 2 22 32 2

(see Beckmann 1971, pp. 148-49; Maor
1976). The first series converges extremely
slowly and is of no practical value in com-
puting ir (it is chiefly of historic interest,
being one of the first applications of the
newly invented integral calculus), but it
takes a programmable calculator to ac-
tually measure the rate of convergence; it
turns out that 628 terms are needed to find
77 to two decimal places (i.e., 3.14). The sur-
prising fact is that the second series, which
one would expect to converge much faster
than the first (due both to the fact that the
denominators increase as the squares of the
natural numbers and the fact that all terms
are positive), actually converges almost as
slowly as the first, requiring 600 terms to
get 3.14. On the other hand, the series

774 1 1 1 1

=
90 l .2' +34 44

and several others that can be obtained
from the Fourier expansion of various peri-
odic functions (see Courant_ 1947, p. 446)
converge extremely quickly; writing pro-
grams for most of these series is very simple

and straightforward.
We ended the course by having a little

party. during which a pie was brought with
the inscription "Tr = 3.14" on top, and
everyone had a piece of it. Needless to say,
the children enjoyed this pie, and there
were many cheers and a lot of laughter.

The overall reactions to this first experi-
ment were enthusiastic; participants ex-
pressed favorable reactions on evaluation
forms, and many parents bought program-
mables for their children. Since then, five
more courses have been offered, one of
them a follow-up for students who had
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taken the first courses and who wished to
do some advanced work with the in-
strument. Plans are also under way to form
a calculator club where the students would
meet once or twice a week. exchange ideas
and programs, and test themselves on their
own instruments.

Conclusions
Although the teaching of mathematics to

young children by using the programmable
calculator is an entirely new experience. it
can already be- said that it carries with it
many promising potentialities: it enables
the teaching of programming concepts
without learning a detailed programming
language, allows every student to use his or
her own instrument (and take it home after
class), and eliminates the usual commotion
that can be seen at computer terminals.
Last but not least, this course demonstrated
again that even young children can learn
and understand concepts from higher
mathematics, provided that these concepts
are presented to them at a level appropriate
to their age. With its incredibly low price
(340450 currently), there is little doubt
that the programmable calculator will have
a marked influence on classroom instruc-
tion in the near future. and we may well see
it change the entire pattern of mathematics
education.
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Classroom,
Computers:

4 Beyond the 3 R's
Fred Bell

Since 1965. computer buffs, my-
self included, have been promising a
revolution in education because
computers are going to school. But
where is this revolution? Certainly
there has been at least a modest
learning revolution ; this is apparent
from the many people who are
learning about computers and using
them to learn other things. In spite of
the fact that some worthwhile appli-
cations are being done with core
puters in a few exemplary schools,
this learning revolution has yet to take
place in most schools. There has
been an evolution in school learning
(at least in many schools) that can be
'attributed, in part, to computer tech-
nology, but no real revolution.

Before considering the potential
revolutionary effects of personal
computers upon education, it is help-
ful to differentiate between school
learning and out-of-school learning.

-The two are not always the same. We
tend to learn things away from school
when we want or need to learn them
and we do so in our ,own way and at
our own speed. This kind of learning
has advantages and disadvantages.
One advantage comes from higher
motivation which encourages more
inspired and efficient learning. On the
other hand, the tendency to avoid dif-
ficult or uninteresting tasks may
Fred Bell, Professor of Mathematics Educa-
tion, University of Pittsburgh, Division of
Teacher Development, 4A01 Forbes Quad-
rangle, Pittsburgh, PA 15260.

result in not learning some very useful
and important things. Consequently
schools are useful in coercing stu:
dents, hopefully in a friendly and
interesting way, into learning some
things that are good for them which
may not be learned otherwise. Out-of-
school ;earning can,be both good and
bad, but so can in-school learning,
which gets us to personal-computers
and the education revolution.

ersonal Computers and Dollars

One of the big reasons why
personal computers may catalyze a
revolution in our schools is that they
are relatively cheap and should get
even cheaper. Any family that can
afford two color TV sets can now
afford one color TV and a personal
computer. Of course, any high school
that could scrape up $10,000 per year
for each of 10 years from a $1,000,000
per year budget could have had nearly
all of its students using a minicom-
puter since 1969. (See James Saun-
der, --Mathematics' Teacher, May,
1978, pp. 443-447.) Fortunately, a
family's decision-making processes
in buying a personal computer are
less cumbersome than a echoes.
Unfortunately for school students, as
David Lichtman found (Creative Corn-
puting January, 1979, page 48),
educators are less enthusiastic about,
the computer's role in society and its
potential for improving education
than the general public.

But now, with low-cost personal

The classroom computer should,
and can, go tar beyond rote com-
puter-aided instruction by teach-
ing the student to analyze, evalu-
ate and develop complex skills:
Perhaps, as a result, the long-
awaited "revolution in education"
'will be here sooner than predicted.

computers, good computer applica-
tions may increase in schools. Home-
cdrnputing enthusiasts have already
begun to Jake learning out of the
schools and are putting some of it
back into the home where it belongs.
Conversely, as more and more per-
sonal computers come to school,
teachers can bring some of this good
"street learning" back into the
schools for the benefit of all students.
Only $500 remaining in an equipment-
and-supplies account at the end of
the fiscal year can buy the first of
many personal computers for student
and teacher use.

History shows that many tech-
nological innovations that could be
quite useful in promoting learning in
schools do not get much use in
schools until after they are common
in homes and on the streets; for
example, TV sets, audio recorders
and hand-held calculators. Now that
personal computers are "on the
streets," we are beginning to see
them filtering into schools. But will
they be able to revolutionize educa-
tion in schools? TV sets, audio
recorders, calculators, and even mini-
computers, while affecting what goes
on in schools, failed to revolptionize
education. Can vice expect the per-
sonal computer to become a revolu-
tionary agent? Yes, I think we can.

Personal Computers and Motivation

One of the most serious problems
in schools is that of motivating stu-

Reprinted by permission from Creative Computin& 5: 68-70; September 1979.
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dents; that is, making them want to
learn what teachers try to teach. The
motivation problem occurs because
sometimes teachers wait to teach
things (for good reasons) to students
who do not particularly care to learn at
the time.. Perhaps the best hope for
motivating students to learn in school
isto pay attention to the nature of out-
of-school learning.. It appears that
people learn non-survival things away
from school for several reasons: (1)
People learn to make things work
(such as cars and computers) because
they like to have control over impres-
sive machines. (2) People learn to
build model airplanes, radios, book-
cases, etc. because they find satis7
faction in creating something from
nothing, or next to nothing. (3) People
teach classes, give speeches, and
write articles because they like to
share their opinions and knowledge
with others and possibly influence
other people's opinions. Many things
are learned because people enjoy the
recognition and approval of other
people. (5) Other activities that are not
necessary for survival are carried out
for relaxation, enjoyment, and self
satisfaction.

But why do so many students dis-
like learning in school? First, stu-
dents seldom have control over the
academic machinery of schools; that
is, -:the classroom learning environ-
ment. Second, creating and building
tangible things occurs all to seldom
in most classes. Third, students'
opinions tend to be overshadowed by
teachers' opinions in many class-
rooms. Fourth, many students get
low grades In school, which interferes
with their quest for recognition and
approval. Fifth, much of what stu-
dents have to do in school is neither
relaxing, enjoyable, nor self-satis-
fying.

But how can a few personal com-
puters in a classrodn solve these
motivational problems for students
and teachers? Well, computers and
Computer-enhanced learning are not
educational panaceas, but they can
give students some real control over
what they learn and how they-learn IL
Making a computer (an electronic
monster) do one's bidding is fun fOr
many people, in spite of the fact that
it is, at times, tedio JS and frustrating.
Writing a computer program and
making it do what it is supposed to do
is creating something both a
physical and an intellectual creation.

of

Most people (including teachers and
students) are impressed by good
interactive computer games, simula-
tions and tutorials, which provide
recognition and influence for their
creators. Finally, messing around, in
a meaningful way of course, with a
personal computer can be relaxing
and enjoyable, in spite of many
minor, temporary frustrations and
aggravations.

Therefore, we fine that personal
computers in the hands of students in
school can remove some of the artifi-
cial constraints of typical classtoom
environments and replace them with
some of the personal freedoms
inherent in many non-school learn* ig
situations.

Personal Computers and Learning

What is learned in school? Eng-
lish, reading, writing, arithmetic,
Frelich, history, etc.? Yes, these are
some of the subjects that are taught
but students should learn many other
things that subsume all subjects.
That is, students need to study each
subject in a manner\ that permits them
to function at all of the following
cognitive levels:

knowledge
understanding
application
analysis
synthesis
evaluation
problem solving
knowing how to learn
creating knowledge

Schools are fairly good at impart-
ing knowledge (i.e., -George Wash-
ington was the first U.S. president")
and understanding (i.e., '-!2 + 3 = 5
because 2 marbles together with 3
marbles is 5 marbles"). However,
schools are only moderately suc-
cessful at teaching applications (out-
of-schoOl uses for each subject),
analysis (breaking a skill or concep-,
tual structure into its parts), synthe-
sis (building complex skills or con-.
ceptual structures from simpler
things), and evaluation (comparing
skills and structures and making
judgments about them). Schools and
teachers have even less success at
teaching students the skills and
heuristic procedures of problem solv-
ing, how to learn independently of
teachers and courses, and ways of
conducting the research and explora-
tions that go into creating knowledge.

During the past 15 years we have
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demonstrateo, through many drama-
tic examples, that computers can be
used in schools to help teach know-
ledge, understanding, and applica-
tions of various subjectsthings that
were being done fairly well without
computers. This is the evolutionary
aspect of computers in education.
But what about tne higher-level
cognitive activities, those things that
we haven't been .able to teach very
succt.ssfully in school? Herein lies
the true power of computers (espe-
cially personal computers) to really
revolutionize learning and teaching in
schools.

.Writing a computer program re-
quires analysis and synthesis of the
subject under consideration as well
as the program itself. A student
cannot write a program to tutor
others, play a game, simulate a situa-
tion, or solve an exercise without
analyzing the topic being studied and
synthesizing it into a coherent teach-
ing/learning program. The synthesis
required in writing the program
properly and the analysis in debug-
ging it provides additional practice at
synthesizing and analyzing. Since
many non-tutorial computer pro-
grams are higher-lever applications of
topics, the student programmer must
evaluate the approriateness of alter-
native approaches to the topic and the
program. When a student writes
computer programs to extend and
clarify topics in school, the six steps
in problem-solving (posing the prob-
lem, precisely defining the problem,
gathering information, developing a
solution strategy, finding the solu-
tion and checking the solution) must
be carried out. On the other hand,
most so-called "problems" in text-
books are really exercises for practic-
ing skills, which require only one of,
the six steps of problem solving;
namely, finding the answer. After
several years of working with people
in Project Selo at the University of
Pittsburgh, we found that many stu-
dents and teacherS could tarry out
independent research of their own
choosing in computer-enhanced
learning environments. That is, these
people were creating knowledge and
learning how to learn independent of
people who were labeled as the
teachers and rooms that were called
classrooms. ..

Now personal computers can
bring the Solo concept of high-level,
self-motivated learning out of the
research-and-development laboratory



and put it in the hands of large
numbers of students and teachers in
School classrooms.
Carrying Out the Revolution

Even before the advent of personal
computers (as early as 1972), the
computer technology and col Iseware
existed for a revolution in teaching
and learning in schools. Now per-
sonal computers with their low costs,
easy accessibility, total dedication to
the user, and person-en-the-street
popularity May provide the long-
awaited catalyst that is needed to
make some dramatic changes in how
computers are used in schools. In a
few years large numbers of students
entering high school will be as
familiar with a computer as they are
now with a TV set, probablY' more so
since they will have actively pro-
grammed a computer, in comparison
to watching television Olassively.

As a consequence of the popu-
larity of television, Americans are
accused of having become'spectators
rather 'than participants in life.
Personal computing certainly re-
quires active intellectual participation
on the part of the user. I have yet to

hear of anybne dozing off while
sitting in front of a personal com-
puter.

For several years mathematics
teachers worried about whether kids
should be allowed to use hand-held
calculators in school. The popularity
of calculators outside school quickly
settled that issue. Nearly every family
had a calculator. Pre-school children
played with them and students
brought them to school. Teachers
could not ignore calculators because
it was impossible to keep them out of
school; so now they are trying to
determine how best to incorporate
calculators and calculator-related
skills into the school mathematics
curriculum. Even if people try to keep
personal computers out of schools,
they are going to fail. In a few years,
when they are more efficiently pack-
aged and even less expensive, per-
sonal computers can fill the "lunch-

/box-technology" void created by
school-luncn programs. Instead of a
lunchbox, sttidentswill be carrying a
PET or TRS-80 computer on a handle
to school. When this time comes, an
Apple for the teacher will really help a
kid get a better grade in school. 0

e
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GETTING STARTED IN A JUNIOR
HIGH SCHOOL: A CASE STUDY

By BILL ROBBINS
Ramsey Junior High School

Minneapolis, MN 55413

and ROSS TAYLOR
Minneapolis Public Schools

Minneapolis, MN 55413

Ramsey Junior High School 'has been
makinginstructional-useof computers for
over a dozen years. Although our efforts at
getting started seem like ancient history to
us, we believe that our experience over the

t years, m4 benefit those ofjou who are get-
_ ting started Today.

Ramsey has approximately seven hun-
dred culturally diverse seventh- and eighth-
grade students. About 41 percent of the
students are from minority -groupsmostly
black. The family income levels range from
very low to very high. For example, 32 per-
cent of the students qualify for free lunch,
and Ramsey receives Title I funding to
provide instruction in reading and mathe-
matics. In 1978 the student population, fac-
ulty, and school program moved from Bry-
ant Junior High School 'to the ?Ramsey
Junior High building as a result of declin-
ing enrollment and the city desegregation
plan.

During the 1968-69 school year, the first
computer teletype terminal was installed at
Bryant Junior High. It was donated to the
school by the nearby Bloomington-Lake
Fir3t National Bank. Bryant was the first
-Minneapolis-jurtior-high-school-te-have- -a ---
terminal, and within a year all other jmior
high schools in the 'city were similarly
equipped: Initially, the schools were fur-
nished free computer time on a Honeywell
time-sharing computer. In addition, time
was purchased from Honeywell and other
sources. ..

Today, Ramsey has two computer termi-
nals that are used to access the Minneapolis
Public Schools' Hewlett-Packard 2000

time-sharing system and the Minnesota Ed-
ucational Computing Consortium (MECC)
Control, Data time-sharing system. These
terminals are huused in a small computer
room adjacent to the media center. The ter-
minals are mounted on wheels. and there
are telephone jack\ in every mathematics
classroom so that the terminals can be
moved and used where needed. In addi-
tion, Ramsey had two Apple II micro-
computers, one of which is located in Bill
Robbins's classroom and the other of
which it used primarily by the music de-
partment.

Computer users in Minneapolis receive
external support from a computer resource
teacher and computer teacher aide in the
Minneapolis Public Schools as well as from
a regional coordinator of the Minnesota
Educational Computing Consortium. In-
service opportunities are provided by the
school system, MECC, and the University
of Minnesota.

In recent years, the authors'served as di-
rector and assistant director of the COM-
PUTE project, which produced programs
tha,t allow teachers to have the computer
generate tests and worksheets keyed to 500
different computation objectives. They also
provided leadership for a similar project
entitled Computer Generated Mathematics
Materials, involving 1000 mathematics ob-
jectives in areas other than computation.

____Petsonal_Experlences and
Observations of a Junior

High School Teacher

I am dividing the subject of computer
use in the junior high school classroom into
five areas: (1) utility, (2) demonstration, (3)
drill and practice, (4) learning games and
simulations, and (5) programming. These
areas are not mutually exclusive. I will use
the term computer to apply either to a mi-
crocomputer or to a time-sharing terminal.

Reprinted by permission from Mathematics Teacher 74: 605-608;
November 1981.
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Utility

There are many applications that can
make life a lot simpler for a junior high
school teacher, ranging from the very large
library programs to the five-line program
that you write on the spot. I use programs
like Compute to make up worksheets.
Other programs help me to change number
bases;"do modular arithmetic; of do opera-
tions on fractions. At theend of each mark-
ing period, I write a short program to aver-
age my grades, for that period. I could do
this on a calculator, but the computer auto-
matically does the adding, dividing, round-
ing, and incrementing for extra credit. It
even assigns letter grades. It also gives me a,
printout that I can use to check for errors.
T;achers who use computers find that ideas
come rapidly -for a variety of applications
where computers can make their work eas-
ier and less tedious.

Demonstration

Where the computer has a video monitor
(TV screen) fof output, it can be used for
classroom deinonstration. I usually connect
two or three monitors to my Apple so the
entire class can have a clear view.1 have
learned that pie charts, decimal-fraction
equivalents, graphs, or just about .anything
that can be drawn on a chalkboard or over-
head projector, can-be quickly displayed on
the screenusually in.a more dramatic, in-
teresting, and dynamic manner. There are
volumes of library programs available.
(Most of the library programs that we use
are available on Apple II diskette's. Persons
wishing to purchase these programs should
write to the Minnesota Educational Com-
puting-Consortium-2520-Broadway..Drive,_
St. Paul, MN 55113, for information.) In
addition, I like to write programs that are
specifically suited to mhy style of pmenta-

'tion. This sometimes takes a lot of time; but
once the prograin is written, it can be used
repeatedly.

Drill and practice

A computer is ideally suited for drill and
practice for Title I or other remedial in-
struction, Drill and practice can also be
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provided in a regular classroom setting. In
a small clasi (fifteen students or fewer),
with a computer in the room, each student
can spend part of most periods at the com-
puter, practicing needed skills. In larger
classes or when the computers are housed
in a remote location such as the media cen-
ter, students who will receive drill and
practice on the computer have to be se-
lected according'ccording io their needs.

Learning games and simulations

Computer 'learning games and simula-
tions have high motivational value. For
some students this can be the beginning
and the ends of computer experience. Every
day I hear a student say, "I want to play
the computer." This may- be disturbing to
anyone who is concerned with computer
literacy. However, I have observed that the
computer can be used as a motivational
tool in any subject area. Many of the siltu-
lations that are available on micro-
computers or time-sharing systems have
educational value in mathematics, sock.:
studies, language arts, science, and other
areas. (An example of simulations is "Lem-
onade" in which students simulate running
a lemonade stand. A number of simula:
tions are available from the Minnesota Ed-
ucational Computing Consortium.) More-
over, for some students, playing games on
the computer leads to serious programming
later on.

Programming

The main obstacle to teaching computer
programming in the classroom is usually
the lack of availability of computers. One

would like to teach a three-week or five-
week or x-week unit in programMing, tt e
any other unit. Unfortunately, to accom-
plish this effectively in a class of thirty stu-
dents would require the availability of at
least ten computers.

The Minneapolis Public Schools are in
the process of purchasing sets of micro-
computers that will be loaned to schools for
specified periods of time. In the meantime,
I have found that 1 could get.by with a lim-
ited number of computers by teaching pro-



gramming concurrently with other topics. I
introduce an aspect of programmilig, as-
sign a project, and continue to teach the
other mathematics topics as usual. Each
day individual students go to the computer
and type in their assigned programs while
the others are doing their regular lessons. If
a student makes an error, it will become
obvious from the computer output. This is
much better reinforcement than if I were to
correct the program and point out the error.
before the student goes to the computer.
When all the students haiee had an oppor-
tunity to complete the assignment, I inter-
rupt the regular lesson for a day and in-
troduce a new aspect of programthing and
assign a related project. This is a satisfac-

s tory solution to a high student/computer
ratio. I do not like a batch method. because
I feel that interaction between the student
and the computer is an absolute impera-
tive.

Some of the concepts I teach are care of
floppy 'disks, loading and running pro-
grams, print statements, input, go to, if-
then and read-data statements, for-next
loops, and microcomputer graphics. I start
with simple assignments in which students
begin by- writing programs that merely
print their names and progress to assign-
ments that involve problems, generation of
tables, or creation of pictures using graph-
ics capability.

My experience has been that after five or
six computer lessons the novelty.,wears off,
and some of the students become less than
excited about computer programming. This
reaction can be expected. However, each
year there are several students who are en-
thusiastic. These students will generally
continue on their own, with my help, by

_writing a simplega:meor modifyinga_game
that is in the library. These students will be
waiting by the, door when I arrive in the
morning, and they leave reluctantly when I
lock up in the evening. Some of them have
written amazingly sophisticated programs.
In following up on these students, I have
found that they do serious programming in
senior high school and they tend to save up
to buy their own microcomputers.

Tips for Getting Started

On the basis of our experience, we would
like to offer the following suggestions for
persons who are starting or expanding their
use of computers in their schools.

Work cooperatively with others external to

the school.

There is a distinct advantage to purchas-
ing hardware that is similar to that being
used by others in the area. Then experi-
ences can be shared, software and pro-
grams can be exchanged, and cooperative
in-service efforts can, be arranged.

NCTM and its affiliated groups are in-
cluding an increasingnuinber of computer
workshops in their programs. The Associa-
tion for Educational Data Systems (.BEDS)
and its affiliated groups are an-Other source
of professional information (Association
for 'Educational Data Systems. 1201 Six-
teenth Street, N.W., Washington, DC
20036] Nearby colleges and universities
can help by. arranging in-service courses for
credit. There is great benefit in state br re-
gional computer consortia:-

Build support within the schoO1:-

Most schools operate according tct the
golden rule:-Whoever hath the gold shall
rule." Therefore, the support of the princi-
pal is crucial. One of the best ways to get
this support is to show that there is a high
degree of interest and support on the 'part
of students and parents. Demonstrations -
and open house activities where students
can show what they can do on the_ com- --

puler can build support of students, par-
ents, administrators, and other faculty. Ex-
clusive use of the computer by the
mathematics department _or by a single_ _ _
teacher within the department can narrow
the support base. On the other hand, when
teachers realize that the computer has ap-
plications in every discipline, the whole
faculty can become a base of support for
purchasing computers.

Be creative in seeking funds.

A local bank donated our first terminal
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to us over twelve years ago. (Incidentally, it
is still running.) Since computerwe highly
visible, they are particularly suitible as do -'
nations from businesses, PTAs, and other
groups. It is a good idea to mount on each
piece of donated equipment a brass plate
with the name of the donor and the date of
the donation. Various fund-raising drives
can finance computer equipment. For ex-
ample, at Ramsey we are using the pro-
ceeds from student 'fund- raising drives to
purchase microcomputers. In recent years,
federal Title IV-B funds, which are avail-

. able to all public schools, are being used in-
creasingly in many schools to purchase
computer hardware and software. Title I
funds are also soinetimes' used, but in this
case the resources must be used for reme-
dial instruction. Of course. there is always
the regular school equipment budget.
'These budgets have been used in the past
to supply the schobls with overhead projec-
tors, motion picture projectors, video
equipment, and the like. By now, many
schools are saturated with such equipment,
so in coming years the funds might be bet-
ter used to purchase computers.

O

for all junior high students to have hands-
on experience and to write and run at lep :t
a few simple programs in BASIC.

Don't put of getting started

This is a time of accelerating change in
both software and hardware development.
In such a time it can be tempting to wait
for anticipated improvements and possibly
lower prices before getting started. How-
ever, in times like these, such a strategy
could cause you to wait indefinitely. Even
though there are new developments around
the corner, the hardware you purchase
today should be useful for its entire phys-
ical life% An important reason for starting
now is to gain experience and knowledge.
Persons who delay get left further and fur-

, ther behind. There are more and more
ways that instruction can be supported by
use of computers, and you should make it a
point to learn about them. Finally, you
should get started so that you can help your
students develop the computer literacy they
will need to live in a computerized world.

Look ahead
Computers are becoming increasingly

useful in allsUbject areas as well as in guid-
ance, media service; and administration.
Make pis for increasing use of computers
by students at all grade levels and ability
levers. In the computer field. with rapidly
accelerating change, flexibility is the key.
Where possible, purchase hardware that
supports a large variety of software that
can be upgraded, and that can run with var-
ious input and output devices. Most impor-
tant, when you look ahead; be sure to pro-,
vide your students with the computer
literacy experiences that will prepare them
for the world in which they will live as
adults. For many years now in Minneapolis
we have included questions on elementary
BASIC computer programming on our
eighth-grade criterion-referenced test, and
we include computer literacy questions on
our senior high school Basic Mathematical
Knowledge Test. As you look ahead, plan

o
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GETTING STARTED IN A HIGH SCHOOL:
A CASE STUDY

By HERB GESSHEL -GREEN
Parkway Program

Philadelphia, PA 19103

Many teachers today are asking hove
they can get started teaching students
about the computer, how they can motivate
the students, and what kinds of activities
they can try. In this I will relate my
iiersbnal experiences in these areas.

I was a mathematics teacher in a junior
high school before volunteering to teach
computing. Alone with another mathe-
matics teacher and a science teacher, I
joim..t the. workshops for teaching cern-
puter literacy that were offered by Sylvia
Charp, director of instructional systems of
the ptiblic schools. Every secondary school
was.-eligible to rnceive a'computer terminal
and support for a program of computer lit-
eracy. We were taught how to use the
BASIC language and how to operate the
terminal on a large Hewlitt-Packard time-
sharing system.

Our science teacher, John Di Lullo,
played a major` role in establishing com-
puter literacy clasAs at our school and
throughout the city by helping to develop
Computer Literacy: A Guide. This hefty
manual is currently in use and contains de:
tailed lesson plans, sample computer
grams and runs, sources of films, and more
than sixteen hundred computer appli-
cations in a wide variety of fields. Computer
Literacy: A Guide is out of print; however,
an updated mictocomputer version, Com-
puter Literacy, is being published by the
Pennsylvania Department of Education
(Harrisburg, Pennsylvania 17108).

,The other mathematjcs teacher, Joe Ga.
riano, began ttuchitecomputer literacy io
fourteen ninth-grade<elasses including aca-
demic, general, and practical'arts majors.
There was one terminal in his room to
serve classes of about.thirty-seven students,

which met one class meeting each week.
There was a problem in getting each stu-
dent hands-on experience.

When I began to teach these courses, the
students 'did a 'lot of seat work on flow-
charts and writing simple programs. Stu-
dents were highlyinotivated and wanted to
"talk" to the computer. I hung copies of ,
their programs in the room. Someone dis-
covered the Snoopy program that prints a
calendar and the cartoon of Snoopy atop
his doghouse yelling. "Curse you, Red
Baron." This printout hung on our wall
and copies found their way into the princi-

"s office.
One program the students were assigned

that caused excitement throughout the
school was the rabbit program:

An ecologist places a pair of rabbits on
an island. The is otherwise un-
inhabited and the food supply is plenti-
ful. There will be no predators during
this experiment.

This particular breed of rabbits matures
in exactly two months. At the end cf the
first two months, the female gives birth
to a single pair of rabbits (one male, one
female). Each pair of newborn rabbits
takes two months to mature, and then
each female gives birth to a single pair of
rabbits. After reaching maturity, each fe-
male gives birth to a single pair of rab-
bits (one male, one female) at the end of
every month. This continues without
mishap for 36 months.

Write a BASIC, program that will com-
pute and print for' each of the 36 months
the number of pairs of rabbits. At the
end of the 36-month period, print the to-
tal number of rabbits present on the is-
land. (From Computer Literacy: A Guide,
Division of Instructional Systems,
School District of Philadelphia, p. 168.)

Reprinted by permission from Mathematics Teacher 74: 610-612;

November 19$1.
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As you can imagine there were many dis-
cussions, a, guments, and guesses about
how many rabbits there would be. Many
incidental concepts were learned along
with new vocabulary. The answer,
1.49304E+07; generated -, more questions.
We took time to develop their understand-
ing of scientific notation.

Students enjoyed learning how to play
some of the games from the library in C-e
computer. Favorites were Tictactoe (the fa-
miliar game of Xs and Os with the students
working furiously to beat the computer),
Bagels (a logic guessing game in which the
computer picks a three-digit number. the
student guesses the number. and the corn-.
puter tells whether each digit is in the right
position, the wrong position. or not in the
number at allsimilar to the gam; Master-
minds), Guess (students guess a random
number between.-1 and 1000 chosen by the
computer, the computer prints whether
each guess is too high, too low, or correct
and then prints the number of guesses
taken), Hangman (the familiar word guess-
ing gamebut with the computer picking
the secret word and printing out parts of'
the gallows with each missed letter guess),
Speed Drill (a timed drill with whole num-
ber +, , x, + problems), and Findit (a
crossword puzzle generated from student
input of words). In addition, problems for
computer solution were assigned, and stu-
dents could reserve computer time by sign-
ing a reservation sheet above the terminal.
Time was available before, during, and af-
ter school. Several gm' typing students en-
tered and ran the programs during their
free period. They put comments on the pa-
pers when programs wouldn't run.

110971 I began to teach mathematics
and computing at a new "Parkway Program
snit it' Germantown. Naturally I ,looked
lir a terminal, only to find that it was
twelve miles away. Since this school used
community space, I looked in the neigh-
borhood and hit the jackpot. Community
Computer Corporation. a computer time-
sharing business, was owned by two educa-
tional boosters, Walter Friedlich and Ernie
Philips, who donated the use of their meet-

ing room to my basic mathematics and
computer classes. What a great cyear that
was with youngsters learning about com-
puters from the inside of a computer busi-
ness. Some of the programmers described
what they were writing and also explained
how students could use the terminals to
program the same computer that was con-
trolling the production of steel via tele-
phone lines at a mill twenty-five miles
away.

We used the CAMP textbook series
(Computer Assisted Mathematics Prograr:,
Hatfield, Johnson et al., Scott. Foresman
and Company, 1968) and Basic Basic by
James S. Coan (Hayden Book Company,
1967) as resources.

Many ideas for programs came from the
students. They wrote programs that printed

Many ideas fourograrns
came from the students.

tables of squares and cubes, the number of
heads in x flips of a coin, and grocery bills
and change due. They also learned to corn=
plete mathematics, homework by writing
programs. The class worked best in groups
of three to five students. -;

Two years later we 'Moved from the com-
puter center to a reg, lar classroom. Fortu-
nately, we were able to get one terminal at
Parkway. All my classes had an oppOrtu-
nity to interact with library programs and
io write and run some of their own pro-
grams. One group of students wrote a com-
puter program that printed "poetry" from
the words input by others. Another group
organized "speed drill" tournaments in
which students competed to see who got
the most problems correct from a set gener-
ated by the computer.

This past year we used an Apple II mi-
crocomputer. Students having difficulty
with signed numbers in algebra could -get
some drill and instruction from Steketee's
"Number Line" program (Steketee Educa-
tional Software. 4639 Spru- St.. Phila-
delphia, PA 19139). Prealgebra students
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Worked on programs to generate sequences
and simulate a fast-food cashier. Students
in the computer mathematics classes began
by dramatizing parts- of a computer and
later programmed a robot (portrayed by
one ,member of their small group) to rise
from a chair, cross the room, touch the
wall, return to the chair, and sit down.

Groups of four or #ve
students rotate class -time
use of the microcomputer.

Radio Shack let us borrow a color com-
puter to use in class for a couple of days.
During that time we saw students we didn't
know were still enrolled in our course.
Everyone wanted to make the computer
draw color pictures and make music.

Groups of four or five students rotate
class-time use of the microcomputer.'When
it's appropriate, they'll run a demonstration
program for the class. Usually the program
will include an input statement so that the
class can interact with it and make hypoth-
eses. First, students guess the results, then
one team member enters the guesses and
the output is discussed excitedly by the
whole class. An elementary example is a
short program that takes a student's input
value and generates an output value for an
equation like y = 4x + 7. Students try to
guess the function. The best programs
have, naturally, been those initiated by the
students, although 'many texts offer ex-
amples (see references). The students keep
me on my toes by their constant questions
that begin with "How can I get the com-
puter to do thW?" Every day is different.

Last'Dectmber some of my students and
I attended a microcomputer fair at Temple
University. They enjoyed working with the
equipment and trying commercial pro-
grams as well as their own. Some did re-,
ports on the outing and on possible careers
in the computer field.

I got started teaching about computers
by volunteering for in-service train;;.` and
then for teaching computer-classes. There

were no problems getting students moti-
vated to learn; they were eager! You know
some of the activities we found successful.
Now it is your turn to get started.
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BASIC Programming for Gifted
Elementary Students By James H. Wiebe

ie content of this article is the re-
sult of a class taught through a summer
program run by the Tempe (Arizona)
P:rents Gifted Assotiation (TPG).
During the summer of 1979, gifted stu-

dents from the Tempe Elementary
School District and other interested
students from the fifth through eighth
grades were allowed to enroll in a vari-

ety ofclasses. One option was a course
in BASIC programming. Instruction in
the class was based on the book
BASIC for Beginners (Bitter and Gate-

ley 1978).
Classes. met three hours a day, four

days a week, for a period of five weeks.
,Half Of the instruction time was in re-
lated-mathematical topics and half was
in BASIC programming. Students
spent about three hoc.., a week enter-

ing and running programs on remote,
teletype terminals connected by tele-
phone line to Tempe Union High
School's PDP microcomputer. Sixty-

two students completed the course.
The discussion and recommenda-

tions that follow are based on tech;
niques used with and observations
from the fifth- and sixth-grade group.
In most cases they are also1relevant to
the seventh- and eighth-grade group.

lamer Wiebe is currently assistant professor of

mrkulum and instruction at the, University of
Sow;:estern Louisiana. His previous professional

experience Includes teaching mathematics at ele-

mentary, secondary,and college leveltin regular
classrooms and in clinical settings in California,

Arizona, and Zaire. Africa. In his present posnion

he teaches undergraduate and graduate elemen-

tary mathematics methods course.

Observations
Experiences with the 1979 summer
school class in BASIC programming
indicate that it is feasible to teach
BASIC programming to average and
above-average upper-elementary stu-
dents. The programming structures
that students,are able to master, how-

ever, depend on the student's aptitude,
maturity, and interest in programming

Many students came into the course
with no idea what it would be like.
Their notions of computers were based

on television programs, popular movies
like Star Wars, and programmable
electronic games. AS a result some
thought computer courses involved pri-

marily activities and games with the
computer. It was also apparent that
some of the students were hot prepared:
for an intellectual challenge, especially
during the summer The majority of
the students, however, soon became in-
volved in the class.

One might expect that many stu-
dents in a gifted program would have

received adyanced instruction in
mathematics. As it turned out, how-

ever, all students in the program
needed supplementary mathematics in-
struction. For example, only a few of
the students in the course had been ex-
posed to either decimal numeration or
integers. Supplementary concepts cov-

ered in the course included decimals,
exponential notation, integers, begin-
ning algebraic ideas (e:g.,, variables),
bases other than base ten, and logical
structures and notation (e.g., the differ-
ence between and and or). In general,
students mastered these concepts very
quickly.

At the beginning of the course many
students wanted to go run 'their pro-
grams immediately, hefore they had
properly thought them through. It ap-
peared that these students were not
used to working problems through a
step at a time. Rather, they were used

to taking "intuitive leaps' to solutions.
As the course progressed, however, stu-
dents began to see the value of having
their programs well designed and
coded before trying to enter them, es-
pecially when they realized that they
had only 45 minutes a session to enter,
debug. and run their programs. Thus,
an early course in computer program-
ming might be good preparation for
later work in mathematics requiring
step-by-step solutions and proofs.

As for the type of -assignments the
students were asked to do, the children
generally were not as interested
long, complex computer calculations or
organizations of vast quantities of data
as they were in having the printer do
"neat things. For example, they liked
having the computer print out funny
stateme: is, using the INPUT com-
mand and having a friend interact with
their program, hiving the primer print
out sequences of numbers or -words,
and hiving the computer print out de-

signs.

Reprinted by permission from Arithmetic Teacher 28: 42-44; March 1981.
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Some students did not understand
the more complex concepts presented
in the course, such as imbedded loops
and subscripted variables. It is not
known if 'students would have mas-
tered these topics if more time had
been spent on them. It is possible that
with a more leisurely instructional
pace, with more examples and concrete
experiences, these students might have
mastered the concepts. In any case, stu-
dents who did not understand the more
complex programming structures and
techniques seemed perfectly happy to
run simpler programs of their own de-
sign and to enter and run more ad-
vanced programs used as examples in
class (rather than write advanced pro -
grams bf their own).

Recommendations
The following recommendations may
be of value to persons planning to be-
gin BASIC' programming courses for
elementary students.

1. Students should be provided with
the necessary inaihematics background
before or during the programming
course.

.1 As often as possible, use concrete,
pictorial, real-life examples of the con-
cepts presented. Using mailboxes for
memory locations, and having students
walk through paths drawn on the floor
to demonstrate loops are examples.

3. Use games and activities to rein-
force concepts. "Computer Baseball" is
an example. In computer baseball, stu-
dents are divided into teams. When
students come to bat, they are given a
question. If they answer it correctly in
a given amount of time, they go to first
base; if not, they are out. The game
lasts a predetermined number of in-
nings. Questions may involv,e such
things as the contents of a storage loca-
tion after a given number of ',nes
through a loop.

4. Assignments should be multi-
leveled so that the more advanced stu-
dents are challenged without the
slower students becoming_ frustrated.
For example, more advanced students
might be asked to develop their own
unicitte programs 'involving loops as
subscripted variables, while slower stu-

dents arc asked to complete and run
programs involving the same concepts
but using examples given by the
teacher.

Introice the PRINT and INPUT
commands, string data, and mathemat-
ical functions early:" Later introduce
ideas such as loops and subscripted
variables.

6. Assignments should be in-
trinsically interesting to pupils. "Real
life" applications of the computer, such
as data organization and scientific ap-
plications, do not appear to be as inter-
esting to pupils as writing programs
that draw designs, print. funny stories,
or print out a lot of data from a short
program.

7. Have students flowchart and code
programs before entering and running
them.

8. Do not allow students to use their
on-line time with "canned" programs.
They should write and run their own
programs.

9. To show- the value of the com-
puter and to keep pupils from using
programming shortcuts, assignments
involving mathematical computations
should be too complex to be done by
hand

'10. If pupils are sharing terminals,
be sure to monitor their on-line time. If
you do not, more aggressive students
will dominate the terminals.

Assignments
Following are a sauipling of assign-
ments that upper elementary students
might find interesting and challenging.

1. Construct a flow diagram for us-
ing a soft drink machine.

2. Run the following program from
start to finish.

10 LET X = 256875
20 LET Y = 153097

30PRINTX,Y,X+Y,X*Y
40 END

(' means multiplication)

3. Write a BASIC program to double
$0:62 "20; 26" tibia-. -Befare running
the program, estimate what,the answer
will be.

4. Write a funny paragraph. Using
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the PRINT statement, write a program
that will print your paragraph.

5. Write, enter, and run a program
that prints your initial in a large block
letter.

XXXXX XXX XXXXX
70000C XXXXX XXXXX
XXXXX XXXXXXX XXXXX

XXXXXXXX XXXXXX.XX
XXXXXXX XXXX,OCX
XXXXX XXXXX

6. Use the IF-THEN and GO TO
commands to write a program that
reads a number (X) in a line of data
(someone's height, for exampl,t), makes
a decision, then jumps to any prints a
statement about that number, (for ex-
ampli, if X'> 50, "YOU ARE TALL."

Draw a flow diagram for this pro-
gram..

7. Write a program that someone
else can run. Have the program ask the
person some questions (use the INPUT
statement). Use that information in a
silly story. For example:

WHAT IS YOUR NAME?
` JOHN

WHAT IS YOUR FAVORITE
ANIMAL?
DOG .

WHAT IS YOUR FAVORITE
NUMBER?
7

ONCE UPON A TIME THERE
WAS A FAMOUS DOG
NAMED HORTENCE AND HIS
FAITHFUL SERVANT JOHN
WHO WAS 7 YEARS OLD....

Of course, your program should be
longer and more interesting than this.
After you have debugged the program,
have a friend try it.

8. Run the following program.

10 LET X"= 2
20 LET Y = 2
25 PRINT 'I AM, AT LINE 25'
30 IF X = Y THEN 10
40 END

After 15 seconds, stop the execution by
hitting the BREAK key. Draw a flow
diagram for this program.

9. Write a program of less than 10



lines using IF-THEN and GO TO that
prints out the numbers from 1 to 100
next to each other.

10. Write a program that

A. Prints oi-ithe following:
"Central Control of Space-
ship Enterprise to all crew
members: All units have
been checked and are ready
to blast off for Venus. All
personnel to stations. Secure
safety belts. Ready."

B. Uses the IF-THEN, GO TO
statements and a counter to
print out the countdown
from'10 to 1;

C. Prints
"BLASTOFF';

D. And prints out a picture of a
rocket blasting off.

II. Write a program of less than 6
lines using FOR TO, NEXT to print
the numbers 1 to 100, skipping every
other number.

12. Use TAB (I) and FOR TO,
NEXT commands to make a geometric
design.

13. Write and run a program that
uses the RND (X) command to simpe
late a coin-flipping game.

Conclusion
Although the class discussed in this pa-
per was originally designed for gifted
students, many of the students in the
class ha4 noi been identified as gifted
by the ichbol distnct--they had signed
up because they or their parents were
interested. These students mastered
many of the concepts and procedures
presented in the class, successfully de-
veloping and running their own,
unique programs. Thus is appears that

153
143

many of the concepts and techniques
in BASIC programming can be taught
to the average upper-elementary-
school pupil, especially those who are
highly motivated.

Because of the present and future
importance of the computer in our so-
ciety, and because of the educational,
benefits derived from learning to pro-
gram, we should consider making be-
ginning programming experiences a
standard part of the upper-elementary-.
school curriculum. A prerequisite is'
that prospective elementary school
teachers, especially those who plan to
teach mathematics at the intermediate
level, become proficient in a program-
ming language: preferably BASIC, and
that they learn methods for, teaching
elementary school pupils to program.'
Referenes
Bitter. Gary G.. and Wilson Y. Gateley. BASIC

for Beginners, 2d. ed. New York: McGraw-
Hill, 1978. -
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Case and Techniques for Computers:'
Using 1Computersin
Middle School Mathematics
By Larry L. Hatfield

Computers are rapidly becoming ac-
cessible to everyone. The costs of pur-
charehaveContinuect to decrease, with
the recent miniprocessors and migio-
procesiors representing pricing break-
throughs, and inexpensive'rnicro-

Computers being promoted as personal,
bomccomputers. Though much of
their suggested usages to date relate to
family leisure or home management,
some vendors offer.packages for com-
futcr-based games and drills involving
mathematical ideas. Instructional pro-

-.grams will become increasingly avail-
abk as the marketplace develops. To-
day's middle school students are
grow;ng up in a computerized society.
Students probably feel more comfort-

-able(often excited and curious) with
the prospects of "everyman routinely
using computers than do many adults,
who stilEview computers as complex
and futuristic.

Goals for
Mathematical Education

We teach mathematics,in a changing
---siorld._The discipline of mathematics

and its applications are part of this
continual evolution and our per-
spectives aboin the teaching and learn-
ing of mathematics must reflect this
changing world. Our instructional
goals and practices must be examined

As an associate professor of mathematics educa-

tad at the University of Georgia. Larry Hatfield is
teadterand researcher. He has done mathemat-

tat with students of all ages and mathematical
sikocation with both presume and inservice teach-
Hs. Cwtent interests include middle school teacher
einnolon, problem solving. algorithmic learning,
adaeloesmilical abilities, and computers in mathe-

MOW education.

0

frequently to assure that we are provid-
ing for today's students an adequate
mathematical education to function in
the society of, at least, the near future.
With this in mind, the following ideas
about effective mathematics learning
and teaching are summarized to sug-
gest some viewpoints for considering
possible applications of computers into
middle school mathematics class-
r00

I. Mathematics learning is primarily
a person-centered, constructive pro-
cess: students build and'modify their
knowledge from experiences with task-

, oriented situations characteristic of
mathematics. Students must experience
opportunities and develop feelings of
responsibility for revising, refining, and
extending their ideas as the ideas are
being constructed. Instrttion based
on the concept of constructed ideas will
allow and expect errors or short-
comings in the student's responses at
certain stages; the processes of identi-
fying and correcting these are integral
to the learning. Computers can be effec-
tive instructional contexts for such con-
structive approaches to learning. For ex-
ample, if the learning tasks involve
writing or understanding a computer
program, the student may be called upon
to build up a procedure, test it, find the
errors or inadequacies, correct or im-
prove it, test it again, and pOssiblV refine
or extend 1: to a more general procedure.

2. Solving problems is the most es-
sential of all basic skills needed in our
complex, changing world, and learning
to solve problems that involve,mathe-

- matics is the most fundamental goal of
mathematics education. Studying the

processes one uses in constructing a so-

lution to a problem may be of great
assistance in knowing generalized, per-
haps heuristic, approaches to prob-
lems. Various types bf computer usages
can feature.mathematical problem solo.
ing and its study. Student-written com-
puter programs can involve Considerable
problem solving. ,

3. Most school mathematics curri-
cula put a major emphasis on al-
gorithms. Children learn not only com-
Outational procedures for various
operations but also procedures for han-
dling almost every mathematical task
they encounter: finding solution sets,
evaluating expressions, simplifying
fractions, factoring, finding special
numbers (e.g., prime numbers, greatest
common factors, square roots, and av-
erages), completing geometric con-
structions or transformations. renam-
ing (e.g., fractions to decimals),
graphing, checking (e.g., comruta-

lional results), estimating. and so on.
In most treatments the procedures are
presented "ready-made." As a result,
student learning of algorithms is often
imitative behavior. If we believe that
mathematics ought to be a sensible re-
sponse to a reasonable situation, then
more attention should be given to help-
ing children to construct procedures.
Helping students to identify limitations
or revisions for their created al-
gorithms can lead to significant think-
ing. Computer programs are algorithms.

Middle school students can learn to con-
struct and use computer proceduresfor
many mainline mathematical ideas.
Such activity can further important
goals related to algorithmic learning.

4. Effecting quality learning is a
complex combination of many factors.
A reliable, knowledgeable source of

Reprinted by permission from Arithmetic Teacher 26: 53-55; February 1979.
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help that ienerates. in a patient man-

ner. interactive reteaching. practicing.
and testing for each student. alone with
accurate records of student responses
ant; .:amulative progress. would greatly

assist the harried classroom teacher.
Computers can he programmed to pro-
videsuclrassistance to the teacher, and
teachers, as novice computer program-
mers, can readily leant to write and eval-

uate such computer programs.

Instructional
Computer Usages

Most of the exploratory usages of com-
puters in school mathematics have oc-

curred in the past ten to fifteen years.
Major attention has been given to
teaching elements of computer lan-
guages. such as BASIC or FORTRAN.
and to engaging mathematics students

in writing and Using computer pro-
grams for various mathematical topics.
This use of the computer reflects the
obvious interaction of the program-
mable. numerical. -logical" machine
and certain qualities or aspects of
mathematics. Several other types of
computer applications to teaching and
learning also have been identified and
explored. Let's briefly examine some of
these usages of the computer before
considering strategies for their imple-
mentation. /

Programming
Mathematics students of all ages
throughout the world are writing and
executing their own computer pro-
grams. Mathematics teachers cite sey-

eral purposes for students' engaging in

such programrhing tasks: (a) building
"computer literacy" through firsthand
experiences with the capabilities and
limitations of programmable machines:
(b) reinforcing a taught (noncomputer)
procedure through students' analyzing
its steps and restrictions in order to
construct a computer algorithm (pro-
gram): (c) illustrating the tge of a com-
puter program as a dynamic problem-
solving tool- -even a poor program. as
an active object. can be executed. "de-
bugged." and modified: (d) providing
transfer experiencei through students'
using their knowledge to "teach" the
machine to generate the'desired output:
te) stimulating high levels ofstudent
motivation and persistence toward

more general, perhaps elegant, pro-

grams: and (f) emphasizing meiliods of

solving. discovering. and generalizing

by building programs. studying a pro-

gram's output.,and extending revised

programs toward algorithms aimed at
handling entire classes of problems.

Middle school mathematics abounds

with situations that can be approached

as programmings tasks: (a) finding so-

lutions to open sentences: (b) testing

for properties of number systems: (c)

number theory topicsfinding prime

numbers. multiples. complete facto-
rizations. greatest common factors,
least common multiples. and deficient.

perfect. or abundant numbers: (d) solv-

ing measurement problemsperime-
ter. area. volume. and angle relation-

ships: (e) manipulating fractions and
decimalsrenaming. simplifying. per-
forming the four arithmetic operations.
and ordering: and (f) solving applied
problemsfinding averages, solving
proportions, calculating percents. and

figuring probabilities.

Practicing
Computerized practice has been exten-
sively applied to school mathematics
instruction during:the past fifteen
years. Of course. the fundamental pur-

pose of a practice session at a computer

terminal is to rehearse for more auto-
matic recall or recognition of certain

aspects of the ideas previously taught.
Practicing programs usually do not
deal with explanations of mathematical
ideas. The role of the teacher is to de-

velop the. background understandings
necessary for effective practicing to oc-
cur. Although of uneven quality. many
practicing programs do exist.

Tutoring
Computer-based tutorial instruction
involves the use of the machine to pre-
sent an introduction or review of ideas

which are not adequately known by the

student. The stored program attempts
to simulate a good tutor as it in-
troduces. explains. characteriies, ex-
emplifies. asks questions, accepts and

evaluates responses. diagnoses diffi-
culties. prOvides feedback and rein-
forcements. monitors performances.
and selects appropriate placement into
subsequent lessons. Tutorial programs
are similar in structure and function to
practice programs but often contain
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conside my more detailed text to be

used in explaining the content of the

lesson. Thes are usually more complex
and costly to prepare and to offer than
practice programs. Although much at-
tention has been given to the experi-
mental dex elopment of tutorial pro-
grams in certain federally-funded
projects. this compu'ter usage has not
become widespread. With lowered
costs for computers the prospect of
such private tutoring may become

more feasible.

Simulating and gaming
As a simulation device, the computer

can often be used to deal with other-

wise unmanageable phenomena. The
advantages of computer -based simula-

tion include,the measurement and ma-

nipulation of variables that are difficult
or dangerous to assess, dr opportunity
to experiment when it is not otherwise
possible, the control of "noise" Zirrele-

vant variables) that might otherwise
obscure the item to be measured or
studied. and the compression of the

time dimension to allow long-term

events to be studied in short periods of
time. Among the contexts of possible
interest to middle school mathematics
teachers are situations that use proba-
bility models as well as other Physical

and social science applications of
mathematics. The following are some
examples of simulation programs: (a)

probability (flipping coins, rolling dice.
blinded drawings). (b) economics
(playing the stock market, purchasing

via loans. ruling a developing nation),

and (c) sciences (effects and control of
water pollution, piloting a spaceship,

chemical or nuclear reactions, genetic

manipulations).
) Gaming programs are simulations
featuring competitive settings in which

one or more players.can play, score,

and win. Hundreds ofcomputer-based
games exist. with many appropriate to
objectives of middle school mathemati-

cal educition.

Testing
The computer has been programmed to

e as a test generator and adminis-

trator. Conceivably, each student could

be given a tailor -made examination
where the choice of objectives as well as

number and difficulty of,items for each

objective would be specified for each
student.



1 a

1 REM 144:11., Zi Ms. eateict,

10- -REM " FIND AU- FACTORS OF A NUMBER ""

20 INPUT "FACTORS FOR WHAT NUMBER", N

30 FORD = 1 TO n-
-Tar(n/D) THEN 6t)14tt- IF N/D < >

k

50 PRINT D;

10 NEXT D

70 GO TO a.°
6- END

FACTORS FOR WHAT NUMBER? 12
1 ,2 3 4 '6 12

FACTORS FOR WHAT NUMBER? 35'
-1 5 7. 35.
FACTORS 'FOR WHAT NUMBER? 59
1 59

---FACTORS FOR WHAT NUMBER? 57
1 3 19 A7
FACTORS FOR WHAT NUMBER? 101
1 101
FACTORS FOR WHAT NUMBER? 864
.1 2 3 4 6 8 9 12 16 18 24 27 32 36 48 54

96 108 144 '216 288 432 864
FACTORS FOR WHAT NUMBER? 97
1 97 -

FACTORS FOR WHAT NUMBER? 27
* 3 9. 27

Program notes: -

This ts an example of a structured, incomplete programming task.

WWI 1 and 10 are simply remarks, ignored by the computer during execution.

--Una 30 through 60 set up a "loop" where the set of possible divisors 1 through N are tested.
The condition in line 40 tests for even divisibility, skipping on to the next trial divisor (line 60) or
prirsing adivisor (line 50).

Using Compute6
in a School.

To many mathematiqs teachers the
prospect of incorporating the use of a
computer into their curriculum appears
as an educational "future sliock." As a
rapidly growing number of teachers in
bunslreds.of schools are finding, how-
ever, the machines and accompanying
materials are oriented toward the nov-
ice who has little or no programming
and computer background. The com-
puters are simple to operate. being
quite "foolproof," and programming
languages, such as BASIC, are easy to
learn, yet powerful and flexible enough
to satisfy the most advanced student.
Numerous journals, oriented to the ed-
ucational ow of computers, provide
furthey background as well as practical

computer, run stored (ready-t -use)
programs, and write and execut
simple BASIC programs for several
mathematical topics taught in the \
middle school curriculum. A sixth-
grade teacher, for example, might de-
cide to focus on two types of uses of the
computer with his or her students dur-
ing the first year of computer use,
simple prograinmine tasks and stored
practicing programs. To develop the
knowledge needed for students to write
Their own programs, the teacher might
begin by discussing and demonstrating
completed programs: later the students
can be given incomplete algorithms
which they analyze, complete, and exe-
cute. As students learzrthe BASIC lan-
guage and how a program can be cone
structed, they will become more able to
initiate their own programs for mathe-
matical tasks.

The following is an example of stu-
dent programming tasks for a'particu-
lar unit to be studied:

72
The whole number system

la) Find sums, differences, products,
and quotients.

-(b) Siinplify number expressions.
(c) Make lists of pairs, given a function

rule.
(d) Find factors (see fig. 1):
(e) Determine primeness.
(f) Find all prime numbers in a given

interval.

classroom suggestions and actual pro-
gram listings. A variety of resource
books for mathematics teachers pro,
vides detailed suggestions fast. devel-
oping student programming. Most
computer companies sponsor educa-
tors+ "users groups" that offer informa-
tive rrewsretters, meetings-, and a clear-
inghouse service for exchanging
computer programs a mong,members.
And professional associations, such as
the NCTM, offer workshops at their
jneetings and written materials in their
journals and supplementary pub-.
lications to help teachers with com-
puter-Oriented activities.

A school typically begins a program
of computer use with limited access ito

a computer, a single terminal or com-puter.Through workshops. teach-
ers can learn to operate a mini-
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Summary

Computers can be used in educational
settings and for instructional purposes
in more ways than are generally real-
ized; they can be much more than a

Means to individualizing testing or
drilling for competency in basic facts.
Computers can be teaching aids that
help to achieve the objectives for
mathematics learning identified earlier,
in this article. When access to a

computer is available, students will' be
able to Ilse the computer for pro-
kramming the solutions to problems;
for simulating situations in order to
test hypotheses; for gaming, as a study
of probability and statistics; as well as
for practicing, testing, and tutoring.

The purpose of this article is to help
teachers become aware of the potential
for this multiusage approach to com-
puters.0



LET'S PUT COMPUTERS INTO THE
MATHEMATICS CURRICULUM

By DONALD 0. NORRIS
°too University

Athens, OH 45701

I propose a rather drastic restructuring of
the traditional high school mathematics
curriculum for those students who plan to
g0 to college. Whereas this proposal is
aimed prirna:rily at the college-bound stu-
dent, it should encourage everyone to study
more mathematics.

The heart of the proposal is to delete
plane geometry as a required course in the
traditional academic sequence and to re-
place it with a year-long course in com-
puter programming. My reasons for ,mak-
ingthis :proposal are based on my-experiences as a college teacher. Sindents\ often study only two years of mathematics
in high school. They have usually studied
first- year algebra and plane geometry. One
year of algebra is grossly inadequate for the
study of mathematics in college. Bear in
mind that most college curricula require
the knowledge of mathematics beyond 'the
first-year:algebra level. For example,,engi-
neering \and science majors require calcu-
lus. Psychology majors and sociology ma-
jors are usually required to take a .statistics
course. All education majors take some col-
lege-level mathematics. and business ma-
jors are often required to take a calculus se-
quence. By the time students get to college,
many have forgotten most of the algebra
they did learn.

I believe plane geometry is in the cur-
riculum for historical reasons. I can recall
reading about ,how the formal reasoning,
the use of logic, and the mental discipline
required to prove theorems in plane geom-
etry would do wonders for the student's in-
tellect. I donIt think such clairnt have ever
been proved. It is true that in the study of

There ispleiuy of room in the curriculum (weftsi
drop the study of geometry.

plane geometry, one is introduced to
mathematical thinking, that one learns the
rudiments of logic, and that one must be
disciplined; but very few people ever go
into a _discipline that uses mathematical
thinking, and there are certainly many
other ways toleam about logic that do not
involve the study of.plane geometry.

I. would classify mathematical thinking
as a form of problem,solving. It involves
the analysis of given information and the
synthesis of the information to discover
new facts. This type of reasoning is very
difficult. I know Of no better .way of in-
troducing it' to students than through the
use of computers. In addition, computer
program § must be very logically con-
structed. They. are, in fact, a proof of the
computability of some result. It goes without
saying that computers demand. discipline.
One 'cannot deviate one iota from the pre-
scribed rules of Syntax (the computer lan-
guage) or else one is presented with an er-
ror message.

Let me try to illustrate some of these
ideas. In algebra we teach students how to
solve quadratic equations. I presume that
the usual procedure is to show them how to
complete a square on sample problems and
then to do it in general to derive the stan-
dard quadratic formula

4 ± 4b174-a7
2aX as

If your students are like mine, they become
glmsy-eyed somewhere in the middle of the
development and stop listening. The real-
ize that all they need do is to recognize a
quadratic equation and to memorize the
quadratic formula to solve it.

Now 'suppose you asked students who
have learned the quadratic equation to

Reprinted by permission from Mathematics Teacher 74: 24-26; January 1981.
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write a prograM to,,print out the roots of a
quadratic equation. They would have to do
analysis of the following sort:

I. Read in a, b, and c.
2. Check whether a = 0, because.' in that

case they have a linear equation and
can't use the formula.

3. Compute the dis'aiminant, d = 4ac.

a) If d > 0, they will transfer to a part
of the program where real roots are
handled.

b) If d = 0, they will transfer to a part
of the program where repeated roots
are handled.

c) If d < 0, they will transfer to a part
of the program where complex roots
are handled.

4. Print the results, making it clear what
case they are in.

5. Provide the capability to repeat the pro-
gram on a new set of data.

Compare the mental activity required to
solve a quadratic equation using the for-
mula with the mental activity required to
program the computer to use the formula.
In the first instance the problem can be re-
dueed to rote memorization, as it usually
and this does notinvolve the use of logic or
problem- solving techniques-' except in a
very meager way. However, the computer
program required to solve this problem re-
quires an understanding of the formula, the
ability-to distinguish all the possible cases
that might arise, and the ability to explain
to an idiot (the computer) the precise in-
structions it must follow to obtain the de-
sired results.

As a second example, consider the prob-
lem of solving a system of linear equations.
Students usually learitto solve systems by
substitution or elimination. Because, of the
large amount of calculation involved, we
usually restrict our attention to two- or
three-dimensional systems. Substitution
works fine on two-dimensional,syStems, is
unwieldy on three-dimensiOnal systems,
and is an unmitigated mess for systems of
higher ord4r. Elimination- is a good
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method, but is usually taught in a non-
algorithmic way. Since we restrict our at-
tention to low-order systems, we attempt to
teach our students to recognize from the
structure of the problems. which variable
should be eliminated. This approach is
hopelessly inadequate for higher order sys-
tems, and since students do not learn the
algorithmic approach(essentially Gaussian
elimination) they are unable to tackle suc-
cessfully higher order problems.

Now, if you want to program a computer
to solve a system of linear equations, you
must have a thorough understanding of the
elimination algorithm. You must under-
stand that interchanging the equations docs---
not affect the solution, or that multiplying
an equation by a constant does not change
the solution.. You learn, that the variables
are of no consequenteit is the coeffi-
cients that determine' the solution. You
have a natural vehicle ,for introducing ma7
trix algebra and determinants, because you
must store the coefficients of the syttem in
a two-dimensional array. Finally, the elimi-
nation algorithm leads very naturally to the
consideration of special cases such as a row
of zeros, except in the last position, or a
row of all zeros.

It requires a tremendous
amount of problem-solving
ability to make a comPuter
solve a problem.

Programming the solution of a linear
system is certainly not a trivial task and
should probably be one of the last topics
taught in a year-long course. But the payoff
is large. A great deal of analysis and syn-
thesis must be accomplished. In addition,
the computer solution leads naturally to a
study of matrix algebra.

Of course, there" are many other prob-
lems one could treat. Finding the roots of a
polynomial by the bisection method is an
easy problem. Sorting a set of numbers into
ascending or descending order is easy to do
without the aid of a computer, but it isan
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intellectual challenge to program a com-
puter to do the scirt. It is easy to think of a
variety of everyday-life problems that can
be programmed. For example, one might
write a checkbook balancing program or a
simplified income tax computing program.

My point is this: It requires a tremendous
amount of problem-solving ability .to make
it computersolvta problem. It requires the
kind of analytical thinking we want our
students to Jearn. In addition, it is im-
mensely practical to learn how to program.
In the next ten years. it is likely that most
college students will learn how to program
computers and will use. the, knowledge
gained (the problem-solving techniques) in
their jobs.' With the advent of micro-
coniputers such as the TRS-80 and Apple,
which are very cheap and have tremendous
computing capability. there is a revoltition
coining in the use of computers. lv will not
be uncommon forhouseholds' to have mi-.
crocoMputers7 TheY will be used to play
games and Maintain household financial
records. People with programming skills
will have the ability to take full advantage
of them. It behooves us to educate our stu-

dents its their uses and limitations. '-

Computers provide, feedback to the pro-
vrammer that- is unlike the information we
give our students. Syntactical errors are
li,filighted almost instantaneously. There
is never any doubt about intentions or
meaning. The computer,accepts"Only what

it is prograniMed to accept, and nothing
else. Students must learn to follow the
rules, and if they don't, the computer pro-
vides immediate feedback.

The analysis required to test and debug a
program is very valuable. One must under-
stand the structure of a problem in order to
providtan adequate set of test data. Trying .
to decide why the machipe did what it did
instead .of what you wanted it to do is a
very .worthwhile experience in analytical
thinking.

My experience with junior and senior
high school studentt leads me to believe
that the computer can serve as a device for
motivating studenti to learn more mathe.;
matics. Usually their first exposure to a
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computer comes when they play a com-
puter game. After the initial challenge of
game-playing is over, they often want to
learn how to program their own games or
how to solve a mathematical problem.
With a little direction from a teacher, their
mathematical horiions can be broa.4ened
appreciably.

2500 years of Euclid
might be enough.

'In order to accommodate the use of com-
puters. I propose the following curriculum
for college-bound students:

Freshman year
Sophomore year
Junior year

Senior year'

Algebra I .

Algebra 2
Computer program-

ming
Precalculus survey

Electives might inclUde plane geometry.
calculus, or a higher level computer course.

,This: proposal was not, practical just a
few years agb because the cost of comput-
ers was exorbitant. That is no longer the
case. Over a period of a few years any high
school can acquire enough microcomputers
to handle all student needs.

So let's .get going. It might take some
courage to drop good old Euclidean geoni-
etry, but I think you wouldlike the results;
2500 years of Euclid might be enough.
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COMPUTER-ASSISTED INSTRUCTION
IS NOT ALWAYS DRILL

e' Microcomputers can help students understand random samples
and other statistical concept&

By JAMES W. HUTCHESON
IlAuscoges County School District

Columbus, GA 31901

If you say you have computer-assisted
instruction in your school, many educators
wilLthink of drill work delivered by a com-
puter. Some will think of simulation activi-
lies in which students "run city govern-
/meat'? or "mix 'dangerous chemicals."
Others who have had computer-program-
ming experiences will think of problem
solving. While teaching a statistics class, I
discovered still another use of the computer
to aid instruction.

Calculators have been used in my in-
, troductory course in statistics to facilitate a

"number crunching" aspect of the course.
Recently, a microcomputer was added to
the list of naterialt supporting the, course.
Prior to the time the computer assisted in
the instruction, I had some difficulty in
teaching a particular concept in sampling.
Most students understood that

could be made from the sample to
the population when the size of the sample
almost equaled the size of the population.
However, they were skeptical when the
sample representetra smaller portion of the
population. / ;

Initially, the students examined the in-
formation on table 1 and table 2.

Table 1 indicates the means of ten sam-
ples of size 10 'drawn at random from a
population of size 1000. Table 2 indicates
the means of ten samples of size 50drawn
from' the same population. The students
compared the differences in the population
mean and standard 'deviation and the
means and standard deviations in the two
different size samples. The students found a
smaller range of means on table 2 than on

table 1. They concluded that the trend of a

smaller range of sample means with larger
and larger samples would continue. My
current statistics class was treated to a simi-
lar activity, but with more dramatic results.

TABLE 1
Ten Samples of Size 10 Drawn
from a Population of Size 1000

Samples Means
Standard

Deviations

10 16.4 11.2
10 19.9 12.0
10 20.1 15.4
10 20.4 . 8.6
10 23.7 16.4
10 25.5 10.7
10 26.5 17.6
10 27.1 14.0
10 27.3 `-% 14.6

10 29.0 15.6

Population 25.5 14.4

Instead of distlibuting the two tables to
the students; the class was allowed to
choose its own small sample size and large
sample size. Summary sheets similar to the
tables were generated on , the micro- =

computer and-display-ed= the screen (see

TABLE 2
Ten Samples of Size 50 Drawn
from a Population of Size 1000

Samples Means
Standard

Deviations

50 21.8 , 14.8
50 22.5 15.0
50 22.8 133
50 26.1 14.7
50 26.3 153
50 261 133
50 27.4 14.9
50 27.5 13.0
50 27.5 14.2
50 28.2 15.3

Population 25.5 14.4

table I in the Appendix for the .program).
This live demonstration sparked the stu-
dents to"begin speculating on the effects of

Reprinted by permission from Mathematics Teacher 73c 689-691, 715;

December 1980.
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selecting even more sample sizes. A dis-\ cussion of random selection and sample
size-followed that-seemed. to involve more

dents than had ever been involved be-
fore. The students selected their own
*Ample Sizes and speculated on the range of

41e \means. Occasionally, a large
the size, resulted in an unusually large

range oUsaniple means. Initially, students
were puzzled at the "error." Then one stu-
dent remarked, "But. that's just the nature
of random uumbers!!",This insight helped
Others to internalize what, had happened. I
felt most of the benefits of the lesson were
over. I was wrong.

Later in the course, we were discussing
control groups and experimental groups.
Several students leinarked that it was pos-
sible to select two samples at random from
the same population and have the samples
be significantly different. They each re-
ferred to the computer activity that was
previously cited, where samples were se-
lected from the same population at ran-
dom. The comment was made, "How do
you know we didn't accidentally select a
large sample and a small sample?" No sm-.

dent had recalled thi§ idea when I used the
summary sheets as handouts.

Perhaps computers can assist instruction
by developing mathematical concepts that
are remembered better through a live dem-
onstration. Other live demonstrations have

',been used where students predicted what
Would happen and then let the computer
verify (or refute) their 'predictions.

Usually the development of linear re-
gression has included a brief comment
about other predictiveyrocedures. The stu-
dents understood that line that best fit a
scattcrgram might not be straight. How-
ever, I had no success in developing an in-
tuitive feeling for multiple linear regres-
sion. A computer program was used that
was rtccessful in developing this intuitive
feeling. The rrogram generated three tests
A; B, and C and produced correlation coef-
ficients between Tests A and C and Tests B
and C. The'user was promoted to pool Test
A and Test B to form a new test, Test X.
The computer indicated a correlation be-

tween Test X and Test C. The scores in
Test X were formed by the equation

X = ( )A + ( )B.

The user supplied the weightings for Test A
and Test B. A copy of the computer pro-
gram appears in table 2 in the Appendix. A
sample run with coefficients appears in
table 3.

TABLE 3

YOU TRIED X a. (3).4

TESTA TEST B

+ (4)B

TEST X TEST C
1 2 11 5

1 10 8
3 9 45 15 .

3 6 33 8
6 16 82 12

0.615 0.703 0.692

IS THERE A BETTER CORRELATION WITH A
DIFFERENT WEIGHTING?

After a few trials, all students seemed to
know which test to give more weight in the
pooling process. I asked if the weighting
had to be'positive, and immediately several
suggestions for negative weightings were
tried by the students.

Following the computer activity, the stu-
dents reported that the test with the higher
correlation should be given more weight-
ing. I asked how the process could be ex-
tended to Tests A, B, C, and D. A student
suggested a formula for generating scores
for Test X,

X ( )A + ( )B + ( )C

along with the proper order for weightings
on Tests A, B, and C.

I was pleased with the results of the in-
troductory activities and quite pleased that
the total time for the computer activity and
discussions was less than twenty minutes.

Computer programs such as these have
helped me to emphasize statistical thinking
and de-emphasize the arithmetic of statis-
tics. Perhaps this shift in emphasis has been
the most important aspect of using comput-
ers in the classroom to aid instruction.

APPENDIX

Now: The TRS-80, Level II BASIC uses several func-

!Lon:unite on` pops 691, 713)
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TABLE I

1 REM .... JIM IlUTC1IFSON. TRS10. LEVEL II
2 REM .... PROGRAM GENERATES POPULATION OF 1000 RANDOM 41$
3 REM .... EACII 1.50. USER SELECTS SAMPLE SIZES
4 REM PROGRAM RETURNS MEAN & SD OF 10 SAMPLES ORDERED
5 REM ON MEANS ... PROGRAM RETURNS POPULATION MEAN A SD
10 CIS
20 PRINTTROGRAM IS LOADING 1000 NUMBERS FOR THE POPULATION"
25 PRINT:PRINT
30 PRINT"A SHORT PAUSE ...(ABOUT A MINUTE)..."
35 S.051 =0
40 DIM AI(I000).M(10).S(10)
501 OR I = I TO HUI
55 Aq(1) - RW(50)
60 PRINT6.475.1.A1(1)
70 S = S + A141) SI = SI + A%(J)12
80 NEXT I
90 PR1NTg475.-POPULATION LOADED"
1W (OR 1 - I TO 300 N EXT-C LS
110 PRINrNow SELECT A SAMPLE SIZE...I0 SAMPLES WILL BE SELECTED"
120 PRINT-FROM THE POPULATION AT RANDOM"
130 PRINT PRINT-THE MEANS AND STANDARD DEVIATIONS WILL BE GIVEN"
140 PRINT-111E COMPUTER WILL ORDER THE SAMPLES ON THEIR MEANS"

,150 PRINT.PR1NrHOW LARGE DO YOU WANT EACH SAMPLE TO Br; -

MO INPUT N
170 CIS
180 FOR I = I TO 10
190 A - 0B-0

FOR K N
210 X - A,I(RNI/(1000))
220 PRINT4070.-SAMPLE-J.-SELECTED";K
230 A -A +X 11-BOVX
240 NI XT K
250 M(1) A/N
260 S(1) - SQR((B-Af2/N)/(N-1))
270 NI XT I
280 CI S PRINT-NOW ORDERING ON SAMPLE MEANS"
290 FOR I TO 9
300 oR K - 1+1 TO 10
3101E M(1K-M(K) THEN 350
320 11 MI)) M(1) 84(K)M(K)11
3301I - S(1) S(1) - SOO.S(K) - H
350 NEXT K
360 NEXT I
370 PRINT.PRINT"SAMPLE SIZE MEAN STANDARD DEVIATION"'
380 FOR 1- I TO 10PRINTN.M(J),S(1):NEXT1
390 PRINT.PRINrPOPULATION MEAN ";.S/1000,SQR((S1-S72/1000)/1000)
400 PRINT-PRESS <ENTER> TO GENERATE OTHER SAMPLES";
405 INPUT ?
410 CLSGOTO 150
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TABLE 2

10 REM JIM HUTCHESON. TRS110. LEVEL 11
21) REM ... MULTIPLE LINEAR REGRESSION
30 REM ... USER ENTERS WEIGHTIFIGS COMPUTER SHOWS PEARSON'S R
40 REM ... USI.R 7 RI! S TO GET A BETTER R WITH BETTER WEIGHTINGS
50 RUM ... PROMPT OF NEGATIVE WEIGHTINGS IS NEEDED
60 REM
70 REM
80 DIM A(5).13(5).(15).T(5)
90 CI S PRINTTOOLING SCORES IN A MULTIPLE LINEAR REGRESSIONES77

00 PRINEPRIN ilSTS ARE A.B.ANI) C"
10 PRIM 'SAMPLE NIIMIII RS ARE ALREADY LOADED"
20 SI 0S2.11S4-.0 515.-0 S6=0 S7=0 S8=0
30 FOR I 1 10 5
40 RI Al) A.B.0
50 Al))- A.1111)--13(71+,('
6051 SPAS? S24.A'A

)70 S1- S31 /I S4 S4413'13
180 SS. SS D.: S6. S6 I C'12
190 S7- S7 + SK +VC
200 NEXT 1
210 DATA 1.2,C.2.18.3,9.15.3.6.0.6.16,12
220 PRINTTLARSON'S R FOR:TEST A ANT) TEST C"
230 RI (S7-S l'S5/5)/SOR(62-S 112/MS6-S5n/5))
240 R 1=EN1(1000*kl+ 50000
250 PRIM- P. I ".121

260 PR IN 1 PR INT"PEARSONS R FOK TEST B AND TEST C"
:70 R2 =1S8 S3' S5/S)/SOR((S4-S312/5)-:"4-S512/3))
280 R2 INI(R2'10004 5) /I000
290 NUN I- R2 ".R2
300 PRIN r PR lArsuprosr. YOU FORMED A NEW SCORE. SAY X. 1Y"
310 PRINE,TWILING 1111: SCOR1S IN TEST A WITH THE SCORES IN TEST r
320 PR IN 1-1'01.s5 <I.N TI R> 10 CONTINUE":1NPUTJ
310 CI S MUNI- psr A AND TIST C TEST 13 AND TEST C"
340 PRIN 1'1 ADDER 1,TA1(24),K2
350 PRINT PRIN 1-TI SE X WII.I. BE EORM:ID LIKE: X - (3)A + (4)B
360 PR INIVIIAT WI imam .111OULD BE 1 r
370 MIN 111-RE"
380 PR IN I PRIN1-1 00K AT EH 0 TWO CORRELATION COEFFICIENTS AND"
390 !TIN I"SlIGGI ST A WEIGH TING. THE COMPUTER WILL FORM TEST X"
400 PR IN I-AND COMPUTE PI:ARSON'S R FOR TEST X AND TEST C'

-410 PR IN 1 PR I NT-PRI:SS <EN1 kR> TO CONTINUE" INPUT 3
420 CI S PRIN1 I R2"
410 PRIM R ER2
440 PRINT INPI11"ENTER WEIGHING FOR TEST A",W1
450 INPUT"! N I ER WEIGHING FOR TEST B".W2
460 C1,0(1 C3.0
4701 OR 1 ,I1(1
480 I-WI'A +W2'B(1)

T(1)-T
SW CI4:1+TC2-C2+PT:C3.C3+(1):NEXT1
510 CIS
520 R1-(C3-SPC1/5/SGROC2-C112/5),(56-S5V/P)
530 PR INT"YOU TRIED X - (":Wl,")A + (";W2.")B".PRINT
540 PR INTILST A".TA11(16).-TESTB-;TAB(32),"TEST X":TA11(41);"TEST C"
550 FOR I= IT05:PRINTA(1),B(4.T(J).C(J)NEXTJ
560 R3-INT(R31000+.5)/1000
570 PRINT.PRINTR I.R2.113
580 PRINT PRINT-IS THERE A BETTER CORRELATION WITH A DIFFERENT WEIGHTINOr
590 GOTO 440
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...

COMPUTER-ASSISTED INSTRUCTION
IS NOT ALWAYS DRILL

(Continued from page 690)

tions that are different from;other versions of
BASIC.

I. CLS-clears the screen
2. RND(X)-returns a random number I to X if X is

greater than I
3. PR1NT6-prints at a position on the screen. The

positions are 0-1023

The programs are written in an "endless loop-

I
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style. The user is required to depress the BREAK key.
This style was chosen over the more conventional
END statement or the escape to END question for
MO reasons:

1. The END statement required the author to antici-
pate the number of attempts a particular user
would need. This varied too often to be practical.

2. The escape question would normally appear.; t the
end of the usc:'s sample selection or weigl ring.
The Students in the statistics class made too many
typing errors to risk an additional user input. Fur-
ther. the escape question tends to break the train of
thought when the students are concentrating on
the output of the computer.
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Section VIII

COMPUTER LITERACY
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COMPUTER L1TERACY-WHAT IS IT?

A

By DAVID C. JOHNSON-
University of London

London, England $W6 4HR

RONALD E. ANDERSON
University of Minnesota
Saint Paul, MN 55113

THOMAS P. HANSEN
and DANIEL

. K1 A"="I
Minnesota Educational Computing Consortium

Saint Paul, MN 55113

The May 1978 Mathematics Teacher in-
cludes an important position statement re-
garding "Computers in the Classrooin"
(prepared by the Instructional Affairs'
Committee and approved by the NCTM
Board of Directors) which states that
an essential outcome of contemporary education is
computer literacy. Every student should have first-
hand experiences with both the capabilities and the
limitations of computers through contemporary appli-
cations. Although the study of computers is in-
trinsically valuable. educators should also developan
awareness of the advantages of computers both in in-
terdisciplinary problem solving and as an instruc-
tional aid.

Whereas such a statement reflects. a com-
mendable concern for implementing some-
thing called computer literacy, it provides
little guidance in explicating what this area.
of study should include. The National
Council of Supervisors of Mathematics, in
their 1977 position paper on basic Mathe-
matical skills (Feb. 1978 My), do an ex-
cellent job of describing the many impor-
tant components of school mathematics.
Their statements of rationale pay particular
attention to the fact that "the availability of
computers and calculators demand a rede-

This report is based on research supported by the
National Science Foundation under Grant No.
SED77-18658. Any opinions. findings. conclusions. or
recommendations expressed therein) are those of the
authors and do not necessarily reflect the views of the
National Science Foundation.

fining of the priorities for basic mathemati-
cal skills." They go on to include computer
literacy as one of ten basic skill areas:

It is important for all citizens to understand what
computers can and cannot do. Students should be
aware of the many uses of computers in society, such
as their use in teaching/learning, financial transac-
tions and information storage and retrieval. The
-rnynique" surrounfitng crsmvters is disturbing and
can put persons with no understanding of computers
at a lisadvantage. The increasing use of computers by
government. industry and business demands an
awareness of computer uses and limitations.

It is clear that the mathematics education
profession is advocating that some sort of
computer literacy experience should be
provided for all pupils. (Note that many
others, outside the 'field of mathematics
education, are also calling for action in this
area: e.g., see the paper by Molnar [1978],
which speaks to the importanceoriduca---
tion regarding computers and their im-
pact.) However. we need to go beyond
these geneial"statements and be more ex-
plicit in our statements of possible cora-
'Orients (experiences) and desired out-
comes (objectives).

AThe National Science Foundation,
through its in Science Education
program, has awarded a grant to the Spe-
cial ProjectsDivision of the Minnesota Ed-
ucational Computing Consortium (MECC)
to explore the impact of precollege educa-
tional programs designed to increase com-
puter literacy. and the effects of human-
Computei interaction within the context of
instructional computing environments. The
MECC Computer Literacy Study (May
1979 MT) is concerned with such questions
as the following: (1) What is the impact on
student knowledge, attitudes, and skills of
various approaches to the development of

For information on two computer literacy programs.
see "New Programs" in this issue.Ed.

Reprinted by permission from Mathematics Teacher 73: 91-96; February 1980.
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computer literacy? and (2) What impact
does using a computer as part of the in-
structional process in science education
have on student attitudes and beliefs about
computers? An important initial phase of
the study was to search the available litera-
ture (articles, curriculum materials. tests,
and so on) and attempt to pull together the
various views espoused, explicit and im-
plicit, into some coherent set of statements
that reflects what is implied by the phrase
computer awareness or computer literacy.

If one peruses the literature in this area.
it soon becomes apparent that different au-

, thors place priorities on very different as-
pects of computing. On one extreme 'we
find the emphasis placed on knowledge and
concepts related to hardware and progiam-
ming, and at the other the emphasis is on
an awareness of applications and issues.
This is not to say that the literature can be
easily divided ujto two disjoint sets, as most
authors espouse some combination of these
ideas. Whereas most authors (including
those deyeloping course outlines at the
school level) identify the material to be in-
cluded, explicitly or implicitly, they gener-
ally indicate their recommendations for ex-
clusion through omission. Thus it is often
difficult to_ascertain whether there is really
a debate regarding topics or if the curricu-
lum recommendations merely reflectinter-_,
ests and local concerns. However. since the
views appear to be so diverse. the project
elected to develop a conceptual framework
that attempted to incorporate as much as
possible the views of all. That is, the result-
ing description should describe computer
literacy or awareness in its broadest sense.
This flexible, general approach is a some-
what less absolute view. and it was felt that
such an approach would enable us to assess
student knowledge and attitudes across a
wide range of possible topics as well as
focus on particular aspects of hardware.
software, application,, and issues. In addi-
tion, such an approach should provide a
basis for further discussion regarding the
priority that might be given to particular
aspects of computing.

As a first step, information on a wide

range of courses was collected (in the
United States and in Great Britain)
through personal contacts. responses to
requests for information that appeared in
various journals, and communications with
the institutions cited in the HumRRO ex-
emplary institutions" book (Human Re-
sources Research Organization,
1977). (More complete information on
courses and materials is available in the fi-
nal report of the project.) One indication of
the extensive nature of this -collection
phase" is the fact that responses in the form
of course descriptions,- course objectives.
curriculum guides, or evaluation in-
struments were received from about fifty
school districts throughout the country.
Whereas many of these were similar. there
were sufficient differences (both with the
outlines and other text sources) to justify
the earlier decision to attempt to explicate
the concept in a broad sense and not at-
tempt to survey common practice or report
on the set of common recommendations.

In addition to course descriptions. nearly
2000 test items relating to computers were
collected, judged for quality, and cate-
gorized. The course descriptions and test
items were then used to develop a rather
comprehensive list of the topics and objec-
tives covered in the courses. These were
grouped under six main headings: Hard-
ware -(H): Programming and Algorithms
(P); Software and Data Processing (S): Ap-
plications (A): Impact (I): and Attitudes.
Values, and Motivation (V). The first five
headings deal with cognitive outcomes and
the sixth is concerned with attitudes. or the
affective domain. The list of objectives was
subjected to many revisions and then circu-
lated to twelve "outside experts" represent-
ing the professional societies. industry, and
education, for reactions and validation. On
the basis of feedback from these individ-
uals. the list was revised once more and the
current version is presented in this paper.

Before moving to the actual statements it
is important to provide some information
about format of the lists. The objectives are
really informational objectives. Whereas
some are stated rather specifically, explic-
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itly designating a desired outcome,- for the
most part they are not behavioral but rep-
resent guides' for the construction of test
items. Since subsequent research will in-
volve groups of students in schools, there
was also a need to try to reduce the set to

-------some=sma&er subset that could be assessed
in a reasonable-periocLof time. Thus the
listing contains a number orstarred_state-
ments; these are referred to as "core objec---
tives" and as such represent the set to be
used in the research. In general, the outside
reviewers suggested that, whereas the core
was appropriate for the research task, there
is a need to extend this set, as most of the
statements so designated are only represen-

qative of the lower levels of cognitive -skills
and understandings. Thus the reader
should not attach the idea of "minimum
competency" to this core set, but rather
recognize that this is only minimal for de-
scribing what might be called computer
awareness under the condition that the
subsequent assessment would be manage-
able within 'the constraints imposed, by the
large-scale study.

Computer Literacy Objectives
Cognitive

. .

Hardware (HZ'

*H.1.1 Identify the five major components
of a computer input ttquipment,
memory unit, control unit, arith-
metic unit, output equipinent.

*H.1.2 Identify the basic operation of a
computer system: input 'of data or
information, processing of data or
information, output of data or in-
formation.

111.1.3 Distinguish between hardware and
software.

- .

D_enotes core objectives.
a. Note that the cOclingis HHardware. PProgramming

and Algorithms. 5,-,Software and Data Processing. AAp-
plications. and IImpact. Also. for each statement the first
digit after the letter refers to a cognitive levelI indicating a
low level. generally a skill or knowledge of facts. and 2 stand-
ing for a higher level otunderstanding. requiring some analy-
sis and/or svothesis. The final digit is merely a count of items
within each level. Whereas no moray is intended with the fi-
nal digit, there has been an attempt to place the ideas in some
sort of logical sequence.

'H.

1,4 Identify how a person can access a
computer: for example,

1. via a keyboard terminal
a. at site of computer
b. at any distance via telephone

lines
-2. via punched or marked cards
3. via other magnetic media (tape,

diskette)

1.5 kiiognize-thelapid growth of com-
puter hardwaresiii-ce-the-1940s.

*H.2.1 Determine that the basic corn-
ponents function as an inter-
connected system under the control
of a stored program developed by a,
person.

*H.2.2 Compare computer processing and
storage capabilities to the 'human
brain, listing some general similar-
ities and differences.

Programming and Algorithms (P)

Note: The student should Le able to ac-
coMplish objectives 1.2-2.5 when the al-
gorithm is expressed as a set of English Ian-,
guage instructions and is in the form of a
computer program.

P.1. Recognize the definition of "al-
gorithm."

'P.1.2 Follow and give the correct output
for a simple algorithni

'P.1.3 Given a simple algorithm, explain
what it accomplishes (i.e., interpret
and generalize).

'P.2.1 Modify a simple algorithm to ac-
complish a new, but related, task.

P.2.2 Detect logic errors in an algorithm.
P.2,3 Correct errors in an improperly

functioning algorithm.
P.2.4 Develop an algorithm for solving a

specific problem.
P.2.5 Develop an algorithm that can be

to solve a \set of similar prob-
lems.

Software and Data Processing (S)

S.1.1 Identify the fact that we communi-



caw with computers through a bi-
nary code.

S.1.2 Identify the need for data to be or-
ganized if it is. to be useful. °

S.1.3 !den* the fact that information is
data that has been given meaning.

S.1A Identify the fact that data is a
coded mechanism for communica-
tion.

S.1.5 Identify the fact. that commnica-
don is the transmission of informa-
tion via coded messages.

S.1.6 'den* the fact that data process-
ing involves the transformation of
data by means of a set of 'pre-
defined ides.-- .

S.117 Recognize that a computer needs
instructions to operate.

S.1.8 Recognize that a computer gets in-
structions from a program written
in a programming language.

S.1.9 Recognize that a computer is ca-
pable of storing a program and
data.

S.1.10 Recognize that computers process
data by searching, sorting, delet-
ing, updating, summarizing, mov-
ing, and so on.

S.2.1 Select an appropriate attribute for
ordering of data for a particular
task.

S.2.2 Design an elementary data struc-
ture for a given application (that
is, provide order for the data).
Design an elementary coding sys-
tem for a given application.

S.2.3

Applications (A)

A.1.1 Recognize specific uses of comput-
ers in some of the following fields:

a. medicine
bi, law enforcement
c. education
d. engineering
c. business
f. transportation
g. military defense systems
h. weather prediction
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i. recreation
j. government
k. the library
I. creative arts

A.1.2 Identify the fact that there are many
programming languages suitable
for a particular application for
business or science.

*A.1.3 Recognize that the following activi-
ties are among the major types of
applications of the computer:

a. information storage and re-
trieval

h, simulation and modeling

c. process controldecision-mak-
ing .

d. computation
e. data,processing

*A.1.4 Recognize that computers are gen-
erally good at information-process-
ing tasks that benefit from the fol-
lowing:

a. speed
b. accuracy
c. repetition

A.1.5 Recognize that some limiting con-
siderations for using computers are
as follows:

a. cost .'
b. software availability
c. storage capacity

A.1.6 Recognize the basic features of a
computerized information system.

*A.2.1 Determine how computers can assist
the consumer.

"*A.2.2 Determine how computers can assist
in a decision-making process.

A.2.3 Assess the feasibility of potential
applications. .,.

A.2.4 evelop a new application.

Impact (I)
1

1.1.11 Distinguish among the following
careers:

a. keypuncher/keyoperator
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b. computer operator
c. computer programmer
d. systems analyst
C. computer scientist

'1.1.2 Recognize that computers are used
to commit a wide variety of serious
crimes, especially "stealing money
and-steaiing information.

*1.13 Recognize that identification codes
(nunpers) and passwords are a pri-
mary means for restricting the use
of computer systems, computer
programs, and data files.

1.1.4 Recognize that proceituroc for de-
tecting computer-based crimes are
not well developed.

*1.1.5 Identify some advantages or disad-
vantages of a data base containing
personal information on a large
number of people (e.g., the list
might include value for research
and potential for privacy invasion).

1.1.6 Recognize several regulatory proce-
&fres; for example, privilege to re-
view one's own file and restrictions
on the use of universal personal
identifiers that help to insure the
integrity of personal data files.

'1.1.7 Recognize that most "privacy prob-
lems" are characteristic of large in-
formation files whether or not they
are computerized.

*1.1.8 Recognize that computerization
both 'increases and decreases em-
ployment.

'1.1.9 Recognize that computerization
both personalizes and imperson-
alizes procedures in fields such as . *V.5
education.

9.1.10 Recognize that computerization can
lead to. both greater independence'
and dependence on one's tools.

*1.1.11 Recognize that. whereas computers
do not have the mental capacity,
that humans do, through tech -'
niques such as artificial in-

tion set and do many of the infor-
mation-processing tasks that hu-
inans do.

* 1.1.12 RecOgnize that alleged "computer
mistakes" are usually mistakes
made by people.

* 1.2.1 Plan a strategy for tracing and cor-
recting a computer-related error,
such as a billing error.

1.2.2. Explain how computers make pub-
. lie surveillance- more feasible.

'1.2.3 Recognize that even though a per-
son does not go near a computer.
he or she is affected indirectly be-
cause the society is different in
many sectors as a consequence of
computerization.

1.2.4 Explain how computers. can be
used to effect the distribution and
use of economic and political
power.

-Computer Literacy Objectives
Affective

Attitude, Values, and Motivation (V)6

'V.1 Does not feel fear, anxiety, or in-
timidation from computer experi-
ences.

'V.2 Feels confident about his or her abil-
ity to use and control computers.

'V.3 Values efficient .information process-
ing provided that it does not neglect
accuracy, the protection of individual
rights, and social needs.

'V.4 Values computerization of routine
tasks so long as it frees people to en-
gage in other activities and is not
done as an .end in itself.
Values increased communication and
availability of information made pos-
sible through computer use provided
that it does not violate personal rights
to privacy and accuracy. of personal
data.

V.6 Values economic benefits of comput-
erization for a society.

telligence, computers have been
able to modify their own instruc-

b. The coding scheme: V.I -v.9. is merely for recording
purposes and ts not intended to convey any pnorities or hier-
archy.



V.7 Enjoys and desires work or play with
computers, especially computer-as-
sisted learning.

V.8 Describes past experiences with com-
puters with positive-affect words, like
fun, exciting, challenging. and so=on.

V.9 Giyen an opportunity, spends some
free time using a computer.

Summary
Theo lists of ,objectives in the previous

section could- use further description. In
particular, note that A.2.1 and A.2.2 speak
Qn the nritinrk of .2ccictirIg the Cnttetimet rtr
in decision making. In their phrasing, these
objectives tend to suggest the positive as-
pects of computing. Of course, they must
also include aspects of the liniitations of the
machine, in particular those aspects of de-
cision making that r-late to ethical and
moral considerations.

One further point deserves mention here.
Whereas the objectives are intended to pro-
vide a broad perspective, there is one area
that has been omitted. This is the detail of
early history (e.g., Babbage and Hollerith).
This was a conscious decision based on dis-
cussions among the investigators and input
from the review panel and other knowl-
edgeable perions. This is not to suggest that
the topic is not interesting or motivating,
but rather that it reflects the bias that ::uch
knowledge is not really functional or .pre-
requisite to an understanding of the other
areas.

The lists of objectives in the previous
sections are quite extensive and, of course,
complete coverage is probably not feasible
within any single course and even less fea-
sible as an addition to the school mathe-
matics arriculum. However, if we view
computer literacy in this broad sense, it is
now appropriate to "pick and choose," if
you will, and allocate selected activities/ex-
periences to various points in the total
school curriculum, including mathematics.
It may also be desirable to allocate a por-
tion of some, year to a course called com-
puter awareness or computer literacy and
include those objectives that require some
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reasonable time for study. Such decision
making is a job for those inost suited for
the taskthe teachers in the school.

Whereas these lists should provide a
basis for such decisions; much more re-
mains to be done. In particular. it should
be noted that the language used in many of
the statements will probably need to be
rephrased if it is to be communicated to
younger students. Also. the objectives will
need to be translated into a form appropri-
ate for assessment. The research project has
developed items for those statements desig-
nated as core and will disseminate informa-
tion about the tests in the near future. Of
course, the assessment is most appropriate
for determining the effectiveness of a given
computer literacy curriculum, and at pres-
ent, this is a relatively undeveloped area.

Reaction to the ojectives is welcome: the
statements are all open to revision and you
may feel we have omitted some imnortant
points. The project has also produced other
reports including further descriptive infor-
mation on the research: the results of a
statewide (Minnesota) survey of all second-
ary school science, mathematics, and busi-
ness teachers (as well as selected teachers in
other disCiplines); and summaries of se-
lected references. Questions should be di-,
rected to Computer, ,Literacy Study. Minne-
sota Educational Computing Consortium.
2520 Broadway Drive, St. Paul, MN 55113.
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COMPUTER LITERACY--
WHAT SHOULD IT BE?

By ARTHUR LUEHRMANN
Computer Literacy

1466 Grizzly Peak Blvd.
Berkeley, CA-94708

The way things are is not necessarily the
way they Should be.

The February 1980 Mathematics Teacher
contains a significant report of research
conducted for thP NatiAnni,Sriinre Frmn-
dation Ily John Son et al. (1979) at the Min-
nesota Educational Computing Con-
sortium (MECC). The report, titled
"Computer LiteracyWhatis It?" has al-
ready generated a great deal of discussion
among teachers and others attempting to'
understand the, place of computing in the
precollege curriculum. At the 1980 annual
meeting of the National Council of Teach-
ers of Mathematics one of the best attended
sessions was a report ou this project by one
of the MECC authors (Klassen).

The goal of defining computer literacy is
of great importance.'Much hangs on it. If
the public decideSthat the subject is worth
teaching in its Schools, then it faces an
equipment bill of about S1 billion in the
United States alone. It faces the additional
costs of curriculuin development, of
teacher, training, and of the assessment of
student achievement. It is obvious that the
way computer literacy is defined will have a
profound effect on the public's willingness
to 'support the teaching orcomputing in

their schools.
The Specific concern that prompt& the

present article is that many readers of the
February MT report are making the mis,
take of seizing upon the list of sixty-three
items (which occupies half of the report
and is given the boldface title "Computer
Literacy Objectives") and interpreting the
list as providing an objective measure of
what computer literacy should be.

Whereas the organization and physical
appearance of the MT article may invite
such an interpretation, and, indeed, the au-
thors may wish us to do so, they also ex-
plain clearly that their methodology in
dzAwing up the list results in little more
than an empirically gathered' collection of
the educational objeCtives actually found in
existing computer courses in 1978-79.
Team, readers should not conclude that
there is any moral imperative to teach
those things. In the latter half of this com-
munication I will go a step farther than the
MECC authors. I will argue that fully four-
fifths of these empirically discovered objec-
tives should not be used in any signfficant
definition of computer literacy. More of that
later.

This observed tendency to ,interpret the
MECC list of objectives as authoritative,
imperative, or official is aggravated by the
publication and dissemination of an im-
pressive 1979 MECC document bearing the
title "Minnesota Computer Literacy and
Awareness Assessment," and a credit line
indicating NSF grant Support. Who could
blame a casual reader for inferring that,
these fifty-three multiple-choice content
questions provide an authoritative, official
definition of what a course in computing
should be aimed at? "At last," one can
Most hear the harried teacher say, "now I
can see ,whether I'm teaching the right

Equiptnent could cost
41 billion in the
United States.

things." In fact, as I will soon argue, the
teacher who is teaching toward that test in-
strument is teaching the wrong things.

I do not take the MECC authors to task

Reprinted by permission from Mathematics Teacher 74:, 682-686;

December 1981.
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for this public confusion about the results
of their project, but only call attention to

- the fact-that-confusion-does-exist-about
what a course in computing should be. The
MECC test instrument was developed pur-
posely to find out whit students are learn-
ing in today's computer literacy courses. It
is very good for such empirical work and
certainly should not be interpreted as set-
ting a standard or a goal. Furthermore. the
authors of the MT article "precede the list of
objectives with this extremely forthright ca-
veat
Most of,the statements (designated as core objectives)
are only representative of the lower levels of cognitive
skills and understandings. Thus the reader should not
attach the idea of "minimum competency" to this core
set, but rather recognize that'this is only minimal for
desaibing what might be called computer aware7
nest (p. 93)

What Is Wrong with the
MECC Objectives?

Little or nothing, if we use them to de-
fine computer awareness, as the authors
warn us that we should. Everything, if they
are to define computer literacy.

The argument proceeds,by analogy. Lit-
eracy in a language meads the'ability to
read and write, that is. to do something
with language, not merely to recognize that
language is composed of words, to identify
a letter of the alphabet, or to be aware of
the .pervasive role of language in society.
Literacy in mathematics means the ability
to add numbers, 'solve equations, and so
onto do mathematics, not merely to rec-
ognizeognize that numbers are written as sets of
digits of to identify a fraction by its appear-
ance or to be aware of the vocational ad-
vantages of being able to do mathematics.

By analogy, computer literacy must also
mean the ability to do computing. and not
Merely to recognize; identify, or be aware
of alleged facts abourconiputing. The basic
flaw in attempting to apply the MECC ob-
jectives as a standard fot what should, be
taught in a computer. literacy course is that
of the sixty-three objectives given, only
twelve require that the student be able to
do anything. (Significantly, eight of the
nine objectives in the "Programming and

Algorithms",section fall into this category
along with three of the thirteen in :Soft-
ware and Data Processing.") The other
fifty-one objectives involve ,nothing more
than student acceptanceof hearsay knowl-
edge about computing, such as might be ac-
quired from a book or from being told by
the teacher.

This category of knowledge. the lowest
in P,lato's hierarchy, is essentially verbal.
Its acquisition involves the student mainly
in encoding words and remembering them
when appropriate stimulus is presented.
It is qualitatively different from the knowl-
edge that comes ,from experience: doing
writing, doing mathematics, or doing com-
puting.

.:Consider the following objective (1.I.1.1
in the MECC list): "Identify the five major
components of a `computer: input equip-
talent, memory unit, control unit. arithmetic
unit, output equipment" (Johnson et al.,
93). This "core" objective isstested for by
item 68 in the MECC assessment in-
strument: "In addition to input and output
equipment, computers contain": for which
the correct response is "memory unitsrcon-

Computer literacy is the
ability to dd computing.

trol units, arithmetic units" (MECC 1979).
Clearly, the student who has read. and
memorized the classical definition of a
computer will ace this item.

Yet we should all be worried by the eact
that months and years can go by in the life
of a professional computer scientist without
any need to remember or make use of or
even reflect on the_fact that somewhere in
the bowels of a computer lies an arithmetic
unit and somewhere else (a few microns
away on the same chip, nowadays) lies a
control unit, and that they are. logically at
least, distinct. He or she could create an en-
tire management information system or an
airline reservations system or a numerical
analysis package without ever calling on
that piece of knowledge or putting it to use.
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Except for a few who work at or near the
hardware level, people who do computing
rarely exercise that bit of textbook knowl-
edge.

An even, greater cause of worry about the
misuse of objectives like this'one comes out
of direct experience in working with thou-
sands of children and adults who -are ac-
tively-gaining firsthand experience in using
computers. After only a few hours of such

Performance objectives
are needed.

laboratory experience, they know enough
toscore near the top on the handful of test
items based on the dozen MECC objectives
requiring that the student be able to do
computing. Yet these same students do not
have the foggiest idea about what an arith-
metic unit is or a control unit is or what the
difference, is. (They do know about input,
output, and processing, by the way, because
they experience these things and have a
need for words td describe them.)

Yet these doers of computing have a'
knowledge qualitatively superior to thatof
the hearers about computing. The Chinese
proverb says it well: "I hear, asd I forget. I
see, and I- remember. I do, and I under-
stand." The doers should not be punished
by misapplication of tests. and objectives
derived from classes where hearsay knowl-
edge is the principal commodity.

I have criticized one objective at length,
but the same criticism: applies to four-fifths
of the rest in the MECC list. Here are a few
representative ones, taken only from the
starred "core objectives" in the February
1980 MT article:

H.1.5 Recognize the rapid gro4/th of corn;
puter hardwareare since the 1940s.

S.1.6 Identify the fact that data procesSing
involves the transformation of data
by means of a set of predefined
rules.

A.1.4 Recognize that computers are gener-
ally good at information-processing
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tasks that benefit from the following:
a) speed, b) accuracy, c) repetition.

A.2.1 Determine how computers can assist
the consumer.

1.1.8 Recognize that computerization both
increases and decreases employ-
ment.

Altogether there are eleven objectives
that start with" "Identify," twenty-one that
start, with "Recognize," and three that start
with "Determine." In every such case little
real change occurs if these verbs are re-
placed by the single word Remember. In-
deed. the correspbnding test items on the
MECC assessment instrument require only
that the student, remember the "right" set
of words that goes with that objective.

To make clear the contrast between
hearsay knowledge and knowledge that
comes out of practice, consider the very
different flavor of the following sampling of
the twelve MECC objectives not in the
hearsay category:

P.1.2 Follow and give correct output for a
simple algorithm.

P.2.1 Modify a simple algorithm to accom-
plish a new, but related, task.

P.2.4 Develop an algorithm for solving a
specific problem.

S.2.2 Design an elementary data structure
for a given application.

Any course in computer literacy ought to_4
spend four-fifths or more of its time and ef-
fort on performance objectives, such as the
ones in this latter group. Going lurther,,I
would argue that it is intellectually
proper to inculcate beliefs and values about
a subject that do not arise out of the stu-
dent's direct experience with the content of
that subject. If I were writing about mathe-
matics or reading and writing, there would
be little disagreement about this point.
Readers of this journal, for example, would
be properly outraged if they were asked to
spend four out of five days working on
Johnny's and' Janey's beliefs and values
about. the s 'Eject of mathematics and to
spend the other day teaching them to do
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mathematics. However much we want our
students to remember facts about, and feel
good about, mathematics, we know that
these beliefs and values will be short lived
if our students go out into the world with
poor ability to do mathematics.

Th. Nub of the Problem,
When one remembers the goals and the

methodology of the MECC study, it is easy
to see liow that particular list of objectives
came into being. The study's goal was to
assess :the impact on student knowledge,
attitudes, and skills of various approaches
to computer literacy." The authors tell us
that they defined computer literacy as
broadly as possible, so, as not to leaVe out
any approach. Their methodology, then,
was to collect "course descriptions, courn:
objectives, curriculum guides (and) eva:aa-
don instruments" from existing courses of
study in various school districts. The result-
ing list of objectives is a somewhat cleaned-
up union set of all the stated and implied
objectives of actual courses then in place,
(1978-79).

That constraining phrase, "then in
place," is the nub of the problem that arises
if one is looking for guidance as to what
should be taught in a computer literacy
course today and in the decade ahead.

The vast majority of precollege comput-
ing courses then in place were woefully un-
prepared to give students significant practi-
cal experience. Thirty students in a class
often had combined access to a single com-
puter or terminal for an hour a day. In an
entire semester each student inight experi-
ence perhaps only two hours of direct use.
No one shc-:d be surprised, then, that 80
to 90 percent of the student's time in such a
course was spent reading and listening to
'textbook information about computers and
computing. Teachers have to teach some-
thing, after 411, and the MECC study shows
clearly that what they were teachifig for the
most part was computer awareness.

It takes much more eauipment to be able
to turn out literate users of computing. The
first equipment plateau is reached at about
eight computers; available an hour a day

for each' thirty-stueent computer class' in
the school. This arrangement allows ha
the students to work in pairs in The com-
puter lab while the other half is receiving
instruction in the classroom. Alternate-clay
rotation between lab and classroom gives
each student pair about thirty hours of
computer practice. The next plateau occurs
at about fifteen computers per school. Lo-
gistics are the same as with eight comput-

.ers, but each student can work alone in the

I am familiar with several schools that
have reached the first plateau and one en-
tire school district nearby that is well on
the way to reaching the second plateau. Al-
though this situation is attainable and adds
less than 1 percent to the operating cost of
a school, nevertheless, it is still.an unusual
one to find today. Declining equipment
cost and increasing public awareness of the
intellectual and vocational value of being a
literate computer user will in due course
enable schools to do the job property.

Conclusions
The MECC Computer Literacy Study

should not be misinterpreted. It gives us It
well-documented snapshot of the staie of
computer education as actually practiced in
1978 -79. What we see in the snapshot is a
classroom with a lot of reading and listen-
ing, a little seeing, and hardly any doing.

The MECC study gives little guidance,
however, .as to what the learning objectives
of a precollege computer literacy course
should be. Readers of the study deserve
blame if they turn to the published MECC
objective list as an ideal or if they use the
MECC assessment instrument as a 'stan-
dard test of anything more than elementary
computer awareness.

A significant challenge rentains, then: to
define learner objectives for a course that
will turn out literate doers of computing,
and then to embody those objectives in a
practical curriculum intended for wide
adoption.

Although I have well-formed ideas about
how to rio that, the pages of this journal are
probably not an appropriate place to pre-



sent subjective judgments. Suffice it to say
that such a curriculum will put primary
emphasis on the direct interaction between
the computer and the student, with a
learner goal of mastering wholly new ana-
lytic, expressive, and problem-solving
skills.

Computing belongs as a regular school
subject for the same reason that reading,
writing, and mathematics are there. Each
one gives the student a basic intellectual
tool with wide areas of application._ Each
one gives the student a distinctive means of
thinking about and representing a problem,
of writing his or her thoughts down, of
studying and criticizing the thoughts of
others, and of rethinking and revising
ideas, whether they are embodied in a
paragraph of English, a set of,mathemati-
cal equations, or a computer program. Stu-
dents need practice and instruction in all
these basic modes of expressing and com-
municatilig-ideas,Mere awareness-of these
modes is not worth the time it takes away

from teaching the creative and disciplined
use of these fundamental intellectual tools.
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In Arthur Luehrmann's critioue of our
Febrtrtry 190 Mathematics Teacher article
on computer- literacy objectives, he pro-
poses a rather narrow view of litricy. De-
spite his claim, there are two (not just one)
generally accepted definitions of literacy.
One is, as he points out, the ability to com-
mingate, for-example, reading and writ-
ing; and the other, which he neglects, is the
state of being informed, "cultured," and
well versed. Whereas the first is a subset of
the second, both definitions are commonly
used. It is not surprising that the term com-
puter literacy shares the semantic ambiguity
of language literacy. The narrow view is
that computer literacy is simply a matter of
doing things with a computer. The compre-
hensive view is that computer literacy is an
understanding of computers that enables
on% to evaluate computer applications as
well as to do things with them.

The comprehensive view of computer lit-
eracy, is consistent with the long-estab-

The authors wish to thank Catherine Dunnagan
who gave helpful comments on versions of this paper.

This ankle was prepared with the support of Na-
tional Science Foundation-Grant No. SED-18987.
Aity opinions, Endings, conclusions, or recommenda-
tion$ expressed are those of the authors pnd do not
aece.ssarily reflect the views of the National Science
Fouudatiun or anyone else.

lished tradition of scientific literacy and re-
lated formulations such as technological
literacy, geographic literacy, and economic
literacy, to name, only a few. Scientific lit-
eracy is generally defined as the knowledge
about science that the layperson needs to
function effectively. Scientific literacy re-
fers not only to learning scientific facts but
also to one's understanding of the implica-
tions of science and science- society issues.
Thus it is not surprising that we often see
computer literacy equated with "computers
and society" and courses on'the social role
of computers.

The comprehensive view of computer lit-
eracy is also consistent with the current rec-
ommendations Of the National Council of
Teachers of Mathematics (1980). In A.rt
Agenda for Action, they recommend that "a
computer literacy course. familiarizing the
student with the role and impact of the.
computer, should be a part of the general
education of every student." This iew of
computer literacy is also in accord with the
literature on the conceptualization of corn-
puter literacy. For example. Moursund
(1976), Rawitsch (1978), and Watt, (1980)
all define computer literacy in a broad,
comprehensive fashion.

Luehrmann's attempt to define computer
literacy as simply "doing computing" and
his attempt to belittle knowledge of com-
puter systems by calling it "hearsay knowl-
edge" neglect the semantic ancestry of the
term and close the door on a broader un-
derstanding of computer technology. There
are very good reasons for people to be able
both to communicate with computers and
to be knowledgeable abdut them.

In defining computer literacy it is useful
to distinguish it from computer science.
The most succinct distinction is to say that
computer literacy is that part of Wmputer

Reprinted by permission from Mathematics Teacher 74: 687-690;

December 1981.
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science that everyone should know or be
able to do. Both language literacy and sci-
entific literacy are commonly defined in
terms of the layperson and his or her needs.
Likewise, computer literacy should be
thought of as the knowledge and skills the
average citizen needs to know (or do) about
computers. This obviously implies that stu-
dents should be taught more than simply
how to operate or program a machine.
They also need to know how computers
can be productit ply used and what the con-
sequences of computerization are. Thus
matters of computer literacy should be
taught not only in the mathematics depart-
ment but in science and social studies
courses as well.

Qrdinary people, old and young alike,
ht.ve very mil, practical needs for com-
puter understauding. For example, pebple
need to know enough about computer sys-
tems so as not to be intimidated by a com-
puterized billing error, people need to
know whether to acquire computer equip-
ment for home or work; people need to
learn how to evaluate when computer ap-
plications are helpful and when "they are
harmful; and so forth. Some of these things
can be learned as a byproduct of learning
to write simple BASIC programs, but most
of this type of useful knowledge cannot be
learned that way. Indeed we would argue
that most of what every ordinary citizen
needs to know about computers will not be
learned from learning how to program.

Instructional Objectives
In evaluating the instructional objectives

we proposed for computer literacy, Luehr-
mann claims that they are merely a de-
scription of what was taught two years ago..
In fact, whereas we do not claim that they
represent a perfect set. our list of objectives
is much more. The list is an evolving con-
ceptual structure and smorgasbord for
computer literacy. The objectives obviously
deserve ongoing refinement and updating.
In the absence of any alternative sets of ob-
jectives, we constructed a list that would
guide us in the construction of test items.
This accounts for the omission of "doing"

or computer usage objectives. More re-
cently these objectives have been revised to
take into account changing technology and
broader concerns. The revised objectives,
which appear in Anderson and Klassen
(1981), are designed to serve as a concep-
tual framework for curriculum planning
and development., Whereas we were origi-
nally constrained by what might be mea-
sured with paper-and:pencil tests, recent
efforts allow us to add- behavioral or psy-
chomotor activities that are central to
learning about computers but are hard to
measure except by observation.

Objectives are generally specified at one
of three different levels: (1) broad learning
goals, (2) informational objectives or de-
sired learning outcomes, or (3) behavioral
objectives for a specific activity. We have
aimed our objectives at the second level,
the informational level, but many of these
objectives can be `used as behavioral objec-
tives as well. Because we intended that the
objectives would be worthwhile guides for
curriculum materials, we used behavioral
language including such terms as recognize
and identify. Whereas some' of the objec-
tives deal with factual information that re-
quires the exercise of recall, many of these
objectives require a thorough understand-
ing of concepts and principles. In most in-
stances it would be much more appropriate
to substitute the word understanding for
recognize. Consequently, Luerhmann's
claim that most of the objectives are .Livial
is totally unfounded.

Furthermore, we know from both our
Minnesota assessment of computer literacy
(Anderson, Krohn, and Sandman, 1980)
and the National Assessment (Carpenter et
al. 1980) that a great many junior and sen-
ior high school students have basic mis-
conceptions about computers. Eyen among
those who have taken computer program-
ming classes we find a great deal of misin-
formation. Luerhmann suggests that our
objectives and associated test items are of
such a low level that after a few hours of
hands-on computer experience a typical
student would be able to "score near the
top." The empirical facts are just the oppo-



site. From the 1978 National Assessment of
Mathematics we know that many, if not
most, of the students who had taken one se-
mester of computer programming still
could not read simple flowchart (Ander-
son 1980). In addition, the study, which
tested some fifty computer classes (Klassen
et al. 1980), found that the average per-
formance on programming items was only
30 percent correct for those students who
completed courses where the instructor
taught computer programming. A more
thorough statistical analysis in this study
revealed that the number of hours allo-
cated for hands-on computer activities did

Computer literacy is
not the same as
computer science.

not contribute as much to computes learn-
ing as other factors such as the type of
course and time spent on computer topics
(Klassen et al. 1980).

Luerhmann prOposes that low-level
knowledge about computers should be
called computer awareness. We would ac-
cept such a definition but only if computer
literacy- is defined to include computer
awareness as well as computer program-
ming and. other essential ingredients of
omputer literacy., We believe that com-

puter literacy must encompass the follow-,
ing domains:

programming and algorithms
skills in computer usage
hardware and software principles
major uses and application principles
limitations of computers
personal and social impacts
relevant values and attitudes

From this taxonomy, which is based on our
revised list of objectives for computer liter-
acy, it is obvious that we place a significant
and strong emphasis on the experiential as-
pects of computing as well as on those
areas traditionally called compute; aware-
ness. The comprehensive approach to com-
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puter literacy requires that all these do-
mains be included 1 curriculum dealing
with computer literacy. We do not assume
that each domain or each objective will be
given equal weight, as Leurhmann seems to
assume. We certainly hope that those using
our objectives will "pick and choose" from
the entire list and will weigh those that they
choose.

Negative Aspects of
the Narrow View

The narrow view claims that specific
types of computer experience and com-
puter. programming are the only important
components of computer literacy. Those
persons who promote this philosophy may
unwittingly promote mindless or meaning-
less "doing" as well as constructive experi-
ences. Without adequate direction, stu-
dents who are actively "doing computing"'
may in fact be learning nonrigorous proce-
dural thinking, acquiring misconceptions,
and otherwise wasting valuable instruction
time. The typical "doing computing" 'ap-
proach consists of teaching students to
write a few program_ s in the BASIC lan-
guage. As PaPert (1980) Paints. out, this
learning strategy often results in student
learning that stifles creativity and sup-
presses motivation. It can also lead to awk-
ward or poor algorithmic thinking.

The development of the BASIC lan-
guage during the 1960s paved the way for
the narrow view of computer literacy.
BASIC was offered as the single instruc-
tional language that everyone was encour-
aged to learn. The numerous developments
in computer science and computer tech-
niques during the 1970s have made this
view obsolete. Now there is a wide diversity
of computer systems' in place, and few of
them require the user to write simple
BASIC programs. If teachers now focus on
using microcomputers to replicate the ap-
proach of the 1960s, students will not be
fully prepared to deal with the many large,
complex systems of the 1980s, either as pro-
grammers or as end users.

Another serious problem is that in the
brief time of a typical course, the student
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can learn very little about problem solving
and algorithms. It is also difficult to pro-
vide experiences' with a variety of lan-
guages and a variety of computing systems.
Students may complete typical instruction
with limited and inefficient strategies for

Hands-on computer
experience does not
guarantee computer
literacy.

problem solving. And if the student only
learns about a single computer system, he
or she can develop a narrow conception of
computing and may have difficulty in
transferring those skills to other computer
environments.

The solution is not to provide students
with computing experiences per se. The so-
lution is to provide students with construc-
tive computer experiences. It is not easy to
provide these constructive experiences. The
design of instruction is not an easy task.
Those-that argue-for-the-narrow -view of
computer literacy should stop telling us
what computer literacy should nor be and
advise us on the specifics of what it should
be. We need many-minds to work on what
contributes to the "ability to do comput-
ing" and how we can move toward an on-
going state of computer literacy in schools
across the country.
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1411XPLAINING COMPIEJTER RELATED
CONCEPTS & TERMINOLOGY

Harold W. Lawson, Jr.

Have you.ever tried to explain computer systems to someone
who knows nothing or very little about them? Where do you
start? Do you first explain the binary number system. Boolean
algebra and/or computer logic? Perhaps you begin by showing
the classic CPU. memory. I/O block diagram and explain
each of these constituents. including stored programs. instruction
sets, etc. Maybe you skip all of these low level details and
explain flowcharting and/or some relatively simple high level
programming language such as Basic.

Regardless of where you begin. you soon recognize that
although you may be somewhat successful (after sufficient
effort), the person being taught has no idea about computer
systems and computing as a whole and many questions remain
about the "miracle of the computer." On the other hand. it
seems, on the surface. to be difficult to Rive a complete
picture of computer systems right from the beginning.

After several years of experience with a "process oriented"
approach we can remove the doubt and say that it is indeed
possible (and desirable) to introduce computer systems concepts
and terminology right from the beginning in an integrated
manner. This approach has resulted in the boor Understanding
Computer Systems* and the purpose 51-thii- article is to
present the basic concepts used in this approach. As with all
endeavours of this nature. the success depends upon proper
structuring of the presentation. The approach used is highly
pictorial, and terminology is introduced bit-by-bit in a logical
fashion. Each chapter finishes with a summary. work list and
problems. The entire vocabulary introduced is presented at
the end in the form of a glossary.

But enough about the structure of the booklet us consider
the approach.

Introducing Processes and Systems
"People learn best when new concepts are presented in terms
of what they already know."'

The process is used as the LCD (lowest common denominator)
for explaining the constituents of computer systems. At the
beginning, g, it is necessary to select widely known model processes
that "can be used as the basis for association with computer
system related processes. To show the example used. we
take, as a verbatim quotation from the book, the introductory
model process descriptions.

'Understanding Computer Systems. by Harold W. Lawson.
Jr., Lawson Publishing Company. Linkoping. Sweden. ISBN
91-7372-333-9. Similar versions of this paper have been previously
published in Computer Age. issue 13. 1960 under the title
"Understanding Computer Systems" and in Mikrodatorn. Nr.

2, 1981 under the title -Act Forklara Begrepp thorn
Datatekniken." Permission of these publibhers has been granted
for publication in Creative Computing.
Harold W. Lawson. Jr.. Linkoping Lnisersay. S3I &I Linkoping.
Sweden.

We begin this education process %ith a pictorial representation
of a well-known real life process (task) faced by many of us.

A Process.
Note that the concept of process and task are synonymous
and thus in all further references to process related concepts.
the word "task" may also be used.

Let us now consider this real life process of washing the
dishes in the form of an abstraction which shows the major
elements of this process as follows:

DIRTY DISHES --01
-DETERGENT

WATER
DISH CLOTH --1

WASH CLEAN DISHES

A Process Abstraction.

Dirty dishes, detergent. water and dish cloth are process
inputs and clean dishes are a process output. The process
which we have shown here can only be carried out. executed.
when we apply a processor.

A Processor.
Let us complement this single process by introducing a

second process, thus creating a system of cooperating pro-
cesses.

A Second Process

Reprinted by permission from Creative Computing 7: 92-102; October 1981.
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In explaining control, we consider signals to processesand
related control {mechanisms. For example. the following
Illustrates the producer-consumer relationship ofasynchronous
control where the dishrack provides a perfect example of a
buffer. The concept of synchronous control is then explained
and compared to asynchronous control.

FOODOVINO 1170140I CORMUNG

IMMO PSOCITS 'ROMs
OK to IFROCZND OR TO PROCSIO

0:118141.Ct
SCUTS*
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FILL BIIIITILII num

Asynchronous Control of Multi-processors

In finalizing the control notions, an important analogy is
made by presenting the process as a machine with lights
(corresponding to states) and pushbuttons as illustrated in the

following illustration:
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ITAIIT---. 1
A Process as a Machine Controlled by Push-buttons

_ Programming Concepts
After considering- the WASH process af-a pushbutton

machine. it is a s'mple matter to present the logic of a process

as the following state transition diagram.

IDLE

gimes:lug
oelopletod

State Transition Diagram
To introduce the basics of programming. a modified form

of "dimensional flowcharting" as described by Witty' is utilized.
This flowcharting format is accomplished by using three
drawing directions for indicating sequences of actions. selection
of alternative actions and refinement of larger actions into a
sequence of actions. These rules are easily remembered from
this picture.

SELECTION

REFINEMENT

SEQUENCE

Flowchart Conventions



These concepts are motivated step-by-step but we can see

as the final example. the use of the rules for program-like

representation of the WASH process with declarations and
procedures appears in Figure I.
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Figure 1. Flowchart of Process Logic

Your intuition should help in understanding this representation

with the knowledge that the ground symbol (--r--) is used to

show a sequence termination and the asterisk () is used to
show the end of a repetitive sequencecontrolled by a condition

at the beginning of the sequence.
At this point; enough has been presented indirectly about

computing concepts in the context of the model processes

that the student has achieved a basic understanding and

confidence. The scope of the material described thus far has

permitted the following vocabulary of concepts and terms to

be understood-(presented- here in groupings of individual

chapters).
process (task) process inputs

process outputs proceis execution

processor system

cooperating processes uni-procesior

concurrent processes multi-processors

interrupt process priority

process creation process suspension

process initiation process termination

process resumption processor assignment

parallel processes

data information
information processing system data processing system

alphabet storage

Pon
input port

output port storage process

transmission channels

simplex duplex

half-duplex

control asynchronous control

speed (time) independent synchronous control

speed (time) dependent signals

error conditions buffer

system constraints producing process

consuming process resource

monitor process resource ownership

clock signal process initialization

process (machine) state

1 'Dimensional Flowcharting." Robert W. Witty, Software
Practice and Experience. Vol. 7. 553-584 (1977).
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Note: Implicit in this description is the definition of a system
as a collection of interrelated processes.

We can continue the general abstraction of this system of
cooperating processes by introducing an abstraction for the
second process, namely the drying process. in the following

manner.

An Abstraction of a System of Cooperating Processes

lithe processes are to be carried out by a single processor.
susi-processor, then this single processor must be assigned to
both the WASH and the DRY process as indicated in the
following picture.

A Uni-processor
Note that if the dishrack becomes full during WASH

exeetation, then the single uni-processor must be alternated
between the execution of the processes WASH and DRY.
Alternatively, we could assign a processor to each process.
that is, the processes are executed concurrently (at the same
time) by multi-processors.

Ontelf OMNI*

Multi-processors
During execution of a process by a processor. let us say the

WASH process, the processor could be interrupted by a high

priority process such as the following:

A High Priority Process
Consequently, a new process is created which we can represent

abstractly as follows:

Lt BABY
WET DIAPER

CLEAN DIAPER. .
POWDER

XHANGE DRY BABY

An Abstraction of the New Process
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In the case of a single uni-processor. the processor temporarily
suspends the process it is currently executing and initiates
execution of the CHANGE process. After termination of the
CHANGE process. the processor returns to. resumes. execution
of the prncess that was suspended.

Alternatively, in the case of multi-processors. the processor
that acknowledges the interrupt (let us say the processor
serving the WASH process) could assign another processor
(the processor assigned to DRY or another`available processors
to execute the CHANGE process parallel with the ongoing
WASH and/or DRY processes as follows:

Cooperating Process

At this point, we have introduced several important computer
related concepts in terms that all can understand. The flavor
of this example should fibw be remembered as we browse
through, in a highlight fashion. the further presentation of
concepts-and-terminology, While the remaining, descriptiQP
of the approach will be terse. you can certainly use your
imagination to guess how the details Of the approach are
presented in the book.

Data Flow and Control
Having introduced the basic process and system concepts.

it is easy to build on the example to include data and control
aspects. Data can be made analogous to objects processed by
the processes of our example leading to the following view
where the alphabet of objects is concretely declared.

ALPHAS= OF MIDIS /COP, SAIICSSI, SALAD DISH. ICUS PIIVI

raote

Cs,tIN SER
C:2) 9 CD TO

DIRRRACK

:'ration of Process Related Objects (Data)
flow of objects within a process is explained in terms

of . lassical data processing steps: namely. input take object
from counter), process (wash object) and output {place object
in dishrack). The transmission of objects between processes
(over channels), including "storage processes" is indicated by
the following, from which. for example. the explanations of
terms such as simplex. half-duplex and full duplex are easil!,
developed.

CLINNIL 8701401 eltAPIOrt 11110011111

.0111/114lt. -1 1 . DST

Transmission of Objects tDatatOver Channels
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state transitions state transition diagram
finite state machine local storage
state indicators state variables
sequence selection
refinement program (algorithm)
flowcharts (flowdiagrams) repetitive sequence
declinations procedures

Now many of us mastered so many concepts in so short a
period of time when we began. In classical approaches to
education (including self education) in this area. many of
these concepts are learned only after many hours. days.
weeks, months (dare we say years) of struggling with details.
It is not_us....immon that the details that have been learned
are then a deterrent to gaining a clear picture of these more
basic, general concepts:.

Introducing the Real Thing
We now begin to consider. more concretely. the data

processed by computer systems by introducing the terminal
and the computer system in the following, now familiar.
frameidork.

MEMORY

4
EH
I
L1.J

COMPUTER

SYSTEM

CHANNEL

Terminal Connection to a Computer System
irektyto convince-the-student that-by-pushing buttons:-

data is transmitted across the channel and placed in a memory
where it is processed. and results are sent back for display on

- the terminal screen. At this point. we still treat the computer
as a "black box." The terminal process is used to transmit
data back and forth.

In making "data" a more concrete concept. the nature of
numbers of base 2 and 10,is presented including an easy-to-
comprehend algorithm for the process of converting a binary
number to a decimal number as indicated in Figure 2.
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Figure 2. Binary to Decimal Conversion Process
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After having mastered the WASH processarom the earlier
example. this process doeS-not in any way seem strange and
can be traced by following the dimensional flowchart and
indicating resulting changes of the process state variables
given within the process.

Further details on electronic representation of signals.
precision of arithmetic data and the ASCII character set are
easily introduced. Word processing systems and the represen-
tation of programs as text are followed by the presentation of
bask data structure concepts including arrays.

The More Conventional View
The stage has now been set to accept the computer system

as simply a collection of cooperating processes connected by
channels as seen in the following picture. ,
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The Cooperating Processes pf a Computer System

These constituent parts and their general properties are now
easy to introduce. In fact, the CPU viewed as a process is
eventually portrayed as follows:
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The Central Processing Unit

A CPU state transition diagram and CPU process diMensiOnal
flowchart provide an easy guide to understanding CPU
operation. A brand name independent simple instruction
repertoire and assembly program presentation then makes
the point about concrete programs and their execution.

Memories and Peripheral Devices
Memories of the core arid semiconductor type are presented

along with the structure of a flip/flop element as' a process
with its related process dimensional flowchart as shown in
Figure 3,
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Figure 3. A Flip/Flop Process Description

Now that we are convinced that the process concept can
be used is a'common denominator to explain both hardware
and software concepts. Storage and peripheral devices (tapes..
disks. A/13 and D/A converters. printers. etc.) are then described
in a rather conventional manner.
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Digital Processes and Hardware Construction
Even the smallest of computer elements (gates) are presented

as processeswith related process logic as indicated in the
. following eiample.

The principles of computer arithmetic are considered.
including the view of a binary adder in process form. The
notions of combinational and sequential circuits are conveniently
introduced along with a basic explanation of clock signals
and timing.

These digital building blocks and their eventual encapsulation
into integrated circuits. printed circuit boards and chassis are
easily described with this background.

Putting it AU Together
The process concept has enabled us to present basic computer

system concepts. the notion of programming and the compo-
sition of computer hardware. Putting this all together. we
then create the notion of "architecture." starting with basic
delineation between hardware and software architecture as
follows.

USERS

APPLICATION SYSTEMS

System Analysts
Application Programmers

DATA BASE SYSTEM

Datadlase Programmers

LANGUAGE TRANSLATORS

Compiler Writers

OPERATING AND FILE SYSTEMS

System Programmers

TARGET SYSTEM ARCHITECTURE
Machine Language Progiammers

MICRO ARCHITECTURE

Arteroprograrrunsts

.

, \
'MARE

AlICHITXCTUNIC

HANDWARX

COMPUTER CIRCUITS
ARCIUTLCTURE

Logic Designers

INTEGRATED CIRCUITS

Circuit Designers
Solid State Physicists /

..
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A further key concept. namely that of "processor-memory
pairs" as illustrated in the following provides the keystone to
describing thp various architectural levels.

MEMORY

PROGRAM

oDATA

PROCESSOR

'PROCESSOR-MEMORY PAIR

The Basis for Constructing Programmed Processes

The architecture of the target system (prozrammer's machine
language machine) can then b'e described abstractly as nested
pairs of processors and memories as indicated in the follow-
ing.
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Architecture of the Target System
.

This nesting is bulb upon to describe further the placement
and role of operating and file systems. language translators
utility systems, and data bases. and culminates in the following
view of the relationship between ttle application system and
the lower leyel systems of cooperatine processes.
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Note: the dotted lines around the memory simply deno:e that
it, is not a separate physical-memory but is a program and data
representation in a common physical memory. .

Further architectural concepts such as multiport memories.
DMA ctiannels and- common busses (highways) can be

-introduced in a natural manner as architectural alternatis es.
Finally, the concepts of network architectures and relatea
terminology round off his brief (but comphehensive) introduction
to the "core" concepts and terminplogy of computer systems.

Experience with the Approach
The approach described here has been tested and proved

to be successful for a variety of audiences. For those seek=
a starting point in learning about computer systems (amateurs
and professionals to be) the approach permits an examination
of the nature of the forest before examining the leases of the
trees. As an appreciation (computer literacy) vehicle the
approach has orketi successfully fog jotirnalists. politicians,
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'and administrative and technical people. We have also been
successful in removing the fear of secretaries who are learning
to rise word processing systems. Terminal operators of all
varieties would certainly benefit from the understanding
provided here. They get an idea of where they fit into the
system that they are using and some idea of what is happening
in the computer.

The demystification of the computer is a must if we hope
to achieve any degree of harmony between technology and
the citizenry of the world. ThiS approach. which has been or
is in the process of being translated into a variety of languages..-
provides a step in the right direction.

Some Final Comments
It is important to note that the approach is described in a

completely product independent manner. therefore. the
approach can be used to complement the real details'bf any
product. Teaching assistance materials. including visual aids.
are available and are quite useful for presenting the approach
to small as well as large eroups. The approach is well suited to
being supported by animation and plans are being made to
provide and animated video tape and animation via software
for commonly available microcomputers.

Understanding Computer Systems can be ordered in single
copies by sending a check in US dollars for 515.25 (517.25 for
airmail) to LAWSON. Gustav Adolfsgatan 9. 382. 20. Linkoping.
Sweden. Make checks payable to LAWSON. All other inquires
can be directed to- the sane- address. 0
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CUPERTINO SCHOOL DISTRICT

DEVELOPS COMPUTER
LITERACY CURRICULUM

,
Cupertino Union School District

10301'Vista Drive "
Cupertino, CA 95014

Carl W. Krause, Superintendent

Editor's Note: A. more microcomputers appear in schooli, more school districts or education agencies find

themselves codifying goals and objectives in their computer literacy curriculum. TCT is pL. ,Dishing the Cupertino

Union School' District Computer Literacy Curriculum to promote the exchange of computer ,education goals and

objectives. TCT solicits submission of similar curriculum plans, suggestions, critiques of this document. and reac-

tiors to TCT publishing such material.
The Cupertino Union School District and TCT grant permission to reprcquce all or part of document provid-

ed credit 15 given.

The Cupertino Union School District (K-8) has an

average daily 'atteniance of 13,000 pupils. Although
the districtls in the heart of Silicon Valley, developing
and implementing a, computer literacy (awareriesS)
curriculum has taken several, years As Bobby Good-
son, District Computer Resource Specialist, says:

"The success of a program like this, introduced
throughout a district, is dependent upon a well-devel-
oped inservice program with wide participation that
gives teachers a gcod foundation to build upon. We
have reached this point because we have taken time
(over three years) and worked in stages. I think a dis-
trict.would have difficulty instituting such a program
as a complete package. People need to be trained
and veady with an explicit curriculum in hand if the
program is to be truly successful."

District personnel and parent'volunteers began work-

ing with microcomputers in 1977. Financial support
came from donations, small amounts from existing
budget accounts in schools, _and title monies (U.S.
government funds for special purposes such as pro-

grams for the gifted or handicapped). In 1981, the
school board allocated capital expenditure funds to
permit widespread piloting of the computer curriculum
during the 1981-1982 school year. Two junior high
schools will start the year with twelve microcomputers
with dual floppy disk drives and one printer. Two
microcomputers will be on a cart along with a 25-inch
color monitor. Each elementary school that applies and
is selected will receive five microcomputers, one of
which will be on a cart with a 25-inch color monitor.
Implementation dates will be staggered in mei' that
staff may finish sufficient training and have adequate
support as the program begins. Most schools plan to
house the microcomputers in their media centers, but

one plans to use them in a Specific Skills Learning
Center.

Next spring the district curriculum committee will
evaluate the computer literacy (awareness) curriculum
and its implementation by pilot schools. The super-
intendent will then be in a position to make further
recommendations to the board.

COMPUTER LITERACY CURRICULUM

PHILOSOPHY & GOALS OF COSI)

All students.will have anopportunity to becom familiar with the operation of a microcomputer. They will be-

dome aware of the widespread use of computers in the world around them. They will be aware of hoth the com-

puter's capabilities and limitations.

Re,!rinted by permissiOn from CmputIng Teacher 9: 2734: September 1981.
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IMPLEMENTATION OF THE COMPUTER CURRICULUM

In grades 3-6, the use of a microcomputer will be part of the normal school activities. It will be available for use
in the classroom as part of the regular curriculum and by students for individual use. Most computer curriculum
objectives at this level can be met by routine classroom use.

In grades 7-8, a specific course in Computer Aw4eness and Introouctory Programming will give students some
of the knowledge needed to make wise educational choices in high school and eventual career choices. The com-
puter curriculum objectives can be met ,n such a course and/or with the inclusion of computer related topics in
math, social studies and science classes. .

This curriculum. a guide to the ideas students should have an opportunity to learn about computers, has been
prepared with the help of many people. 1.1,ithout the support of the Board, administrative staff, teaching staff, and
interested members of our community, this curriculum would not be possible.

The principal writer was Bobby Goodson, with the assistance of Jenny Better, Judy Chamberlin, Ron La Mar,
Barbara Mumma, Jerry Pnzant, Richard Pugh and Cheryl Turner.

Symbols used indicate the level at which given objectives and activities are introduced (I) and reviewed or rein-
forced (R).

IN SOCIAL STUDIES, STUDEN1S WILL:
K-3 4-6 7-8

1. Become familiar with a computer.

101 Become familiar with a microcomputer through its use in the class- I R R

MOM.

102 Use a prepared program in a microcomputer. I' R

103 Describe the historical development of computing devices. I R

104 Tell about the
,
history of Silicon Valley. I

, 2. Describe how computers affect our lives.

201 Explain ways computers affect our lives. I R

202 List several ways that computers are used in everyday life. I R R

203 Identify ways that computers are used to help consumers. I R

204 Illustrate the importance of the computer in modern science znd I R

industry.

205 Identify career fields related to computer development and use. I R

206 State the value of computer skills for future employment. I

207 Define the term "data base." I

208 Describe some advantages and disadvantages of a data base of I

personal information.

209 Describe problems related to the "invasion of privacy." I

210 Describe.ways in which computers are used to commit a wide variety I

of crimes and how these crimes are detected.

3. Describe how computers are used by social scientists.

301 Describe how computers are used by sociologists and other scientists.

302 Describe how computer simulations are used in problem solving
situations.

303 Identify ways in which computers help make decisions.

304 Explain how computer graphics are used in engineering, science,
art, etc.

,
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305 Explain how ..,:nputers are used as devices for gathering and process-
ing data.

306 List several sampling techniques and statistical methods used in the
social sciences.

307 Describe computer applications such as those consisting of informa-
tion storage and retrieval, process control, aids to decision making, computa-
tion and data processing, simulation and modeling.

IN LANGUAGE ARTS, STUDENTS WILL:

4. Define and spell basic computer terms.

401 Define (and spell) basic computer terms.

5. Tell about a person or an event that influenced the
historical development of computing devices.

501 Tell about a person or an event that influenced the historicai
development of computing devices.

6. Describe how computers are used in
information and language related careers.

601 Explain the meaning of "word- processing."

602 Use a computer as a word-processor.

603 Describe some of the ways computers are used in the information
and language related careers.

IN SCIENCE, STUDENTS WILL:

7. Define "computer" and "program."

701 Tell what a computer is and how it works.

702 rescribe the historical development of computing devices as related
to other scientific devices.

703 Know the characteristics of each generation of computers.

704 Differentiate among computers, calculators and electronic games

705 Differentiate between analog and digital devices.

706 Differentiate among micro-, mini -, and main frame computers and
identify the five major components of any computer.

707 Define (and spell) basic computer terms.

708 Define software and hardware and list two examples of each.

709 Define "computer 'program."

710 Explain why a comptker needs a program to operate.

711 Define "input" and "output" and give an example-of each.

712 Recognize the relationship of a program, or input, to the result,,
or output.
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713 Explain the basic operation of a computer system interms of the input
of data or information, the processing of data or information, and the output
of data or information.

714 Evaluate output for reasonableness in terms of the problem to be
solved and the given input.

715 Recognize the need for data to be organized to be useful.

716 Describe how computers process data (searching, sorting, deleting,
updating, summarizing, moving, etc.).

717 State what will happen if instructions are not properly stated in the
precise language for that computer.

718 List at least three computer languages and identify the purposes
for which each is used.

719 State that BASIC is one of the languages used most commonly by
microcomputers.

720 Explain the existence of several variations in BASIC.

8. Explain how computeis are used by scientists.

801 Describe the computer's place in our growing understanding
of science.

802 Show how a scientist would use a computer.

803 Explain how computers are used in predicting, interpreting and
evaluating data.

804 Show that computers are best suited to tasks that require speed,
accuracy and repeated operations.

805 Describe situations which limit computer use (cost, availability of soft-
ware and storage capacity).

806 Identify common tasks which are NOT suited to computer solution.
807 Explain how computer models are used in testing and evaluating
hypotheses.

9. Use a computer to accomplish a simple task.

901 List several fundamental BASIC statements and commands.

902 Differentiate between random computer commands and computer
programs.

903 State the difference between system commands and program
statements.

904 Use a prepared program in a microcomputer.

905 Create a simple program in BASIC.

IN MATHEMATICS, STUDENTS WILL:

10. Exnlain that thesfesign and operation of a computer
is based on standard logic patterns.

1001 Explain that a computer design is based on standard logic patterns.
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1002 State the meaning of "algorithm."

1003 Explain what is being accomplished.by a given algorithm.

1004 Follow and give correct output for a given algorithm.

1005 Describe the standard flow chart symbols.

11. Demonstrate how a computer could be used to
accomplish logical or arithmetic tasks.

1101 Read and explain a flow chart.

1102 Draw a flow chart to represent a solution to a proposed problem.

1103 Order specific steps in the solution of a problem.

1104 Translate mathematical relations and functions into a computer
program.

1105 Use thp computer to accomplish a mathematical task.

1106 Evaluate output for reasonableness in terms of the problem to be
solved and the given input.

1107 State that data must be organized to be useful.

1108 Describe the techniques computers use to prc ass data such as
searching, sorting, deleting, updating, summarizing, mming.

1109 List several ways computers are used to process statistical data.

1110 Explain the statement: "Computer mistakes" are mistakes made
by people.

If these activities are combined into a single Junior High Computer Literacy
elective, they could be regrouped with the following objectives:

THE STUDENT WILL:

A. Develop a vocabulary of common computer terms.

401 (707) Define (and spell) basic computer terms.

705 Differentiate between analog and digital devices.

701 Tell what a computer is and how it works. ,

704 Differentiate among computers, calculators and electronic games.

706 Differentiate among micro-, mini-, and main frame computers and
identify the five major components of any computer.

: 708 Define software and hardware and list two examples of each.

711 Define "input" and "output" and give an example of each.

207 Define the term "data base."

B. Be familiar with the history of computing devices
and the development of computers.

103 Describe the historical development of computing devices.

702 Describe the historical development of computing devices as related
to other scientific devices.
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K-3

501 Tell about a person or an event that influenced the historical
development of computing devices.

104 Tell about the history of Silicon Valley.

703 List the characteristics of each generation of computers.

C. Develop an understanding of how computers are used.

201 Explain ways computers affect our lives.

202 List several ways that computers are used in everyday life.

203 Identify ways that computers are usectto- help consumers.

302 Describe how computer simulations are used in problem solving
situations. .
363 Identify ways in which computers help make decisions.

803 Explain how computers are used in predicting, interpreting and
evaluating data.

807 Explain how computer models are used in testing and evaluating
hypotheses.

1109 List several ways computers are used to process statistical data.

306 List several sampling techniques and statistical methods used in
the, social sciences.

601 Explain the meaning of "word processing."

801 Describe the computer's place in our growing understanding
of science.

204 Illustrate the importance of the computer in modern science
and industry,

304 Explain how computer graphics are used in engineering, science,
art, etc.

305 Explain how computers are used as devices for gathering and
processing data.

307 Describe computer applications such as thine consisting of informa-
tion storage and retrieval, process control, aids to decision making, compu-
tation and data processing, simulation and modeling.

804 Show that computers are best suited to tasks that require-speed,
accuracy and repeated operations.

805 Describe situations which limit comp;:ter use (cost, availability of
software and storage capacity).

208 Describe some advantages and disadvantages of a data base of
personal information.

209 Describe problems related to the "invasion of privacy."

210 Describe ways in which computers are used to commit wide variety
of crimes and how these crimes are detected.

D. Learn about computer-related career opportunities.

205 Identify career fields related to computer development and use.
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206 State the value of computer skills for future employment.

301 De Scribe how computers are used by sociologists and other social
scientists.

603 Describe some of the ways computers are used in the information
and language related careers. -

802 ShoW how a scientist would use a computer.

E. Gain a non-technical understanding of how computers function.

1001 Explain that a computer design is based on standard logic patterns.

713 Explain the basic operation of a computer system in terms of the input
of data or information, the processing of data or information, and the output
of data or information.

716 Describe how computers Vocess data (searching, sorting, deleting,
updating, summarizing, moving. etc.).

1108 Describe the techniques computers use to process data such as
searching, sorting, deleting, updating, summarizing, moving.

715 (1107) Recognize the need for data to be organized to be useful.

1110 Explain the statement: "Computer mistakes" are mistakes made
by people.

806 Identify common tasks which are NOT suited.to computer solution.

709 Define "computer prograin."

710 Explain why a computer needs a program to operate.

712 Recognize the relationship of a program, or input, to the result,
.or output.

714 (1106) Evaluate output as to its reasonableness in terms of the problem
to be solved and the given input.

717 State what will happen if instructions are not properly stated in the
precise language for that computer.

718 - List at least three computer languages and identify the pUrposes for
which each is used.

719 State that BASIC is one of the languages used most commonly by
microcomputers.

720 Explain the existence of several variations in BASIC.

F. Learn to use a computer,

101 Become familiar with a microcomputer through its use in the
classroom.

102 (904) Use a prepared program in a microcomputer.

1002 State the. meaning of "algorithm."

1003 Explain what is being accomplished by a given algorithm.

1004 Follow and give correct output for a given algorithm.

1005 Describe the standard flow chart symbols.

1101 Read and explain a flow chart.
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1102 Draw a flow char+ to represent a solution to a proposed problem.

1103 Order specific steps in the solution of a problem.

901 List several fundamental BASIC statements and commands.

902 Differentiate between random computer commands and computer
programs.

903 State the difference between system commands and program,
statements.

905 Create a simple program in BASIC.

1105 Use the computer to accomplish a mathematical task.

i104- Translate mathematical relations and functions into a computer
program.

602 -- Use a computer as a word-processor.

.,

l'

i

186
200

K-3 4-6 7-8

I R

I R

I R

I R

I

I `R
I R

I

I

-.

END



Section IX

COMPUTER SIMULATIONS

in

MATHEMATICS
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Computer Simulations in Mathematics Education
By Janice L. Flake

Janice L. Flake. Associate Professor of Mathematics
Education, Florida State University, Tallahassee

Computer simulations can be used to make
theory more relevant. Such simulations can
he used for making either: (1) mathematical
theory relevant for the youngster, or (2)
educational theory relevant for the teacher
education student.

Background

A simulation is a working analogy of a
situation, such as a "flight Simulator" or
"classroom simulator." Through gaming
activities, the student can manipulate the
envimnrnent to study the interactions of
various conditions. The idea is to put the
student in the middle of a simulated problem
situation; through manipulating the situa-
tion, he is to solve the problem.

Such activities should provide fc- the
following stages of learning: (1) exploratory
investigations. 12) formulating of principles,
and (3) operating from principles. Thus, the
same simulation could be used to: (1)
introduce the theory, (2) provide for avenues
for discovery of principles, and (3) provide
for reinforcement of the principles.

There are four basic 'components in a
simulation gamy: (1) abstracton of an
environment this is the model, perhaps
consisting of a system of models, (2) a series
of rules for how the model behaves, or
models interact this is the simulation, (3)
the freedom for the student to interact with
the simulation to develop his or her own
strategiesthis is the game, and (4)
"reality" feedbackthis is what makes it
come "alive."

A simulation study begins with the
development of a eustom-made model. Such
a model may employ a systems approach,
where a s stem is a group of interde-
pendent elements acting together to ac-

complish a predetermined purpose. For ex-
ample, several educational theories, e.g.,
teaching strategies and questioning be-
haviors, can be written into the model.

Rationale

Too often theory is given primarily in the
abstract form, and students fail to see its
relevance. SimUlations can put the student
into a concrete example of the theory., As the
student manipulates the simulated environ-
ment, he should gain insights as to how the
theory relates.

Having the facilities of an interactive
computer system allows for immediate
feedback. Hence, the student can explore a
number of possibilities within a matter of a
few minutes. Through his exploratory inves-
tigations, he can find some patterns for
behavior of the model. Those patterns can
help him to become aware of relationships.

In addition, the 'students tend to regard
what tley are doing as play. There are a
number of strong supporters of the merits of
play in schools (Piaget, 1951; Bruner, 1975;
Caplan and Caplan, 1974).

Simulations can also be used to study
individual behaviors. The way the student
manipulates the environment can give a

great deal of information concerning his or
her thinking patterns. This information can
unobtrusively be :stored and used to study
the child's thinking patterns. and thus can
lead to research.

Examples

The following examples show how such
simulations could be used throughout the
curriculum. Most of the examples relate to a
computer system such as PLATO: This

Reprinted by permission frum Contemporary Education 47: 44-48; February1975.
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system offers the facilities of graphics and
animated motion. The- visual effects add
much to the dynamics of the situation, i.e.,
they bring much "action" to the student.
AtVitional features that can be used for little
children are audio facilities, and the touch
panel, where the child simply touches the
screen and the location is recorded.

Example 1

At present I am working with some 6

year olds, trying to teach them the concept of

X.

'(linear measure. T, e literature suggests that
youngsters of this age have difficulty
focusing on lengths. Thus, we are using
Cuisenaire rods tc "build roads." The
students are trying to find who can make the
longest road. This activity has kept the
children's attention for several days.

A simulation of this activity can be
deveToped for PLATO, where. again, the
children are trying to make the longest road,
or perhaps help a playmate cross a ravine to
get to a friend. (See Figure 1.1

Ak10.117

Figural.
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Within certain constraints, e.g., time
limits, the student is to decide which replicas
of rods he wishes to use. Using the touch
panel, the chiid can "move" the rods to form
his road. If the youngster is successful in
getting the road built, then the playmate
runs across the road to his friend. If the
youngster uses an ineffective strategy and
does not build an appropriate road, then the
road tumbles into the ravine.

Through manipulation of this ,game, the
youngster will find an algorithm of putting
the longest rods first, then the next longest
rods, and so on. Hence, giving the youngster
the freedom to manipulate the game can
allow him to go through the various stages of
learning and build his own strategies.

The use of the simulated activity is more
dynamic than the straight use of the blocks
because. (1) more controls can be set and a
greater amount of constraints can be placed,
(2) the youngster can receive dynamic
feedback, which, hopefully, will keep his or
her attention, and (3) accurate records of the
child's attempts can be kept. Through the,
study of such records one can tell if the clad
is improving his strategy.

Such a program could be used with first or
second graders. The use of the actual rods,'
though, should be a prerequisite to the-use of
this program. Piaget (1956) warns that it is
the' actual '-' "action" of manipulating the
block's that helps build concepts.

Example 2
The number line is rich with possibilities

for simulations. Through taping trips, basic
operations of addition, subtraction, multipli-
cation, and division can :le evolved. One can
first build ideas of these basic operations
with whole numbers, then carry the same
idea through to the treatment of rational

'numbers.
PLATO has the additional feature that a

trail can be left showing the path that has
been traveled. Thus, if one were traveling
from 3 to 5, the 'student could observe the
motion of an object traveling from 3 to 5 with
a traifigft, showing the traveled path. The
same program can also be written at a more
abstract level Where no trail is left.

The use of the number line can allow for a
much more consistent introduction to frac-
tional numbers than is normally done. Once
the child has the unit iteration idea, he can
treat a number such as 1'.;' as 3 one-
fourth units. This would avoid the often
confusing use of many different interpre-
tations of fractional numbers, such as parts
out of parts, parts of a whole, and so on.

Caution should be used, however, in using
the number )ine prematurely. The number
line is based upon perception. PLATO is a
highly perceptual instrument. Piaget (1956)
warns that a chill's conception of space does
not evolve out Of perceptions alom,. The child
needs considerable actions on objects (ma-
nipulative aids) to build concepts. The
extremely important concept of linear mea-
sure should be a prerequisite for using the.
number line to illustrate operations on
numbers. I would not want to use the
number line with `children until they have
internalized the coordination of the reference
system.

Example 3
"Rate-distance-time" problems often give

youngsters difficulty. Consider a simulation
of two cars driving on two intersecting
highways. Allow the child to manipulate
various values tor rate, distance, and time to
see if he or she can make the cars avoid,each
other or crash into each other. The action
then is actually carried out. To accentuate
the effects of one of the variable:,. one might
give fixed values to two of them, and,Vary the
values of the other.

This program could be used at the fourth
grade level or higher.

Example 4

The ideas of quadratic, functions can be
illustrated through the use of motion
properties. For example, suppose one shoots
a basket with a basketball. One can vary the
initial velocity and initial angle until he finds
the right combination.

Such a problem could be used at the
exploratory investigation stage of learning to
introduce a unit on quadratic functions. Then
it could he used to help build properties of
quadratic functions. Later, it could be used
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to reinforce the properties, where the
student is opera'ting at the application of
principles level of learning.

Example 5

The ideas off line reflections can be
illustrated through a simulated billiards
game. The student is to "shoot" a, target
from a starting location, and reflect his
simulated ball off of each of the walls. (See
Figure 2.)

The student sees the action carried out,'
and can try over again and again until he has
developed a strategy that works. .The
starting positiori and the 'target can be
randomly placed, allowing more flaibility.

Example 6

Calculus is rich .with many applications
where the use of graphics is, very effective.
Problems of m4rimum/miqimum motion,
instantaneous veiocity/ and area/volume are
a few of the possibilities that could' be
simulated very easily.

Example 7

An example o educational theory being
made relevant fog' teacher education interns
can be in the fcirm of interns "teaching"

. li

. /

Figure 2.

simulated classes-The intern is to "ask" the
class a question, get a simulated response,
react to that response, "ask" a next
question, and so on. Through such question-
ing behaviors, the intern is to "teach" the'
class a principle or concept.

-,
Such a simulation is described in more

detail in other publicationt; (Flake, 1973,
1974). In this simulation articulation of
several educational models was employed:
(1) lesson planning, (2) Henderson's moves
and strategies of teaching mathematics
(Henderson, 1963, 19G7), (3) Wills' approach
to problem solving (Wills, 1967), (4) a
simplifiedlearnipg theory, and (5) various
questioning behaviors.

Additional Examples
1 The mathematical examples given above
ate rather simple; far more complex prob-
lems can be.created. For example, the stuAy
of ecology, economics, traffic problems using
linear programming techniques, agricultural'

?/planning, and flight patterns all lend
themselves to interesting simulation . The
educational simulation briefly mentioned in
'example 7 is an example of a far more
complex simulation, where some cdm-
ponerits of a s classroom intera tion are
studied.

i

t.
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Capable secondary level students can
become quite proficient in programming,
and delight in creating their own simula-
tions. This is an excellent experience for
them, because in order to create a simulated
environment, one must carefully understand
the environment that is to be simulated.
Summary

Some principles have been givenlconcern-
ing how one could use simulations .as a part
of the mathematics curriculuml.
examples have been given. These are only a
few of the many possible examples that could
be give p. It is hoped that simulations can
give rqlevance, motivation, and a deeper
understanding of the theory, as well as lead
to usefid research.

Lett;t get some "action" into mathematics,
and h4lp mathematics become more rele-
vant!
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PROBABILITY SIMULATION
IN MIDDLE SCHOOL

By GLENDA LAPPAN
and M. J. WINTER
utettigan State University
East Lansing, MI 48824

By middle-school age many students
have formed notions about the likelihood
of an event happening. These notions are
often incorrect, and yet firmly fixed in the
minds of students. Studying probability as
a sq of theoretical rules. in our experience,
is very unlikely to change any of these pre-
conceived notions. Teaching probability
through concrete experiments holds much
more promise.

We will describe tivo "situations" that
are real to studentsbasketball and cereal
box prizes. Each situation is simulated by a
spinner against an appropriate back-
ground. The "realness" of the physical situ-
ation is not lost; exclamations of "Boy, you
missed again," and "Now you've only got
to get the princess," show the ,nvolvement
of the students as they experiment and
gather data.

Basketball Simulation
The situation simulated here (proposed

f'dy the Mathematics-Methods Project at In-
diana University) is the one-and-one foul
shot situation in basketball. A player mak-
ing a free throw from the foul line is given
a second shot only if on the first, the ball
goes through the hoop. Thus, a basketball
player shooting a one-and-one can score 0,
1, or 2 points.

Suppose we know a player shoots with,.
60 percent accuracy. We ask students, "In
25 trips to the foul line for a one-and-one,
how many times will the player get 2
points, 1 point, and 0 points?" Most stu-
dents guess that 1 point will happen more
often than either 0 points or 2 points.

The attempt to make a foul shot can be
simulated by a spin against the background

tr

shown in figure 1. If the first "throw" re-
sults in a basket, another spin is made. One
group of students obtained the data in table
I. At first, there appears to be little pattern
in the results. However, after doing four
sets of twenty-five shots, most students ac-
knowledge that I point is not occurring as
frequently as 0 or 2.

144°= 0.4 x 560°

216°= 0.6ic 3CO°

Fig. I. Background for player who shoots with 60
percent accuracy

- From a mathematical point of view, this
is a very interesting situation because the
-theoretical probabilities of the events 0
points, 1 point, and 2 points are obtained
by multiplying probabilities, which is al-
ways harder for students to understand
than situations where probabilities are
added. The theoretical expected frequen-
cies, computed from the probabilitiei of a
basket, 0.6, or a miss, 0.4, are given in table
2.

Combining the class results and writing
the frequency fractions as decimals give re-
sults close to these theoretical values. Be-
cause the numbers 0.4 and 0.36 are close, it
is often difficult to detect a difference be-
tween the frequencies for v points and for 2
points.

Reprinted by permission from Mathematic,; Teacher 73: 446-449;

September 1980.
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TABLE 1
One Group's Results of Four Trials

Poir is Trial 1 Trial 2 Trial 3 Trial 4 Tr ' Frequency

32

0 7 10 11 4 32
Tr) = 0.32

21
1 4 3 4 10 21 160 4, 0.21

2 14 12 10 11 47
47x0.47

... 0.47

We can observe a different player who
has probability 0.7 of making a free throw
by using a new background for the spinner
(see fig. 2). The theoretical expected fre-

TABLE 2
Theoretical F...44uencies for 60 Percent

Points . Probability

0 0.4 0.4

1 0.6 x 0.4 0.24

2 0.6 x 0.6 0.36

..

quencies for 0, 1, and 2 points are given in
table 3. The students' results will now al-
most certainly show a clear distinction be-
tween the frequencies for 0 points and for 2
points.

TABLE 3
Theowtical Frequencies for 70 Percent

Points Probability

0 0.3 . 0.3
1 0.7 x 0.3 me 0.21

2 0.7 x 0.7 0.49

After simulating the results for two play-
ers, many students will make reasonable

. prediciions of the results for a superstar
who shoots with 90 'percent accuracy. A
follow-up with older or more able students
would be an investigation of the theoretical
frequencieswhy probabilities are multi-
plied, and so on.

In the previous activity, each group's ex-
perimental results agreed, on. the whole,
with the averages of the class results. In the
next activity, the class results arc usually
quite different from the results of any stu-

dent. This emphasizes the point that proba-
bilistic statements are statements about
what will happen in the long run, over
many trials of the experiment.

Star Wars Simi/int:on
The goal for the students is to accumu-

late a complete set of six Star Wars models
by "buying" cereal boxes. One model is
contained in each box. (We are assuming
there are so many boxes available that each
box is equally likely to contain any one of
the mc, 'els.) The students' guesses of how
many boxes they would, on the average,
have to buy to get a complete set are usu-
ally too small. We can simulate purchasing
a box by a spin using a background for the
spinner that reflects the situationsix
equally likely outcomes (see -fig. 3). The
students keep count of how many boxes are
bought in collecting a complete set of mod-
els. We had each group record their data

108°a 0.3x 360°

Basket

210
'

/ 94

252' u 0.7 x 360)

Fig. 2
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for collecting four complete sets of models
(see table 4).

The theoretical or expected number of
boxes is obtained using the fact that if an
event has probability p, on the average it
will take 1/p trials for it to occur. For ex-
ample, the average number of tosses of a

Fig. 3

coin until heads occurs is 1/0.5 = 2. For the
models, the probability that the second box
contains a different figure from the, first is
5/6. Once two distinct models have been
collected, the probability of a box having a
model different from both is 4/6. The ex-
pected number of boxes is thus the sum of

1 I

4
1

3

1

2
+

1
1 +

5
+ + +

6 6 6 6 6
1

... 6(-6 + +4 +3 +2+3 11= 14.7.

The students listed the numbers in the
last column (total number of spins) on the
board. They varied widely: on a list of
twenty-five numbers. there may be one
greater than 45 and another as small as 8.
The average will be close to 15. A dis-
cussion of the significance of this average
will provide a background for the ideas of
dispersion and deviation. How representa-
tive is the average? Are half the numbers
listed within 2 or 3 of this average? Are 2/3
of them within 5 or 6 of the average?

Related investigations would be for the
students to construct new backgrounds for
the spinner:, and compute the average
number of boxes needed if there are two,
three, four, five, six, seven, or eight differ-
ent models in the set. The expected aver-
ages for these numbers are given in table 5.
For seven different figures the average
number of boxes is

7(1 + + 1 + 1 + 1 + 1 + l) = 18.15.
7 6 5 4 3 2

If the students graph the number of models
versus the average number of boxes, they
may be able to predict the average for
twenty-five differen t models (baseball
cards) by extrapolating from the graph. Af-
ter this much hands-on simulation, it
would be appropriate to replace the spinner
with a computer program to do the simula-
tion and to keep track of the results. A
sample output from the BASIC program at
the end of this article is given in table 6

TABLE 4

Set
*1

1

n 2

3

4

,Darth
Vadar

081
Kenobi

II NI
11 1111

NI 1111

III 1

R2D2 C3P0 Luke Princess
Total Number

of Spins

NI I I& 29

1 1111 III 20

1 I 1111 24

1 I NI /3

TABLE 5
Approximate Expected Averages

Number of models 2 3 4

Approximate expected average 3 5.5 8.3

S 6 7 8

11.41 14.7 18.15 21.74
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(both have been modified for publication
purposes).

TABLE 6
Sample Computer Output

RUN
BASEBALL CARDS. THERE ARE

N CARDS IN THE SERIES, ENTER N
25
FROM HOW MANY TRIALS DO YOU
WANT TO COMPUTE THE AVERAGE?
10
69 CARDS
151 CARDS
137 CARDS
108 CARDS
108 CARDS
88 CARDS
133 CARDS
141 CARDS
48 CARDS
101 CARDS

AVERAGE NUMBER OF CARDS IS 108.4
RUN
BASEBALL CARDS. THERE ARE

N CARDS IN THE SERIES. ENTER N
25
FROM HOW MANY TRIALS DO YOU
WANT TO COMPUTE THE AVERAGE?
10
82 CARDS
198 CARDS
74 CARDS
192 CARDS
67 CARDS
86 CARDS
140 CARDS
56 CARDS
90 CARDS
127 CARDS

AVERAGE NUMBER OF CARDS IS 111.2

Conclusion

Both of these activities were designed to
involve students in exploring a probabilis-
tic situation about which their intuition
was faulty. Each of these is rich from the
point of view both of mathematical think-
ing and processes and of the potential for
spin-off in interesting and challenging di-
rections. Making conjectures, modeling a
situation. gathering data, and validating
the conjectures should bea part of every
student's mathematical experiences.

J
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APPENDIX

BASIC Program for Baseball Cards

100 DIM C000)
110 PRINT " BASEBALL CARDS. THERE ARE
115 PRINT "N CARDS IN THE SERIES. ENTER N"
120 INPUT N
130 PRINT "FROM HOW MANY TRIALS DO YOU
135 PRINT "WANT TO COMPUTE THE AVERAGE.*'
140 INPUT K
150 S
160 FOR 1 TO K
170 = 0
180FOR1 =ITON
190 CO) =
200 NEXT ./
210 X = INT (N*RND( +
220 C(X) C(X) + I
230 IF C(X) = I THEN 250
240 GO TO 210 ,.
250 D=D+ 1
260 IF D = N THEN 280
270 GO TO 210
2801 =0
290 FOR = I TO N
300 T T + C(1)
310 NEXT
320 PRINT T; "CARDS"
330S=S+T
340 NEXT I
350 PRINT "AVERAGE NUMBER OF CARDS LS-WK
360 END
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